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PREFACE 


This Student Solutions Manual contains strategies for solving and solutions to selected exercises 
in the text Single Variable Calculus , Seventh Edition, by James Stewart. It contains solutions to 
the odd-numbered exercises in each section, the review sections, the True-False Quizzes, and the 
Problem Solving sections, as well as solutions to all the exercises in the Concept Checks. 

This manual is a text supplement and should be read along with the text. You should read all 
exercise solutions in this manual because many concept explanations are given and then used in 
subsequent solutions. All concepts necessary to solve a particular problem are not reviewed for 
every exercise. If you are having difficulty with a previously covered concept, refer back to the 
section where it was covered for more complete help. 

A significant number of today’s students are involved in various outside activities, and find it 
difficult, if not impossible, to attend all class sessions; this manual should help meet the needs of 
these students. In addition, it is our hope that this manual’s solutions will enhance the understand¬ 
ing of all readers of the material and provide insights to solving other exercises. 

We use some nonstandard notation in order to save space. If you see a symbol that you don’t 
recognize, refer to the Table of Abbreviations and Symbols on page v. 

We appreciate feedback concerning errors, solution correctness or style, and manual style. Any 
comments may be sent directly to jeff.cole@anokaramsey.edu, or in care of the publisher: 
Brooks/Cole, Cengage Learning, 20 Davis Drive, Belmont CA 94002-3098. 

We would like to thank Stephanie Kuhns and Kathi Townes, of TECHarts, for their production 
services; and Elizabeth Neustaetter of Brooks/Cole, Cengage Learning, for her patience and sup¬ 
port. All of these people have provided invaluable help in creating this manual. 


Jeffery A. Cole 
Anoka-Ramsey Community College 

James Stewart 
McMaster University 
and University of Toronto 

Daniel Drucker 
Wayne State University 

Daniel Anderson 
University of Iowa 
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ABBREVIATIONS AND SYMBOLS 


CD 

CU 

D 

FDT 

HA 

I 

I/D 

IP 

R 

VA 

CAS 

_H 

J_ 

s 

c 


concave downward 
concave upward 
the domain of / 

First Derivative Test 
horizontal asymptote(s) 
interval of convergence 
Increasing/Decreasing Test 
inflection point(s) 
radius of convergence 
vertical asymptote(s) 

indicates the use of a computer algebra system, 
indicates the use of l’Hospital’s Rule. 

indicates the use of Formula j in the Table of Integrals in the back endpapers, 
indicates the use of the substitution {-it = sin x, du = cos x dx}. 
indicates the use of the substitution {u = cos x,du = — sin x dx}. 
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□ DIAGNOSTIC TESTS 

Test A Algebra 


1. (a) (—3) 4 = (—3)(—3)(—3)(—3) = 81 

(c)3_4 = ^ = ^r 
w (I)' 2 = (l) 2 = 5 


(b) — 3 4 = —(3)(3)(3)(3) = -81 


(d) = 5 23 " 21 


= 5 = 25 


(f) 16~ 3/4 = —-— =---= — = - 

U 16 3/4 ( v / T6) 3 23 8 


2. (a) Note that 7200 = 7100 ■ 2 = 10 72 and 732 = V^&~2 = 4 72. Thus 7200 - 732 = 10 72-472 = 6 72. 
(b) (3a 3 6 3 )(4a6 2 ) 2 = 3a 3 6 3 16a 2 6 4 = 48a 5 6 7 


(c) 


w y = / xv i/2 Y = (x 2 y ~ i/2 ) 2 = = __ = _ 

\x 2 y~ 1 / 2 J \3x 3 / 2 y 3 ) (3x 3 / 2 y 3 ) 2 9 x 3 y 6 9x 3 y 6 y 9y T 


12 ^V 1 


3. (a) 3(x + 6) + 4(2a: - 5) = 3x + 18 + 8* - 20 = 11* - 2 
(b) (a; + 3) (Ax — 5) = 4a: 2 — 5a: + 12a; — 15 = 4a: 2 + 7x — 15 


(c) [Va + Vb) (Va— 


= a — b 


= a — 6. 


Vb^J = (Va'j — Va Vb + Va Vb — (Vb~\ 

Or: Use the formula for the difference of two squares to see that (Va + Vb j (Va — Vb j = (Va ^ — (7b) 

(d) (2a: + 3) 2 = ( 2x + 3) (2a: + 3) = 4a: 2 + 6a; + 6a; + 9 = 4a: 2 + 12* + 9. 

Note: A quicker way to expand this binomial is to use the formula (a + 6) 2 = a 2 + 2ab + b 2 with a = 2x and 6 = 3: 
(2a: + 3) 2 = (2a:) 2 + 2(2a:)(3) + 3 2 = 4a: 2 + 12* + 9 

(e) See Reference Page 1 for the binomial formula (a + b) 3 = a 3 + 3a 2 b + 3ab 2 + b 3 . Using it, we get 
(x + 2) 3 = x 3 + 3a; 2 (2) + 3a:(2 2 ) + 2 3 = * 3 + 6a: 2 + 12a: + 8. 


4. (a) Using the difference of two squares formula, o 2 — 6 2 = (a + 6) (a — 6), we have 
4a; 2 - 25 = (2a:) 2 - 5 2 = (2a; + 5) (2x - 5). 

(b) Factoring by trial and error, we get 2a; 2 + 5a; — 12 = (2x — 3)(* + 4). 

(c) Using factoring by grouping and the difference of two squares fonnula, we have 

x 3 - 3a: 2 - 4a: + 12 = a: 2 (a: - 3) - 4(x - 3) = (a: 2 - 4) (a: - 3) = {x - 2)(x + 2)(x - 3). 

(d) a; 4 + 27a; = x(x 3 + 27) = x(x + 3) (a; 2 — 3a: + 9) 

This last expression was obtained using the sum of two cubes formula, a 3 + b 3 = (a + b)(a 2 — ab + b 2 ) with a = x 

and 6 = 3. [See Reference Page 1 in the textbook.] 

(e) The smallest exponent on x is — so we will factor out a: -1 / 2 . 

3x 3/2 - 9a; 1//2 + 6aU 1/2 = 3a;- 1/2 (x 2 - 3a; + 2) = 3x~ 1/2 (x - l)(x - 2) 

(f) x 3 y — 4a:y = xy(x 2 — 4) = xy(x — 2)(* + 2) 


1 




2 □ DIAGNOSTIC TESTS 


x 2 + 3x + 2 _ (x + l)(x + 2) _ x + 2 
x 2 — x — 2 (x + l)(x —2) a; — 2 

2x 2 — a; — 1 z + 3 _(2x + l)(x—1) £ + 3 _£— 1 

( } £ 2 -9 2£+ 1 “ (£-3)(£+3) ' 2£ + l “ £-3 

, £ 2 £+l_ £ 2 £+l_ £ 2 £+l£ — 2_£ 2 — (£+l)(£ — 2) 

£ 2 — 4 £ + 2 (x —2)(x + 2) x + 2 (x —2)(x + 2) x + 2 x — 2 (x —2)(x + 2) 

_ x 2 — (x 2 — £ — 2) _ £ + 2 _ 1 

(£ + 2) (£—2) (£ + 2) (£ — 2) £ — 2 

y x y x 

x _ y_ _ x _ y_ xy _ y 2 - x 2 _ (■ y - x)(y + x ) _ y + x _ _ 

1 1_1 ' xy x-y -(y-x) -1 [ V> 

y x y x 


6. (a) 


Vw Vw 75 + 2 750 + 2710 5 V 2 + 2 VW 


75-2 ^5-2 75 + 2 (75) 2 -2 2 


5-4 


= 572 + 27TO 


(b) 


74+li-2 V4+h-2 74 + ft + 2 


4 + ft — 4 


ft 


74 + ft + 2 ft(74 + ft + 2) ft(74 + ft + 2) 74 + ft + 2 


7. (a) £ 2 + x + 1 = (£ 2 + x + 1) + 1 — \ = (x + |) 2 + | 

(b) 2£ 2 - 12£ + 11 = 2(x 2 - 6£) + 11 = 2(£ 2 - 6£ + 9 - 9) + 11 = 2(£ 2 - 6£ + 9) - 18 + 11 = 2(£ - 3) 2 - 7 

8. (a) x + 5 = 14 — |x +>■ x + lx = 14 — 5 +> §x = 9 +> x = § • 9 +> £ = 6 

O/T* _ 1 

(b) -— = - =>• 2£ 2 = (2x — 1)(£ + 1) -+> 2x 2 = 2£ 2 +£ — 1 +> £ = 1 

£ + 1 X 

(c) £ 2 — £ — 12 = 0 +> (x + 3) (x — 4) = 0 +> £ + 3 = 0 or x — 4 = 0 +> x = — 3 or x = 4 

(d) By the quadratic formula, 2x 2 + 4x + 1 = 0 +> 

—4 ± 74 2 — 4(2)(1) -4 ±78 -4 + 2 72 2(-2±72) -2+ 72 ,, 1 & 

X 2(2) 4 4 4 2 2 V ' 

(e) x 4 — 3x 2 + 2 = 0 +> (x 2 — l)(x 2 — 2) = 0 +> x 2 — 1 = 0 or x 2 — 2 = 0 +> x 2 = 1 or x 2 = 2 +> 

x = ±1 or x = ±72 

(f) 3 |x — 4| = 10 +> x — 4| = ^ +> x —4 = —^orx —4=^ +> x = |orx = ^2 

(g) Multiplying through 2x(4 — x) _1//2 — 3 74 — £ = 0 by (4 — x) 1//2 gives 2x — 3(4 — x) = 0 +> 

2x — 12 + 3x = 0 +> 5x — 12 = 0 +> 5x = 12 +> x = 4?. 

9. (a) -4 < 5 - 3x < 17 <+> -9 < -3x <12 +> 3 > x > -4 or -4 < x < 3. 

In interval notation, the answer is [—4, 3). 

(b) x 2 < 2x + 8 +> £ 2 — 2x — 8 < 0 <+> (x + 2)(x — 4) < 0. Now, (x + 2)(x — 4) will change sign at the critical 
values x = —2 and x = 4. Thus the possible intervals of solution are (— 00 , —2), (—2,4), and (4, 00 ). By choosing a 
single test value from each interval, we see that (—2,4) is the only interval that satisfies the inequality. 





TEST B ANALYTIC GEOMETRY □ 3 


(c) The inequality x{x — l)(x + 2) > 0 has critical values of—2, 0, and 1. The corresponding possible intervals of solution 
are (—oo, —2), (—2, 0), (0,1) and (1, oo). By choosing a single test value from each interval, we see that both intervals 
(—2,0) and (1, oo) satisfy the inequality. Thus, the solution is the union of these two intervals: (—2,0) U (1, oo). 


(d) \x — 4| < 3 44 — 3 < x — 4 < 3 44 1 < x < 7. In interval notation, the answer is (1, 7). 


2 a; — 3 

(e) -- < 1 44 

x+1 ~ 


2x - 3 2a; - 3 a; + 1 2x —3 —x-1 x —4 

- 1 < 0 44 ---- < 0 44 --- < 0 44 -- < 0. 


x+1 


x+1 x+1 


x+1 


x+1 


x — 4 

Now, the expression-may change signs at the critical values x = — 1 and x = 4, so the possible intervals of solution 

x+1 

are (—oo, —1), (—1,4], and [4, oo). By choosing a single test value from each interval, we see that (—1,4] is the only 
interval that satisfies the inequality. 


10. (a) False. In order for the statement to be true, it must hold for all real numbers, so, to show that the statement is false, pick 
p = 1 and q = 2 and observe that (1 + 2 ) 2 7 ^ l 2 + 2 2 . In general, ( p + q) 2 = p 2 + 2 pq + q 2 . 

(b) True as long as a and b are nonnegative real numbers. To see this, think in terms of the laws of exponents: 

Vab = (ab ) 1 / 2 = o 1 / 2 ^ 1 ^ 2 = VaVb. 

(c) False. To see this, let p = 1 and q = 2, then \/l 2 + 2 2 7 ^ 1 + 2. 

(d) False. To see this, let T = 1 and (7 = 2, then ^ ^ ^1 + 1. 


(e) False. To see this, let x = 2 and y = 3, then — ^ 7 ^ i — i. 


(f) True since 


1/x 


a/x — b/x x a — b 


, as long as x 7 ^ 0 and a — b 7 ^ 0 . 


Test B Analytic Geometry 

1. (a) Using the point (2, —5) and m = — 3 in the point-slope equation of a line, y — yi = m(x — xi), we get 

y — (—5) = — 3(a; — 2) =4 y + 5 = — 3x + 6 =4 y = — 3x + 1. 

(b) A line parallel to the 2 >axis must be horizontal and thus have a slope of 0. Since the line passes through the point (2, —5), 
the y-coordinate of every point on the line is —5, so the equation is y = —5. 

(c) A line parallel to the y-axis is vertical with undefined slope. So the tc-coordinate of every point on the line is 2 and so the 
equation is x = 2 . 

(d) Note that 2x — Ay = 3 =4 —4 y = — 2x + 3 =4 y = \x — |. Thus the slope of the given line is m = Hence, the 

slope of the line we’re looking for is also 4 (since the line we’re looking for is required to be parallel to the given line). 

So the equation of the line is y — (—5) = 4 (a; — 2) =4 y + 5 = ^x — 1 =4 y = \x — 6 . 

2. First we’ll find the distance between the two given points in order to obtain the radius, r, of the circle: 
r = y/[3 — (—l )] 2 + (—2 — 4) 2 = \/4 2 + (— 6) 2 = y/52. Next use the standard equation of a circle, 

(x — h) 2 + (y — k) 2 = r 2 , where (h, k ) is the center, to get (x + l ) 2 + (y — 4) 2 = 52. 




4 □ DIAGNOSTIC TESTS 


3. We must rewrite the equation in standard form in order to identify the center and radius. Note that 

x 2 + y 2 — 6x + 10 y + 9 = 0 =>■ x 2 — 6x + 9 + y 2 + 10 y = 0. For the left-hand side of the latter equation, we 

factor the first three terms and complete the square on the last two terns as follows: x 2 — 6x + 9 + y 2 + 10 y = 0 =>• 

(x — 3) 2 + y 2 + 10 y + 25 = 25 =>■ (a: — 3) 2 + (y + 5) 2 = 25. Thus, the center of the circle is (3, —5) and the radius is 5. 

— 12 — 4 —10 4 

4. (a) A(-7, 4) and B( 5, -12) =* m AB = 5 _ ( _ y) =- = -- 

(b) y — 4 = — | [a: — (—7)] => y — 4=— \x — ^ =+ 3j/— 12 = —4* — 28 => 4x + ‘Ay + 16 = 0. Putting y = 0, 

we get Ax + 16 = 0, so the ^-intercept is —4, and substituting 0 for x results in a y-intercept of — 

(c) The midpoint is obtained by averaging the corresponding coordinates of both points: ^ ~ 7 2 +5 , 4+ (~ 12 ^ = (— 1, —4). 

(d) d = V[5-(-7)] 2 + (-12-4) 2 = ^12 2 + (-16) 2 = V144 + 256 = ^400 = 20 

(e) The perpendicular bisector is the line that intersects the line segment AB at a right angle through its midpoint. Thus the 
perpendicular bisector passes through (—1, —4) and has slope | [the slope is obtained by taking the negative reciprocal of 
the answer from part (a)]. So the perpendicular bisector is given by y + 4 = | [x — (—1)] or 3a: — Ay = 13. 

(f) The center of the required circle is the midpoint of AB, and the radius is half the length of AB, which is 10. Thus, the 
equation is (x + l) 2 + (y + 4) 2 = 100. 

5. (a) Graph the corresponding horizontal lines (given by the equations y = — 1 and 

y = 3) as solid lines. The inequality y > — 1 describes the points ( x , y) that lie 
on or above the line y = — 1. The inequality y < 3 describes the points ( x , y) 
that he on or below the line y = 3. So the pair of inequalities — i < y < 3 
describes the points that he on or between the lines y = — 1 and y = 3. 

(b) Note that the given inequalities can be written as —4 < x < 4 and —2 < y < 2, 
respectively. So the region lies between the vertical lines x = —4 and x = 4 and 
between the horizontal lines y = — 2 and y = 2. As shown in the graph, the 
region common to both graphs is a rectangle (minus its edges) centered at the 
origin. 

(c) We first graph y = 1 — 4* as a dotted line. Since y < l — \x, the points in the 
region lie below this line. 
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(d) We first graph the parabola y = x 2 — 1 using a solid curve. Since y > x 2 — 1, 
the points in the region lie on or above the parabola. 

(e) We graph the circle x 2 + y 2 = 4 using a dotted curve. Since a/x 2 + y 2 < 2, th 
region consists of points whose distance from the origin is less than 2, that is, 
the points that lie inside the circle. 

(f) The equation 9x 2 + 16y 2 = 144 is an ellipse centered at (0, 0). We put it in 

2 2 
X V 

standard form by dividing by 144 and get-1-= 1. The ^-intercepts are 

16 9 

located at a distance of \/l6 = 4 from the center while the y-intercepts are a 
distance of \/9 = 3 from the center (see the graph). 

Test C Functions 

1. (a) Locate —1 on the a>axis and then go down to the point on the graph with an .^-coordinate of —1. The corresponding 

^-coordinate is the value of the function at x = —1, which is —2. So, /(— 1) = —2. 

(b) Using the same technique as in part (a), we get /(2) « 2.8. 

(c) Locate 2 on the j/-axis and then go left and right to find all points on the graph with a y-coordinate of 2. The corresponding 
^-coordinates are the x -values we are searching for. So x = — 3 and x = 1. 

(d) Using the same technique as in part (c), we get x « —2.5 and x « 0.3. 

(e) The domain is all the a:-values for which the graph exists, and the range is all the y-values for which the graph exists. 

Thus, the domain is [—3, 3], and the range is [—2,3]. 

2. Note that /( 2 + h) = (2 + ft.) 3 and /( 2) = 2 3 = 8. So the difference quotient becomes 

/(2 + ft ) -/( 2 ) _ (2 + ft ) 3 -8 _ 8 + 12 ft + 6 ft 2 + ft 3 -8 _ 12 ft + 6 ft 2 + ft 3 _ ft (12 + 6 ft + ft 2 ) _ 10 ru u2 
ft ft ft ~ ft “ ft — 12 + 6ft + ft 

3. (a) Set the denominator equal to 0 and solve to find restrictions on the domain: x 2 + x — 2 = 0 => 

(x — l){x + 2) = 0 x = 1 or x = —2. Thus, the domain is all real numbers except 1 or —2 or, in interval 

notation, (—oo, —2) U (—2,1) U (1, oo). 

(b) Note that the denominator is always greater than or equal to 1, and the numerator is defined for all real numbers. Thus, the 
domain is (—oo, oo). 

(c) Note that the function ft is the sum of two root functions. So ft is defined on the intersection of the domains of these two 
root functions. The domain of a square root function is found by setting its radicand greater than or equal to 0. Now, 






6 □ DIAGNOSTIC TESTS 


4 — £ > 0 =>■ x < 4 and x 2 — 1 > 0 =>■ (x — l)(x + 1) > 0 =>■ x < — 1 or x > 1. Thus, the domain of 
h is (—oo, —1] U [1,4], 

4. (a) Reflect the graph of / about the a>axis. 

(b) Stretch the graph of / vertically by a factor of 2, then shift 1 unit downward. 

(c) Shift the graph of / right 3 units, then up 2 units. 


5. (a) Make a table and then connect the points with a smooth curve: 


X 

-2 

-1 

0 

1 

2 

V 

-8 

-1 

0 

1 

8 


(b) Shift the graph from part (a) left 1 unit. 


(c) Shift the graph from part (a) right 2 units and up 3 units. 


(d) First plot y = x 2 . Next, to get the graph of f(x) = 4 — x 2 , 
reflect / about the x-axis and then shift it upward 4 units. 


(e) Make a table and then connect the points with a smooth curve: 


X 

0 

l 

4 

9 

y 

0 

l 

2 

3 


(f) Stretch the graph from part (e) vertically by a factor of two. 
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(g) First plot y = 2 X . Next, get the graph of y = — 2 X by reflecting the graph of 
y = 2 X about the x-axis. 


(h) Note that y = 1 + * 1 = 1 + 1 /*. So first plot y = 1/x and then shift it 
upward 1 unit. 



6 . (a) /(— 2) = 1 - (— 2) 2 = -3 and /( 1) = 2(1) + 1 = 3 

(b) For x < 0 plot f(x) = 1 — * 2 and, on the same plane, for * > 0 plot the graph 
of f(x) = 2x + 1. 

7. (a) (/ o g){x) = f{g{x)) = f(2x - 3) = (2x - 3) 2 + 2(2* - 3) - 1 = 4* 2 - 12* + 9 + 4x - 6 - 1 = 4* 2 - 8* + 2 

(b) (g o f)(x) = g{f{x)) = g(x 2 + 2x — 1) = 2(* 2 + 2x — 1) — 3 = 2* 2 + Ax — 2 — 3 = 2* 2 + 4* — 5 

(c) {go go g)(x) = g{g{g{x))) = g{g{ 2x - 3)) = g( 2(2* - 3) - 3) = g{ 4* - 9) = 2(4* - 9) - 3 

= 8* - 18 - 3 = 8* - 21 



Test D Trigonometry 


1. (a) 300°= 300° (^_) 


„ . N 5rr 5 t r /180° 

1 <a) T'T Hr 


300tt 57r 

180 = T 




187T 7T 

180 = "To 


(b) 2 = 2 


3. We will use the arc length formula, s = r6, where s is arc length, r is the radius of the circle, and 6 is the measure of the 
central angle in radians. First, note that 30° = 30° ( ^gQo ) = So s = (12) = 27T cm. 


4. (a) tan(7r/3) = \/3 [You can read the value from a right triangle with sides 1, 2, and x/3-] 

(b) Note that 77r/6 can be thought of as an angle in the third quadrant with reference angle 7r/6. Thus, sin(77r/6) = — |, 
since the sine function is negative in the third quadrant. 

(c) Note that 57r/3 can be thought of as an angle in the fourth quadrant with reference angle 7r/3. Thus, 

sec(57r/3) = -——— = -i- = 2, since the cosine function is positive in the fourth quadrant. 

cos(57r/3) 1/2 
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5. sin(9 = a/24 =>• a = 24sin0 and cos# = 6/24 =>■ 6 = 24cos# 

2^2 


6 . sin x = 5 and sin 2 x + cos 2 x = 1 =+ cos x= \/l— | = —. Also, cos y = | 


=* sint/= = 


So, using the sum identity for the sine, we have 

. , , .14 2^2 3 4 + 6^2 1 , „ 

sin i + y) = sma; cos y + cos* smj = - • - 4--— • - =-—-= —4 + 6 V2 

3 5 R 1 n 1 h ' 7 


_ , N „ . » - sm 6 . . „ sin 6 cos 0 

7. (a) tan 9 sin 9 + cos 9 = -- sm 9 + cos 9 = -— H -— = - 

cos 9 cos 9 cos 9 cos 


3 5 

1 


15 


15 


= sec 9 


... 2 tan* 2 sm*/(cos*) „ sm* , „ . . „ 

(b) -=— = - — -- = 2 - cos * = ism* cos* = sm 2 * 

1 + tan * sec 2 * cos * 

8 . sin 2 * = sin* +> 2 sin* cos* = sin* +>■ 2 sin* cos* — sin* = 0 +>■ sin* (2 cos * — 1 ) = 0 +> 


sin * = 0 or cos * = \ 


x = 0, f, 7T, 2 tx . 


9. We first graph y = sin 2* (by compressing the graph of sin * 
by a factor of 2 ) and then shift it upward 1 unit. 




1 


□ FUNCTIONS AND LIMITS 


I. 1 Four Ways to Represent a Function 

1. The functions f(x) = x + \/2 — x and g{u) = u + \J 2 — m give exactly the same output values for every input value, so / 
and g are equal. 

3. (a) The point (1,3) is on the graph of /, so /(1) = 3. 

(b) When x = — 1, y is about —0.2, so /(—1) « —0.2. 

(c) f(x) = 1 is equivalent to y = 1. When y = 1, we have x = 0 and x = 3. 

(d) A reasonable estimate for x when y = 0 is x = —0.8. 

(e) The domain of / consists of all a>values on the graph of /. For this function, the domain is —2 < x < 4, or [—2, 4], 

The range of / consists of all y-values on the graph of /. For this function, the range is — 1 < y < 3, or [— 1, 3], 

(f) As x increases from —2 to 1, y increases from —1 to 3. Thus, / is increasing on the interval [—2,1], 

5. From Figure 1 in the text, the lowest point occurs at about (t , a) = (12, —85). The highest point occurs at about (17,115). 
Thus, the range of the vertical ground acceleration is —85 < a < 115. Written in interval notation, we get [—85,115], 

7. No, the curve is not the graph of a function because a vertical line intersects the curve more than once. Hence, the curve fails 
the Vertical Line Test. 

9. Yes, the curve is the graph of a function because it passes the Vertical Line Test. The domain is [—3, 2] and the range 
is [-3,-2) U [-1,3], 

II. The person’s weight increased to about 160 pounds at age 20 and stayed fairly steady for 10 years. The person’s weight 
dropped to about 120 pounds for the next 5 years, then increased rapidly to about 170 pounds. The next 30 years saw a gradual 
increase to 190 pounds. Possible reasons for the drop in weight at 30 years of age: diet, exercise, health problems. 

13. The water will cool down almost to freezing as the ice melts. Then, when T, 

the ice has melted, the water will slowly warn up to room temperature. 


o t 

15. (a) The power consumption at 6 AM is 500 MW, which is obtained by reading the value of power P when t = 6 from the 
graph. At 6 PM we read the value of P when t = 18, obtaining approximately 730 MW. 

(b) The minimum power consumption is determined by finding the time for the lowest point on the graph, t = 4, or 4 AM. The 
maximum power consumption corresponds to the highest point on the graph, which occurs just before t = 12, or right 
before noon. These times are reasonable, considering the power consumption schedules of most individuals and 
businesses. 
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17. Of course, this graph depends strongly on the 19. As the price increases, the amount sold 



Wed. Wed. Wed. Wed. Wed. t 



/(2) = 3(2) 2 - 2 + 2 = 12-2 + 2 = 12. 

/(—2) = 3(—2) 2 - (-2) + 2 = 12 + 2 + 2 = 16. 
f(a) = 3a 2 - a + 2. 

/(-a) = 3(—a) 2 - (-a) + 2 = 3a 2 + a + 2. 

/(a + 1) = 3(a + l) 2 — (a + 1) + 2 = 3(a 2 + 2a + 1) — a — 1 + 2 = 3a 2 + 6a + 3 — a + 1 = 3a 2 + 5a + 4. 
2/(a) = 2 • /(a) = 2(3a 2 - a + 2) = 6a 2 - 2a + 4. 

/(2a) = 3(2a) 2 - (2a) + 2 = 3(4a 2 ) - 2a + 2 = 12a 2 - 2a + 2. 

/(a 2 ) = 3(a 2 ) 2 - (a 2 ) + 2 = 3(a 4 ) - a 2 + 2 = 3a 4 - a 2 + 2. 

[/(a)] 2 = [3a 2 — a + 2] 2 = (3a 2 — a + 2) (3a 2 — a + 2) 

= 9a 4 — 3a 3 + 6a 2 — 3a 3 + a 2 — 2a + 6a 2 — 2a + 4 = 9a 4 — 6a 3 + 13a 2 — 4a + 4. 

/(a + h) = 3 (a + h) 2 — (a + h) + 2 = 3(a 2 + 2 ah + /i 2 ) — a — h + 2 = 3a 2 + 6a/i + 3 h 2 — a — h + 2. 

27. /(*) = 4 + 3* — x 2 , so /( 3 + h) = 4 + 3(3 + h) — (3 + h) 2 = 4 + 9 + 3/i — (9 + 6h + h 2 ) = 4 — 3 h — h 2 , 
and /(3 + fr)-/(3) = (4 — 3fe — /t 2 ) — 4 = ft(-3 - ft) = 3 

/i, h h 
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1 1 a — x 

29 f( x ) - /(«) = x ~ a = xa = a ~ x = - a) = _ 1_ 

x — a x — a x — a xa(x — a) xa(x — a) ax 

31. f(x) = (x + 4)/ (x 2 — 9) is defined for all x except when 0 = x 2 — 9 •<=> 0 = (x + 3) (x — 3) •<=> x = —3 or 3, so the 

domain is {rr € R | x ^ —3, 3} = (—oo, —3) U (—3, 3) U (3, oo). 

33. /(f) = \J2t — 1 is defined for all real numbers. In fact v/p(f), where p{t) is a polynomial, is defined for all real numbers. 
Thus, the domain is R, or (—oo, oo). 

35. h(x) = 1 / \/x 2 — 5x is defined when x 2 — 5x > 0 x(x — 5) > 0. Note that x 2 — 5x ^ 0 since that would result in 

division by zero. The expression x(x — 5) is positive if x < 0 or x > 5. (See Appendix A for methods for solving 
inequalities.) Thus, the domain is (—oo, 0) U (5, oo). 

37. F(p) = ^/2 — ^/p is defined when p > 0 and 2 — p > 0. Since 2 — y/p >0 2 > y/p => yjp <2 =» 

0 < p < 4, the domain is [0,4], 

39. f{x) = 2 — 0.4a; is defined for all real numbers, so the domain is R, 
or (—oo, oo). The graph of / is a line with slope —0.4 and y-intercept 2. 

41 f{t) = 2f + f 2 is defined for all real numbers, so the domain is R, or 
(—oo, oo). The graph of / is a parabola opening upward since the 
coefficient of f 2 is positive. To find the f-intercepts, let y = 0 and solve 
for f. 0 = 2f + f 2 = t (2 + t ) => f = 0orf = —2. The f-coordinate of 

the vertex is halfway between the f-intercepts, that is, at f = — 1. Since 
/(—1) = 2(—1) + (—l) 2 = —2 + 1 = —1, the vertex is (—1, —1). 

43. g(x) = \/x — 5 is defined when x — 5 > 0 or x > 5, so the domain is [5, oo). 

Since y = \Jx — 5 => y 2 = x — 5 => x = y 2 + 5, we see that g is the 

top half of a parabola. 
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47. f(x) 


x + 2 if x < 0 
1 — x if x > 0 


The domain is R. 


49. f(x) 


x + 2 if x < — 1 
x 2 if x > — 1 


Note that for x = — 1, both x + 2 and a : 2 are equal to 1. 
The domain is R. 




1/2 — Vl 

51 . Recall that the slope m of a line between the two points (xi, y \) and (x 2 , yi ) is m = — -and an equation of the line 

X2 Xl 

connecting those two points is y — yi = m(x — xi). The slope of the line segment joining the points (1, —3) and (5, 7) is 


7 ^(-3) _ 5 


5-1 


= so an equation is y — (—3) = §(a: — 1). The function is f(x) = 1 < x < 5. 


53. We need to solve the given equation for y. x + (y — l ) 2 = 0 44 (y — l ) 2 = — x 44 y — 1 = ±\/—x 44 

y = 1 ± yj—x. The expression with the positive radical represents the top half of the parabola, and the one with the negative 
radical represents the bottom half. Hence, we want /(*) = 1 — \/—x. Note that the domain is x < 0. 


55. For 0 < x < 3, the graph is the line with slope —1 and y-intercept 3, that is, y = —x + 3. For 3 < x < 5, the graph is the line 
with slope 2 passing through (3, 0); that is, y — 0 = 2(x — 3), or y = 2x — 6. So the function is 


/(*) 


-a:+ 3 if 0 < re < 3 
2* — 6 if 3 < re < 5 


57. Let the length and width of the rectangle be L and W. Then the perimeter is 2 L + 2 W = 20 and the area is A = LW. 

2 Q 2 L 

Solving the first equation for W in terms of L gives W = --- = 10 — L. Thus, A{L) = L(10 — L) = 10 L — L 2 . Since 

lengths are positive, the domain of A is 0 < L < 10. If we further restrict L to be larger than W, then 5 < L < 10 would be 
the domain. 

59. Let the length of a side of the equilateral triangle be x. Then by the Pythagorean Theorem, the height y of the triangle satisfies 
y 2 + = x 2 , so that y 2 = x 2 — \x 2 — | x 2 and y = ^x. Using the formula for the area A of a triangle, 

A = | (base) (height), we obtain A(x) = ^ a: 2 , with domain x > 0. 

61. Let each side of the base of the box have length x, and let the height of the box be h. Since the volume is 2, we know that 
2 = hx 2 , so that h = 2/x 2 , and the surface area is 5 = x 2 + 4a :h. Thus, S(x) = x 2 + Ax(2/x 2 ) = x 2 + (8/x), with 


domain x > 0 . 
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63. The height of the box is x and the length and width are L = 20 — 2x, W = 12 — 2x. Then V = LWx and so 
V(x) = (20 - 2x)(12 - 2x){x) = 4(10 - x){6 - x)(x) = 4a:(60 - 16x + x 2 ) = 4x 3 - 64x 2 + 240x. 

The sides L, W, and x must be positive. Thus, L > 0 44 20 — 2x > 0 44 x < 10; 

W > 0 44 12 — 2a: > 0 44 a; < 6; and x > 0. Combining these restrictions gives us the domain 0 < x < 6. 


65. We can summarize the amount of the fine with a 
piecewise defined function. 


F(x) 


15(40 - x) if 0 < x < 40 
0 if 40 < x < 65 
15(* - 65) if x > 65 



67. (a) 


(c) 


«(%) 

15 ■■ o 

10" o-• 


(b) On $14,000, tax is assessed on $4000, and 10%($4000) = $400. 
On $26,000, tax is assessed on $16,000, and 
10%($10,000) + 15%($6000) = $1000 + $900 = $1900. 


0| 10,000 20,000 /(in dollars) 

As in part (b), there is $1000 tax assessed on $20,000 of income, so 
the graph of T is a line segment from (10,000, 0) to (20,000,1000). 
The tax on $30,000 is $2500, so the graph of T for x > 20,000 is 
the ray with initial point (20,000,1000) that passes through 
(30,000,2500). 



69. / is an odd function because its graph is symmetric about the origin, g is an even function because its graph is symmetric with 
respect to the y-axis. 

71. (a) Because an even function is symmetric with respect to the y-axis, and the point (5, 3) is on the graph of this even function, 
the point (—5, 3) must also be on its graph. 

(b) Because an odd function is symmetric with respect to the origin, and the point (5,3) is on the graph of this odd function, 
the point (—5, —3) must also be on its graph. 


73. f(x) 


X 

X 2 + 1 ’ 


75 ' ^ = ~^TT’ so ~ x ) 


— X 

—X + 1 


X 

x — 1 


_ nr* _ nr* nr* 

p / \ *Aj 

n ^ x) = (—x) 2 +1 = ^TT = _ ^TT 
So / is an odd function. 


1 



-fix). 


Since this is neither f(x) nor —f(x), the function / is 
neither even nor odd. 



-3 


1 
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77. /(x) = 1 + 3x 2 - x 4 . 

/(—x) = l+3(— x) 2 — (— x) 4 = 1+3x 2 —x 4 = f(x). 
So / is an even function. 


4 



79. (i) If / and g are both even functions, then f(—x) = f(x) and g{—x) = g(x). Now 

(/ + sO(-z) = /(-*) + = /O) + g{x) = {f + g){x), so / + g is an even function. 

(ii) If / and g are both odd functions, then f(—x) = —f{x) and g(—x) = —g(x). Now 

(/ + 9)(-x) = f(~x) + g{-x) = -f{x) + [-fl(x)] = -[/(x) + g(x)] = -(/ + g){x), so / + g is an odd function. 

(iii) If f is an even function and g is an odd function, then (/ + g)(—x) = /(—x) + g(—x) = f(x) + [— g(x)] = f(x) — g(x), 
which is not (/ + g)(x) nor — (/ + g)(x), so / + g is neither even nor odd. (Exception: if / is the zero function, then 

f + g will be odd. If g is the zero function, then f + g will be even.) 


1.2 Mathematical Models: A Catalog of Essential Functions 


1. (a) f(x) = log 2 x is a logarithmic function, 
(b) g(x) = \fx is a root function with n = 4. 


(c) h{x) = 


2x A 


is a rational function because it is a ratio of polynomials. 


1 — x 2 

(d) u(t) = 1 — 1.1 1 + 2.54f 2 is a polynomial of degree 2 (also called a quadratic function). 

(e) v(t) = 5* is an exponential function. 

(f) w(6) = sin# cos 2 9 is a trigonometric function. 

3. We notice from the figure that g and h are even functions (symmetric with respect to the j/-axis) and that / is an odd function 
(symmetric with respect to the origin). So (b) \y = x 5 ] must be /. Since g is flatter than h near the origin, we must have 
(c) [y = x 8 ] matched with g and (a) [j/ = x 2 ] matched with h. 


5. (a) An equation for the family of linear functions with slope 2 
is y = /(x) = 2 x + b, where b is the y-intercept. 


b = 3 b = 0 
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(b) /(2) = 1 means that the point (2,1) is on the graph of /. We can use the 
point-slope form of a line to obtain an equation for the family of linear 
functions through the point (2,1). y — 1 = m(x — 2), which is equivalent 
to y = mx + (1 — 2m) in slope-intercept form. 



becomes y = 2x — 3. It is the only function that belongs to both families. 


7. All members of the family of linear functions f(x) = c — x have graphs 
that are lines with slope — 1. The y-intercept is c. 



9. Since /(— 1) = /( 0) = /( 2) = 0, / has zeros of — 1, 0, and 2, so an equation for / is f(x) = a[x — (—1)](* — 0)(* — 2), 
or f(x) = ax(x + 1)(* — 2). Because /(1) = 6, we’ll substitute 1 for xand 6 for f(x). 

6 = o(l)(2)(—1) =>• — 2a = 6 =>• a = — 3 , so an equation for / is f(x) = — 3x(x + l)(a: — 2 ). 


11. (a) D = 200, so c = 0.0417D(a + 1) = 0.0417(200)(a + 1) = 8.34 a + 8.34. The slope is 8.34, which represents the 
change in mg of the dosage for a child for each change of 1 year in age. 


(b) For a newborn, a = 0, so c = 8.34 mg. 



(b) The slope of | means that F increases | degrees for each increase 
of 1°C. (Equivalently, F increases by 9 when C increases by 5 
and F decreases by 9 when C decreases by 5.) The F-intercept of 
32 is the Fahrenheit temperature corresponding to a Celsius 
temperature of 0. 


15. (a) Using N in place of x and T in place of y , we find the slope to be —-=- = — = So a linear 

w 5 F F F N 2 - iVi 173 - 113 60 6 

equation is T- 80 = ± (N -173) <S> T - 80 = ±N - ^ T=|W + ^ [227=51.16]. 

(b) The slope of | means that the temperature in Fahrenheit degrees increases one-sixth as rapidly as the number of cricket 
chirps per minute. Said differently, each increase of 6 cricket chirps per minute corresponds to an increase of 1°F. 

(c) When N = 150, the temperature is given approximately by T = | (150) + 221 = 76.16 °F « 76 °F. 
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17. (a) We are given ■ 


change in pressure 4.34 


= 0.434. Using P for pressure and d for depth with the point 


10 feet change in depth 10 
( d , P) = (0,15), we have the slope-intercept form of the line, P = 0.434d + 15. 

(b) When P = 100, then 100 = 0.434d +15 +> 0.434d = 85 +> d = « 195.85 feet. Thus, the pressure is 

100 lb/in 2 at a depth of approximately 196 feet. 

19. (a) The data appear to be periodic and a sine or cosine function would make the best model. A model of the form 
f{x) = a cos (bx) + c seems appropriate. 

(b) The data appear to be decreasing in a linear fashion. A model of the form f(x) = mx + b seems appropriate. 


Exercises 21-24: Some values are given to many decimal places. These are the results given by several computer algebra systems — rounding is left 
to the reader. 


21 . (a) 15 

-\ 

o' - 1 -‘- 1 -‘- 1 -' 61,000 

A linear model does seem appropriate. 


(b) Using the points (4000,14.1) and (60,000,8.2), we obtain 

y - 14A = earoo'-tooo {x - 4000) or ’ equivalently ’ 

y « —0.000105357a; + 14.521429. 


15 



(c) Using a computing device, we obtain the least squares regression line y = —0.0000997855a; + 13.950764. 
The following commands and screens illustrate how to find the least squares regression line on a TI-84 Plus. 
Enter the data into list one (LI) and list two (L2). Press |STAT| [T] to enter the editor. 


LI 

L2 

L3 2 

12000 
lb 000 
20000 
30000 
HE 000 
fiOOOO 

12.E 

12 

12.H 

10.E 

9.H 


l 2 ■: i □ = 


n 

L2 

L3 1 

HO 00 

1H.1 


fiOOO 

13 


B000 

13.H 


11 ( 1 ( 11:1 

i£.s 


lb 000 

12 


20000 

12.H 


30000 

10.E 


LI =£40007 6000? El.. 


Find the regession line and store it in Yi. Press 2nd QUIT] |STAT| [►] @ |VARS| HUH] ENTER 


LinReSCax+b) Vii 


LinReg 

y=ax+b 

a="9.978546 e "5 
b=13.95076408 


flvt£ 

WiB-9.978545618 
7893 e "5X+13.9507 
64077085 
Wz = 

■■■V; = 

■•Vh = 

■Ve = 


Note from the last figure that the regression line has been stored in Yi and that Plotl has been turned on (Plotl is 
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highlighted). You can turn on Plotl from the Y= menu by placing the cursor on Plotl and pressing ENTER or by 
pressing [2nd1|STAT PLOTl pfl lENTER] . 


LI L2 □ 


HTHl Plots Plot3 

afiroff 

Type: BH Liii: Jhn 

2: Plot-2...Off 


>0<" dH 

LI L2 □ 


XIist:Li 

3 : P1 ot3...0f f 


Y1ist:Lz 

!■■■■• LI L2 □ 

41P1otsOff 


Mark: □ + ■ 


Now press IZOOM [9j to produce a graph of the data and the regression 
line. Note that choice 9 of the ZOOM menu automatically selects a window 
that displays all of the data. 

(d) When x = 25,000, y ss 11.456; or about 11.5 per 100 population. 

(e) When x = 80,000, y fa 5.968; or about a 6% chance. 

(f) When x = 200,000, y is negative, so the model does not apply. 

23. (a) A linear model seems appropriate over the time interval 

considered. 




(b) Using a computing device, we obtain the regression line y fa 0.0265a; — 46.8759. It is plotted in the graph in part (a). 

(c) For x = 2008, the linear model predicts a winning height of 6.27 m, considerably higher than the actual winning height 
of 5.96 m. 

(d) It is not reasonable to use the model to predict the winning height at the 2100 Olympics since 2100 is too far from the 
1896-2004 range on which the model is based. 

25. If x is the original distance from the source, then the illumination is f(x) = kx ~ 2 = k/x 2 . Moving halfway to the lamp gives 
us an illumination of/(|a;) = fc(|a:) 2 = k( 2/a:) 2 = 4 (k/x 2 ), so the light is 4 times as bright. 

27. (a) Using a computing device, we obtain a power function N = cA b , where c ~ 3.1046 and b ~ 0.308. 

(b) If A = 291, then N = cA b ~ 17.8, so you would expect to find 18 species of reptiles and amphibians on Dominica. 
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1.3 New Functions from Old Functions 


1. (a) If the graph of / is shifted 3 units upward, its equation becomes y = f{x) + 3. 

(b) If the graph of / is shifted 3 units downward, its equation becomes y = f(x) — 3. 

(c) If the graph of / is shifted 3 units to the right, its equation becomes y = f(x — 3). 

(d) If the graph of / is shifted 3 units to the left, its equation becomes y = f(x + 3). 

(e) If the graph of / is reflected about the x-axis, its equation becomes y = 

(f) If the graph of / is reflected about the y- axis, its equation becomes y = f(—x). 

(g) If the graph of / is stretched vertically by a factor of 3, its equation becomes y = 3 f(x). 

(h) If the graph of / is shrunk vertically by a factor of 3, its equation becomes y = | f(x). 

3. (a) (graph 3) The graph of / is shifted 4 units to the right and has equation y = /(x — 4). 

(b) (graph 1) The graph of / is shifted 3 units upward and has equation y = f(x) + 3. 

(c) (graph 4) The graph of / is shrunk vertically by a factor of 3 and has equation y = | /(x). 

(d) (graph 5) The graph of / is shifted 4 units to the left and reflected about the x-axis. Its equation is y = —f(x + 4). 

(e) (graph 2) The graph of / is shifted 6 units to the left and stretched vertically by a factor of 2. Its equation is 

y = 2f(x + 6). 

5. (a) To graph y = /( 2x) we shrink the graph of / (b) To graph y = /(fa?) we stretch the graph of / 

horizontally by a factor of 2. horizontally by a factor of 2. 


The point (4,-1) on the graph of / corresponds to the 
The point (4, —1) on the graph of / corresponds to the point (2 • 4, —1) = (8, —1). 

point (i -4,-1) = (2,-1). 




(c) To graph y = f(—x) we reflect the graph of / about 
the j/-axis. 



(d) To graph y = —f(—x) we reflect the graph of / about 
the y-axis, then about the x-axis. 



The point (4, —1) on the graph of / corresponds to the 
point (-1 • 4, -1) = (-4, -1). 


The point (4,-1) on the graph of / corresponds to the 
point (—1 • 4, —1 • —1) = (—4,1). 
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7. The graph of y = f(x) = y/3x — x 2 has been shifted 4 units to the left, reflected about the x-axis, and shifted downward 
1 unit. Thus, a function describing the graph is 


y= -i- / (* + 4) 


- 1 


reflect shift shift 

about x-axis 4 units left 1 unit left 

This function can be written as 

y = —f(x + 4) — 1 = — y/3(x + 4) — (x + 4) 2 — 1 = — y/3x + 12 — (x 2 + 8x + 16) — 1 = —\/—x 2 — 5x — 4 — 1 



11 . y = — Start with the graph of y = y/x and reflect about the x-axis. 




13. y = y/x — 2 — 1: Start with the graph of y = yfx, shift 2 units to the right, and then shift 1 unit downward. 





15. y = sin(x/2): Start with the graph of y = sin x and stretch horizontally by a factor of 2. 
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17. y = |(1 — cosx): Start with the graph of y = cos x, reflect about the 2 >axis, shift 1 unit upward, and then shrink vertically by 
a factor of 2. 



19. y = 1 — 2x — x 2 = — (x 2 + 2x) + 1 = — (x 2 + 2x + 1) + 2 = ~(x + l) 2 + 2: Start with the graph of y = x 2 , reflect about 
the *-axis, shift 1 unit to the left, and then shift 2 units upward. 



21 . y = | a: — 21: Start with the graph of y = | a:| and shift 2 units to the right. 




25. This is just like the solution to Example 4 except the amplitude of the curve (the 30°N curve in Figure 9 on June 21) is 
14 — 12 = 2. So the function is L(t) = 12 + 2 sin[^ (f — 80)]. March 31 is the 90th day of the year, so the model gives 
L(90) « 12.34 h. The daylight time (5:51 AM to 6:18 PM) is 12 hours and 27 minutes, or 12.45 h. The model value differs 
from the actual value by 12,4 1 5 2 4 12 ' 34 « 0.009, less than 1%. 
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27. (a) To obtain y = /(|x|), the portion of the graph of y = f(x) to the right of the y -axis is reflected about the y-axis. 
(b) y = sin |cc| (c) y = ^/\x\ 


y> 

y = sin \x\ 

/~\ 1 

y ‘ 

y=Jx 

y> 

11 


\y 0 

\_y x 








0 

X 

0 

X 


29. /(x) = x 3 + 2x 2 ; g{x) = 3x 2 — 1. D = R for both / and g. 

(a) (/ + g)(x) = (x 3 + 2x 2 ) + (3x 2 — 1) = x 3 + 5x 2 — 1, D = R. 

(b) (/ - g){x) = (x 3 + 2x 2 ) - (3x 2 - 1) = x 3 - x 2 + 1. D = R. 

(c) ( fg){x ) = (x 3 + 2x 2 )(3x 2 — 1) = 3x 5 + 6 x 4 — x 3 — 2x 2 , D = R. 

(d) (s ) = ’ D ={ x \ x ^ ^ } sillce 3x2 - 1 ^ °' 

31. /(x) = x 2 — 1, D = R; g(x) = 2x + 1, D = R. 

(a) (/ o g)(x) = f(g(x)) = /(2x + 1) = (2x + l) 2 — 1 = (4x 2 + 4x + 1) — 1 = 4x 2 + 4x, D = R. 

(b) {g o /)(x) = g{f{x)) = g{x 2 - 1) = 2(x 2 - 1) + 1 = (2x 2 - 2) + 1 = 2x 2 - 1, D = R. 

(c) (/ o f)(x) = = /(x 2 - 1) = (x 2 - l ) 2 - 1 = (x 4 - 2x 2 + 1) - 1 = x 4 - 2x 2 , D = R. 

(d) (g o g)(x) = g(g(x)) = g(2x + 1) = 2(2x + 1) + 1 = (4x + 2) + 1 = 4x + 3, D = R. 

33. /(x) = 1 — 3x; g(x) = cos x. D = R for both / and g, and hence for their composites. 

(a) if°g)(x) = f{g(x)) = /(cosx) = 1 — 3cosx. 

(b) {g ° /)(x) = g(f(x)) = g(l - 3x) = cos(l - 3x). 

(c) (/ o /)(x) = /(/(x)) = /(I - 3x) = 1 - 3(1 - 3x) = 1 - 3 + 9x = 9x - 2. 

(d) (g o g)(x) = g{g{x)) = g (cos x) = cos(cos x) [Note that this is not cos x • cos x.] 


35. f(x) = x + i, D = {x | x ^ 0}; g{x) = = {x | x ^ -2} 


(a) (/°s)(x) = /(</(*)) = 


x +1 1 _x+l x +2 

x + 2 + x + 1 x + 2 ^ x + 1 
x + 2 


(x + l)(x + 1) + (x + 2)(x + 2) _ (x 2 + 2x + 1) + (x 2 + 4x + 4) 
(x + 2 )(x + 1 ) (x + 2 )(x + 1 ) 


2x 2 + 6 x + 5 
(x + 2 )(x + 1 ) 


Since g(x) is not defined for x = —2 and f(g(x)) is not defined for x = —2 and x = —1, 
the domain of (/ o g)(x) is D = {x | x 7 ^ —2, —1}. 
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(b) (g°f){x) = g{f(x)) = g(x+- ) = 


1 

x + - 

X 


X + 1 + X 


x 2 + X + 1 x 2 + X + 1 


x +-]+2 
x , 


x 2 + 1 + 2x x 2 +2x + 1 


{x + l) 2 


Since f(x) is not defined for x = 0 and g(f(x)) is not defined for x = —1, 
the domain of (g o /)(x) is D = {x \ x ^ — 1,0}. 


(c) (/ ° f)(x) = /(/(x)) = f lx + - = x + 


1 11 1 
- = x + - H— y~t = x + 


X + - 


x(x) (x 2 + 1) + 1 (x 2 + l) + x(x) _ X 4 + X 2 + X 2 + 1 + X 


X x + 1 

X 
2 


X X 2 + 1 


x(x 2 + 1) 
x 4 + 3x 2 + 1 


x(x 2 + 1) 


x(a ~ 2 + 1 ) 


(d) (go g)(x) =g(g(x)) =g 


D = {x | x ^ 0} 


x+ 1 1 x + 1 + l(x + 2 ) 


x + 2 


x + 2 


x + 1 + x + 2 2x + 3 


x + 1 

x + 2 ) x +1 n x + l + 2(x + 2) x+l + 2x + 4 3x + 5 
x + 2 + x+ 2 


Since g(x) is not defined for x = —2 and g(g(x)) is not defined for x = — |, 
the domain of (g o g)(x) is D = {x | x 7 ^ —2, — §}. 

37. (fogo h)(x ) = f(g(h(x))) = f(g(x 2 )) = f( sin(x 2 )) = 3sin(x 2 ) - 2 

39. (fogo h)(x) = f(g(h(x))) = f(g(x 3 + 2)) = /[(x 3 + 2) 2 ] 

= /(x 6 + 4x 3 + 4) = y/ (x 6 + 4x 3 + 4) — 3 = \/x 6 + 4x 3 + 1 


41. Let g(x) = 2x + x 2 and f(x) = x 4 . Then (/ o g)(x) = f(g(x)) = f(2x + x 2 ) = (2x + x 2 ) 4 = F(x). 


43. Let g(x) = ^xand/(x) = . Then (f o g)(x) = f(g(x)) = f(^/x) = = F(x). 

-L “r X 1 -y/ X 

45. Let g(t ) = f 2 and /(f) = sect tanf. Then (/ o g)(t) = f(g(t)) = f(t 2 ) = sec (f 2 ) tan(f 2 ) = v(t). 

47. Let h(x) = yjx, g(x) = x — 1, and /(x) = ^/x. Then 

(/ 0 g ° h)(x ) = f(g(h(x))) = f(g(^x)) = f(s/x - 1) = = R(x). 

49. Let h(x) = \/x, g(x) = secx, and /(x) = x 4 . Then 

(fogo h)(x) = f(g(h(x ))) = f(g(\/x)) = /(sec ) = (sec ^fx) 4 = sec 4 (y/x ) = 7T(x). 

51 . (a) g(2) = 5, because the point (2, 5) is on the graph of g. Thus, f(g( 2)) = /(5) = 4, because the point (5,4) is on the 
graph of /. 

(b) g(f( 0)) = 3(0) = 3 

(c) (/ ° 3 )( 0 ) = f(g( 0 )) = /(3) = 0 
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(d) (g o /)(6) = <?(/(6)) = g( 6). This value is not defined, because there is no point on the graph of g that has 
x-coordinate 6. 

(e) {g ° g){- 2) = g{g{-2)) = 3(1) = 4 

(f) (/o/)(4) = /(/(4))=/(2) = -2 

53. (a) Using the relationship distance = rate ■ time with the radius r as the distance, we have r(f) = 60t. 

(b) A = nr 2 => (do r)(i) = A(r(f)) = n(60t) 2 = 36007rf 2 . This formula gives us the extent of the rippled area 
(in cm 2 ) at any time t. 

55. (a) From the figure, we have a right triangle with legs 6 and d, and hypotenuse s. 

By the Pythagorean Theorem, d 2 + 6 2 = s 2 =>■ s = f(d) = \/d 2 + 36. 


ship 

--e^>— 

6 I 


(b) Using d = rt, we get d = (30 krp/h)(f hours) = 30t (in km). Thus, 
d = g(t) = 30 1. 


shoreline 


lighthouse 

( c ) (/ 0 g){t) = f{g(t)) = /(30t) = yj (30t) 2 + 36 = x/900 1 2 + 36. This function represents the distance between the 
lighthouse and the ship as a function of the time elapsed since noon. 


57. (a) 


Hi 

1 < 

(b) V. 


120 4 


0 

t 0 

t 


m = 


0 if t < 0 
1 if t > 0 


V(t) = 


0 if t < 0 

120 if t > 0 


so V(t) = 12077(f). 


(c) 


v. 

240 - 


Starting with the formula in part (b), we replace 120 with 240 to reflect the 
different voltage. Also, because we are starting 5 units to the right of t = 0, 
we replace t with t — 5. Thus, the formula is V ( t ) = 24077(f — 5). 


59. If f(x) = mix + bi and g(x) = m 2 X + 62, then 

(/ o g)(x) = f{g{x)) = f(m 2 x + 62) = mi(m 2 x + 62) + 61 = mim 2 x + m\b 2 + 61. 
So / o g is a linear function with slope m\m 2 . 


61. (a) By examining the variable terms in g and h, we deduce that we must square g to get the terns 4x 2 and 4x in h. If we let 
f(x) = x 2 + c, then (/ o g)(x) = f{g(x)) = f(2x + 1) = (2* + l) 2 + c = 4x 2 + 4x + (1 + c). Since 
h{x) = 4x 2 + 4x + 7, we must have 1 + c = 7. Soc = 6 and f(x) = x 2 + 6. 

(b) We need a function g so that f(g(x)) = 3(g(x)) + 5 = h(x). But 

h(x) = 3x 2 + 3x + 2 = 3(x 2 + x) + 2 = 3(x 2 + x — 1) + 5, so we see that g(x) = x 2 + x — 1. 

63. We need to examine h(—x). 

h{-x) = (/ o g){-x) = f{g{-x)) = f(g(x)) [because g is even] = h{x) 

Because h(—x) = h(x), h is an even function. 
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1.4 The Tangent and Velocity Problems 


1. (a) Using -P(15, 250), we construct the following table: 


t 

Q 

slope = mpQ 

5 

(5,694) 

694-250 _ 444 _ aa a 

5-15 10 

10 

(10,444) 

444-250 194 qq q 

10-15 - 5 - 

20 

(20,111) 

111-250 _ 139 _ 0*7 o 

20-15 5 

25 

(25,28) 

28-250 222 oo o 

25-15 — 10 — 

30 

(30,0) 

0-250 _ 250 _ ^ 

30-15 15 1U-U 


(b) Using the values of t that correspond to the points 
closest to P (t = 10 and t = 20), we have 


-38.8 + (-27.8) 
2 


-33.3 


(c) From the graph, we can estimate the slope of the 
tangent line at P to be = —33.3. 



3. (a) y = —-—, -P(2, — 1) 
1 — x 



X 

Q(x, 1/(1 — x)) 

mpQ 

(i) 

1.5 

(1.5,-2) 

2 

(ii) 

1.9 

(1.9,-1.111111) 

1.111 111 

(iii) 

1.99 

(1.99,-1.010101) 

1.010101 

(iv) 

1.999 

(1.999,-1.001001) 

1.001001 

(v) 

2.5 

(2.5,-0.666 667) 

0.666 667 

(vi) 

2.1 

(2.1,-0.909 091) 

0.909 091 

(vii) 

2.01 

(2.01,-0.990 099) 

0.990 099 

(viii) 

2.001 

(2.001,-0.999 001) 

0.999 001 


(b) The slope appears to be 1. 

(c) Using m = 1, an equation of the tangent line to the 
curve at P( 2, —1) is y — (—1) = l(x — 2), or 

y = x - 3. 


5. (a) y = y(t ) = 40t — 16t 2 . At t = 2, y = 40(2) — 16(2) 2 = 16. The average velocity between times 2 and 2 + ft is 


y(2 + ft) — y(2) _ [40(2 + ft) - 16(2 + ft,) 2 ] - 16 _ -24ft - 16ft 2 


(2 + ft) - 2 

(i) [2, 2.5]: ft = 0.5, -tw = -32 ft/s 
(iii) [2, 2.05]: ft = 0.05, v ave = -24.8 ft/s 


ft 


= -24-16ft, if ft 7^0. 


(ii) [2, 2.1]: ft = 0.1, ?w = -25.6 ft/s 
(iv) [2, 2.01]: ft = 0.01, rw = -24.16 ft/s 


(b) The instantaneous velocity when t = 2 (ft approaches 0) is —24 ft/s. 
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7. (a) (i) On the interval [1,3], v ave 

(ii) On the interval [2,3], v ave 

(iii) On the interval [3, 5], v ave 

(iv) On the interval [3,4], v ave 


a (3) ~s(l) 
3-1 

a(3)~8(2) 

3- 2 

a(5) -s(3) 
5-3 

f(4) ~ a(3) 

4- 3 


10.7- 1.4 

2 ' 

10.7- 5.1 _ 
1 

25.8- 10.7 
2 

17.7-10.7 

1 


Q 3 

— = 4.65 m/s. 
5.6 m/s. 

= —— = 7.55 m/s. 
= 7 m/s. 



9. (a) For the curve y = sin(107r/a;) and the point P(l, 0): 


X 

Q 

mpQ 


X 

Q 

mpQ 

2 

(2,0) 

0 


0.5 

(0.5,0) 

0 

1.5 

(1.5,0.8660) 

1.7321 


0.6 

(0.6,0.8660) 

-2.1651 

1.4 

(1.4, -0.4339) 

-1.0847 


0.7 

(0.7,0.7818) 

-2.6061 

1.3 

(1.3, -0.8230) 

-2.7433 


0.8 

(0.8,1) 

-5 

1.2 

(1.2,0.8660) 

4.3301 


0.9 

(0.9, -0.3420) 

3.4202 

1.1 

(1.1,-0.2817) 

-2.8173 






As x approaches 1, the slopes do not appear to be approaching any particular value. 


We see that problems with estimation are caused by the frequent 
oscillations of the graph. The tangent is so steep at P that we need to 
2 take x-values much closer to 1 in order to get accurate estimates of 

its slope. 


(c) If we choose x = 1.001, then the point Q is (1.001, —0.0314) and uipq ~ —31.3794. If x = 0.999, then Q is 

(0.999,0.0314) and m.pQ = —31.4422. The average of these slopes is —31.4108. So we estimate that the slope of the 
tangent line at P is about —31.4. 



-1 
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1.5 The Limit of a Function 


1. Asa; approaches 2, f(x) approaches 5. [Or, the values of f(x) can be made as close to 5 as we like by taking x sufficiently 
close to 2 (but x ^ 2).] Yes, the graph could have a hole at (2, 5) and be defined such that /(2) = 3. 

3. (a) lim f(x) = oo means that the values of f(x) can be made arbitrarily large (as large as we please) by taking x 

x —> — 3 

sufficiently close to —3 (but not equal to —3). 


(b) lim f(x) = —oo means that the values of f(x) can be made arbitrarily large negative by taking x sufficiently close to 4 

x— > 4 + 

through values larger than 4. 

5. (a) As x approaches 1, the values of f{x) approach 2, so lim f(x) = 2. 

X—*l 

(b) As x approaches 3 from the left, the values of f(x) approach 1, so lim /(*) = 1. 

x —>3 — 

(c) As x approaches 3 from the right, the values of f(x) approach 4, so lim f(x) = 4. 

(d) lim f(x) does not exist since the left-hand limit does not equal the right-hand limit. 

x —>3 


(e) When x = 3, y = 3, so /(3) = 3. 

7. (a) lim g(t) = — 1 

t—*o~ 


(b) lim g(t) = -2 
t^o+ 


(c) lim g(t) does not exist because the limits in part (a) and part (b) are not equal. 


(d) lim g(t) = 2 

t—*2~ 


(e) lim g(t) = 0 

4 ^ 2 + 


(f) lim g(t) does not exist because the limits in part (d) and part (e) are not equal. 


(g) fl( 2 ) = 1 


9. (a) lim f(x) = —oo 

x—> — 7 


(h) lim 3 (f) = 3 


(b) lim f(x) = oo 

X —> — O 


(c) lim f{x) = oo 

x —>0 


(d) lim f(x) = — oo (e) lim f(x) = oo 

x^6- x —> 6 + 

(f) The equations of the vertical asymptotes are x = —7, x = —3, x = 0, and x = 6 . 
11 . From the graph of 


1 + X 

if x < — 1 

X 2 

if -1 < x < 1, 

2-x 

if x > 1 


we see that lim f(x) exists for all a except a = — 1. Notice that the 

x—>a 

right and left limits are different at a = — 1 . 

13. (a) lim f(x ) = 1 

x — >0 — 

(b) lim f(x) = 0 

(c) lim f(x) does not exist because the limits in 

x —>0 

part (a) and part (b) are not equal. 



r 

-\ 

1 

- V “ 1 + 2 lfc 

V 

y 
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15. lim f(x) = —1, lim f(x) = 2, /(0) = 1 

x—*0~ x—>0+ 



It appears that lim —% -= 0.6 = |. 

x—>2 X 2 — X - 2 3 


17. lim /(x) = 4, lim /(x) = 2, lim /(x) = 2, 

x—*3+ x->3- x—> —2 

/(3) = 3, /(—2) = 1 



21. For /(x) 


sinx 

x + tan x' 



23. For /(x) = 

-f- 4 — 2 

a; 



25. For /(x) = 

x 6 — 1 
x 10 - 1' 




X 

/(*) 


X 

}{x) 


X 

m 


X 

m 


1 

0.236068 


-1 

0.267949 


0.5 

0.985337 


1.5 

0.183369 


0.5 

0.242641 


-0.5 

0.258343 


0.9 

0.719397 


1.1 

0.484119 


0.1 

0.248457 


-0.1 

0.251582 


0.95 

0.660186 


1.05 

0.540783 


0.05 

0.249224 


-0.05 

0.250786 


0.99 

0.612018 


1.01 

0.588022 


0.01 

0.249844 


-0.01 

0.250156 


0.999 

0.601200 


1.001 

0.598800 

3/ -j~ 4 — 

It appears that lim - 

x—»0 X 

— = 0.2, 


x 6 — 1 

It appears that lim —— - 

x —> 1 X 10 — 


0.6=f 




-2 


-2 
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29. lim 


x + 2 


^ — 3+ x 3 


= — oo since the numerator is negative and the denominator approaches 0 from the positive side as * —> —3 + . 


2 — ^ 

31. lim —- = oo since the numerator is positive and the denominator approaches 0 through positive values as * —> 1. 


ai->l (x — l) 2 

X — 1 


33. lim 


-2+ x 2 (x + 2) 


= — oo since (x + 2) —> 0 as x —> —2 + and 


x — 1 
x 2 (x + 2) 


< 0 for — 2 < x < 0. 


35. lim xcscx= lim —- = —oo since the numerator is positive and the denominator approaches 0 through negative 

x — >2tt~ x — >2tt~ Sin X 

values as x —+ 2tt~ . 

„2 


37. lim 


x 


2x — 8 (x — 4)(x + 2) 

= lim —-rr-V-rr = oo since the numerator is negative and the denominator approaches 0 through 


2+ x 2 — 5x + 6 x^ 2 + (x — 3) (x — 2) 

negative values as * —> 2 + . 

1 


39. (a) f(x) = 


x 3 — 1' 


From these calculations, it seems that 
lim f(x) = —oo and lim f(x) = oo. 

X —> 1 — X—>1 ' 


X 

f(x) 

0.5 

-1.14 

0.9 

-3.69 

0.99 

-33.7 

0.999 

-333.7 

0.9999 

-3333.7 

0.99999 

-33,333.7 


X 

f(x) 

1.5 

0.42 

1.1 

3.02 

1.01 

33.0 

1.001 

333.0 

1.0001 

3333.0 

1.00001 

33,333.3 


(b) If x is slightly smaller than 1, then x 3 — 1 will be a negative number close to 0, and the reciprocal of x 3 — 1, that is, f{x), 
will be a negative number with large absolute value. So lim f(x) = —oo. 


If x is slightly larger than 1, then x 3 — 1 will be a small positive number, and its reciprocal, f(x), will be a large positive 
number. So lim f(x) = oo. 

X—>1 + 


(c) It appears from the graph of / that 

lim f(x) = —oo and lim f(x) = oo. 

X —> 1 — X —>1 + 


41. For f(x) = x 2 - (271000): 
(a) 


X 

}{x) 

1 

0.998000 

0.8 

0.638259 

0.6 

0.358484 

0.4 

0.158680 

0.2 

0.038851 

0.1 

0.008928 

0.05 

0.001465 


(b) 



-10 


X 

f(x) 

0.04 

0.000572 

0.02 

-0.000614 

0.01 

-0.000907 

0.005 

-0.000978 

0.003 

-0.000993 

0.001 

-0.001000 


It appears that lim f(x ) = 0. 

x —>0 


It appears that lim f(x) = —0.001. 

x —»0 
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43. No matter how many times we zoom in toward the origin, the graphs of /(*) 
lines. This indicates more and more frequent oscillations as x —> 0. 

1.2 


sin(7r/*) appear to consist of almost-vertical 

1.2 




- 1.2 


- 1.2 


45. 6 



There appear to be vertical asymptotes of the curve y = tan(2 sin x) at x « ±0.90 
and x ~ ±2.24. To find the exact equations of these asymptotes, we note that the 
graph of the tangent function has vertical asymptotes at x = ± irn. Thus, we 

must have 2 sin x = ^ + nn, or equivalently, sin x = f + §n. Since 
— 1 < sin* < 1, we must have sin* = ±f and so * = ± sin -1 f (corresponding 
to * ~ ±0.90). Just as 150° is the reference angle for 30°, tx — sin -1 j is the 
reference angle for sin -1 j. So * = ±(7r — sin -1 are also equations of 
vertical asymptotes (corresponding to * « ±2.24). 


1.6 Calculating Limits Using the Limit Laws 


1. (a) lim [/(*) ± 5<?(*)1 = lim /(*) ± lim [5gr(x)l [Limit Law 1] 

x —>2 x —>2 x—*2 

= lim /(*) ± 5 lim g(x) [Limit Law 3] 

x —>2 x —>2 

= 4 + 5(—2) = -6 

(c) lim sj f(x) = ^ lim /(*) [Limit Law 11] 

= ^4 = 2 


3 r i 3 

(b) lim \g(x) 1 = lim g(x) [Limit Law 6] 

x —>2 L x—>2 J 


= (— 2) 3 = -8 


.. 3 /(*) 

<d) J-S 


lim [3/(*)] 

x —>2 

lim g(x) 

x—*2 

3 lim /(*) 

x—>2 

lim g(x) 

x —>2 


[Limit Law 5] 


[Limit Law 3] 


3(4) 

-2 


= -6 
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Q\ X) 

(e) Because the limit of the denominator is 0, we can’t use Limit Law 5. The given limit, lim , ; ; , does not exist because the 

*-►2 h(x) 


denominator approaches 0 while the numerator approaches a nonzero number. 


(f) lim 

x —>2 


gjx) h{x) 
fix) 


lim [g{x) h(x)] 

x —>2 

lim i f{x) 

x —>2 


[Limit Law 5] 


lim g(x) ■ lim h{x) 

x ^ 2 - pp - [Limit Law 4] 

lim f(x) 

x —*-2 



3. lim (5a; 3 — 3a; 2 + x — 6) = lim (5a; 3 ) — lim (3a; 2 ) + lim x — lim 6 

x — *3 x — *3 x —>3 x —>3 x —>3 

= 5 lim x 3 — 3 lim x 2 + lim x — lim 6 

x —>3 x —►3 x —>3 x —>3 

= 5(3 3 ) — 3(3 2 ) + 3 — 6 
= 105 


[Limit Laws 2 and 1] 

[3] 

[9, 8, and 7] 


5. 


lim 

£->-2 


7 4 - 2 

27 2 -37 + 2 


lim (7 4 — 2) 
£->-2 

t lim 2 (27 2 -37 + 2) 


[Limit Law 5] 


lim 7 4 — lim 2 

t—* — 2 £—> — 2 

2 lim 7 2 — 3 lim 7 + lim 2 
£—*—2 £—-2 £—> — 2 


[1,2, and 3] 


16-2 

2(4) — 3(—2) + 2 

14 _ 7 
16 “ 8 


[9, 7, and 8] 


7. lim (1 + ^Jx ) (2 — 6a: 2 + x 3 ) = lim (1 + px) ■ lim(2 — 6x 2 + x 3 ) 

x —>8 x —>8 x —►8 

= ( lim 1 + lim ?/x \ ■ (lim 2 — 6 lim x 2 + lim x 3 ) 

\ x —>8 x —>8 / \ x —>8 x —*-8 x —>8 / 


= (1 + p) • (2- 6-8 2 + 8 3 ) 

= (3)(130) = 390 


[Limit Law 4] 


[1,2, and 3] 
[7, 10, 9] 


9. lim 

x —>2 


2x 2 +1 /“ 2jF 

~3x^2 = ' llm 


1 


*2 3x — 2 


lim (2sr + 1) 

Mlta(3^27 


\ 


2 lim x + lim 1 

X —>2 7E—»2 


3 lim x - 

x -*2 


2 ( 2) 2 + 1 


lim 2 

1^2 


3(2) 


[Limit Law 11] 

[5] 

[1,2, and 3] 

[9, 8, and 7] 
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.. x 2 — 6x + 5 (x — 5)(x — 1) , _ , . 

11. lim--- = Inn 11 = Inn (x — 1) = 5 — 1=4 

x —>5 X — 5 x —>5 X — 5 x ^5 


13. lim 


x — 5x + 6 


X^5 x — 5 


does not exist since x — 5 0, but x 2 — bx + 6 —► 6 as x —> 5. 


t 2 - 9 _ (4 + 3)(4-3) _ 4-3 _ -3-3 _ -6 _ 6 

t—*—3 2t 2 + 74 + 3 ~ ti m s (24 + 1)(4 + 3) ~ 3 24 + 1 2(-3) + 1 ~ -5 ~ 5 


15. lim 


17. lim I" 5 - 1 -'‘I*" 25 , lim (25 - ldh + - 25 _ „ m -10K + * _ h(- 10 + 1.) _ 

h—0 h h^O h ti->0 h fi->0 h h^O 


19. By the fonnula for the sum of cubes, we have 

x + 2 


lim 4±4 = lim 


= lim 


-2 x 3 + 8 x->-2 (x + 2)(* 2 — 2a; + 4) i -*- 2 i 2 - 2 i + 4 4 + 4 + 4 12 


.. V9Th-3 \/9Th-3 \/9Th + 3 (V9 + hf - 3 2 (9 + h) - 9 

21. lim --- = lim ---- — ; - = lim — , -— = lim 


V9 + h + 3 h^o h (i/9 + h + 3) ft (Vg + h + 3) 


= lim 


h 


= lim 


1 1 
T + - 


h (\/9 + h + 3) h-o ^9 + h + 3 3 + 3 6 

a: + 4 


__ t 4 t 1 - 4r t a; + 4: ..1 1 1 

23. lim — d -— = lim , = lim ——-+ = lim — = 


-4 4 + x 


7-4 4 + x i-t-4 4i(4 + 1) 1^-4 4a: 4(—4) 


16 


.. \/l + 4 — \J\ — 4 \/l + 4 — \/l — 4 v/l + 4 + VI — 4 r (v^ + t ) (\/l l) 

25. lim- = lim-■ , - , = lim -—— , — , 

0 4 *-0 4 /T+T+i/T^f 4(yiT4 + -/n r 4) 


= lim , ( - 1 + ^ (1 ^ . = lim 


24 


= lim ■ 


XXXXX . _ _ _ . - XXXXi . _ . - xxxxx _ d _ 

*-o4(^r+4 + ^r^4) t-0 4(^r+4 + yr^4) t-o ^r+i+^r^i 


V / 1 + -i/I 2 


= ?=1 


27. lim 


4- yfx 


= lim (4 ^^) (4 + ^) = lim 


16 — x 


x^ 16 lQx — X 2 X^16 (16x — X 2 )(4 + y/x) x-^16 x(16 — x)(4+ y/x) 

1 _ 1 _ 1 _ 1 
Te x(4 + y/x) ~ 16 (4 + vT6) ~ 16(8) ~ 128 


= lim 


29. lim ( -— 


n = lim l -^± l = i im (i-vr+*)(i+j /gt) = Um _ 


-4 


t^O \ ty/l+t tj t—>0 ty/l+t 0 ty/t+1 (1 + Vl + t) t^O t y/Y+i(l + y/Y+i) 


= lim 


-1 


-1 


*-o^r+4(i + yr+4) v / tto (1 + v / tto) 


.. (x + h) 3 — x 3 .. (x 3 + 3x 2 h + 3xh 2 + h 3 ) — x 3 .. 

31. lim -- - - = lim -- - --- = lim _ 

h^o h h^o h h-+o h 


3x 2 h + 3xh 2 + h 3 


= lim kly3x + 3xh + h - 1 = lim (3a; 2 + 3 xh + h 2 ) = 3a; 2 
^1^0 h h—>0 


—10 
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33. (a) 



- 0.5 


lim 


V* + 3x - 1 


2 

3 


X 

f(x) 

-0.001 

0.6661663 

-0.0001 

0.6666167 

-0.00001 

0.6666617 

-0.000001 

0.6666662 

0.000001 

0.6666672 

0.00001 

0.6666717 

0.0001 

0.6667167 

0.001 

0.6671663 


The limit appears to be 


2 

3' 


(c) lim 

x —>0 


VI + 3x - 1 


V1 + 3x + 1 \ 
1 “I - 3x + 1 / 


lim 

x —>0 


x(Vl + 3* + l) 

(1 + 3a;) - 1 


lim 

x —>0 


x(Vl + 3a; + l) 
3x 


lim (Vl + 3x + l) 

[Limit Law 3] 

„/lim(l + 3x) + lim 1 

Y x—>0 x—>0 

[1 and 11] 

( / lim 1 + 3 lim x + 1 ) 

x—>o J 

[1,3, and 7] 

(VI+ 3-0 + 1) 

( 1 + 1 ) = I 

[7 and 8] 


35. Let /(x) = —x 2 , g(x) = x 2 cos207rx and h(x) = x 2 . Then 

— 1 < cos207rx <1 =>• —x 2 < x 2 cos207rx < x 2 =>■ /(x) < g[x) < h(x). 

So since lim f(x) = lim h(x ) = 0, by the Squeeze Theorem we have 

x —>0 x —* 0 

lim g{x) = 0. 

x —>0 



-1 

37. We have lim (4x — 9) = 4(4) — 9 = 7 and lim (x 2 — 4x + 7) = 4 2 — 4(4) + 7 = 7. Since 4x — 9 < f(x) < x 2 — 4x + 7 

x—*4 x—>4 v ' 

for x > 0, lim /(x) = 7 by the Squeeze Theorem. 

x—>4 


39. —1 < cos(2/x) <1 =>■ —x 4 < x 4 cos(2/x) < x 4 . Since lim (—x 4 ) = 0 and lim x 4 = 0, we have 


lim [x 4 cos(2/x)] = 0 by the Squeeze Theorem. 


x — 3 


if x — 3 > 0 f x — 3 ifx>3 


41. |x — 3| = < = { 

( — (x — 3) if x — 3<0 (3 —x ifx<3 

Thus, lim (2x + |x — 3|) = lim (2x + x — 3) = lim (3x — 3) = 3(3) — 3 = 6 and 

x—»3+ x—>-3+ x—>3+ 

lim (2x + |x — 3|) = lim (2x + 3 — x) = lim (x + 3) = 3 + 3 = 6. Since the left and right limits are equal, 

x— *3~ x —>3 — x— >3~~ 

lim (2x + |x — 3|) = 6. 

x—>3 
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43. \2x 3 -x 2 \ = \x 2 (2x- 1)| = \x 2 \ • \2x- 1| = x 2 \2x - 1 
\2x- 1| = 


2x - 1 if 2x — 1 > 0 

— (2a; — 1) if 2a; - 1 <0 ~~ 

So 12a: 3 — x 2 \ = x 2 [—(2a; — 1)] fora; < 0.5. 


2a: - 1 if x > 0.5 
-(2a;-1) if a: <0.5 


Thus, lim -— = lim 


2x- 1 


0 . 5 - x 2 [—(2a; — 1)] x —-o.5 — x 2 (0.5) 


* 0 . 5 - \2x 3 — x 2 | 

45. Since |x| = — x for x < 0, we have lim 

x— > 0 ” 

denominator approaches 0 and the numerator does not. 


= lim 4= ^ 


= -4. 



n) 

| = lim 

— ) 

\x 

X J 

x — >0 — 

la: —x ) 


0.25 


= lim —, which does not exist since the 

x — ►O - X 


47. (a) 


y> 

\< 

' (b) (i) Since sgn x 

(ii) Since sgn x 

o' 

X 

> (iii) Since lim 

x —>0 — 



-+ 0 + 


—>0+ 

, lim sgn 

x —>0 — 

m x , lim s 

cc—>0 


-► 0 + 


(iv) Since |sgnx| = 1 for x ^ 0, lim |sgnx| = lim 1 = 1. 

x —>0 x —*-0 


49. (a) (i) lim g(x) 

x^2+ 


lim 

x—>2+ 


x 2 + x — 6 
\ x ~ 2| 


lim 

x—>2+ 


(x + 3)(x — 2) 
\x-2\ 


= lim j-gjjjgg x _ 2 > 0 if a; 2 + ] 

x ^ 2 + x-2 

= lim (x + 3) = 5 

x—>2+ 


(ii) The solution is similar to the solution in part (i), but now \x — 2| = 2 — x since x — 2 < 0 if a; —>2 
Thus, lim g(x) = lim —(a; + 3) = —5. 

x — x—*2~ 

(b) Since the right-hand and left-hand limits of g at x = 2 
are not equal, lim g(x) does not exist. 

x—*2 


51. (a) (i) [a:] = —2 for —2<x< —1, so lim [a;] = lim (—2) = —2 

x —* — 2 + x^-2+ 

(ii) [a:] = —3 for —3<x< —2, so lim [a;] = lim (—3) = —3. 

x—> — 2~ x—* — 2~ 

The right and left limits are different, so lim [a:] does not exist. 

x—* — 2 

(iii) lad] = —3 for —3<x< —2, so lim [a;] = lim (—3) = —3. 

(b) (i) [a:]] = n — 1 for n — 1 < x < n, so lim [a;] = lim in — 1) = n — 1. 

x — *n~ x —>n — 

(ii) [a:]] = n for n < x < n + 1, so lim [a;] = lim n = n. 

x — x —►71+ 
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(c) lim [x] exists 44 a is not ail integer. 

x—>a 

53. The graph of f(x) = [x] + [—xfl is the same as the graph of g(x) = — 1 with holes at each integer, since f(a) = 0 for any 

integer a. Thus, lim f(x) = —1 and lim / (x) = —1, so lim f(x) = —1. However, 

x=2~ x—»2+ *2 

/(2) = [21 + [-2] = 2 + (-2) = 0, so lim f(x) ± /(2). 

x —>-2 

55. Since p(x) is a polynomial, p(x) = ao + aix + a2X 2 + • • • + a n x n . Thus, by the Limit Laws, 

lim p(x) = lim (ao + aix + a2X 2 + • • • + a n x n ) = ao + ai lim x + a 2 lim x 2 + ■ ■ • + a n lim x n 

= a 0 + aia + a 2 a 2 H-h a n a n = p(a) 

Thus, for any polynomial p, lim p(x) = p(a). 


57. lim [/(x) — 8] = lim 


}{x) - 8 


x — 1 


(x- 1) 


= lim ^^ ■ lim (x — 1) = 10 ■ 0 = 0. 

x—>l X — 1 x^l 


Thus, lim f(x) = lim {[/(#) — 8] + 8} = lim [f(x) — 8] + lim 8 = 0 + 8 = 8. 

X —> 1 x — >1 X — >1 x —>1 

fix) — 8 

Note: The value of lim -does not affect the answer since it’s multiplied by 0. What’s important is that 

x—»i x — 1 

fix) — 8 

hm —t-exists. 

x-*l x — 1 

59. Observe that 0 < /(x) < x 2 for all x, and lim 0 = 0= lim x 2 . So, by the Squeeze Theorem, lim /(x) = 0. 

x —>0 x —»0 x —>0 

61. Let /(x) = i7(x) and g(x) = 1 — H(x), where H is the Heaviside function defined in Exercise 1.3.57. 


Thus, either / or g is 0 for any value of x. Then lim /(x) and lim g(x) do not exist, but lim [/(x)gr(x)] = lim 0 = 0. 

x —>0 x —>0 x —►() x —>0 

63. Since the denominator approaches 0 as x — > —2, the limit will exist only if the numerator also approaches 
0 as x —> —2. In order for this to happen, we need lim^ (3x 2 +ax + a + 3)=0 

3(—2) 2 + a(—2) + a + 3 = 0 4=> 12 — 2a + a + 3 = 0 4=> a = 15. With a = 15, the limit becomes 


lim 


3x 2 + 15x + 18 


= lim 


3(x + 2)(x + 3) 


-2 X 2 +X— 2 x=L 2 (x — l)(x + 2) x^2 x—1 


3(x + 3) _ 3(—2 + 3) _ 3 


2-1 -3 h 


1.7 The Precise Definition of a Limit 

1. If |/(x) — 1| < 0.2, then —0.2 < /(x) — 1 < 0.2 => 0.8 < /(x) < 1.2. From the graph, we see that the last inequality is 

true if 0.7 < x < 1.1, so we can choose <5 = min {1 — 0.7,1.1 — 1} = min {0.3,0.1} = 0.1 (or any smaller positive 
number). 

3. The leftmost question mark is the solution of s/x = 1.6 and the rightmost, yjx = 2.4. So the values are 1.6 2 = 2.56 and 
2.4 2 = 5.76. On the left side, we need |x — 4| < 12.56 — 4| = 1.44. On the right side, we need |x — 4| < 15.76 — 4| = 1.76. 
To satisfy both conditions, we need the more restrictive condition to hold — namely, |x — 4| < 1.44. Thus, we can choose 
5 = 1.44, or any smaller positive number. 




SECTION 1.7 THE PRECISE DEFINITION OF A LIMIT □ 35 



From the graph, we find that y = tan x = 0.8 when x ~ 0.675, so 
f—0.675 =>■ <5i se j — 0.675 « 0.1106. Also, y = tan a; = 1.2 
when x « 0.876, so f + S 2 « 0.876 =» S 2 = 0.876 - f « 0.0906. 
Thus, we choose <5 = 0.0906 (or any smaller positive number) since this is 
the smaller of <5i and S 2 - 



9. (a) 


1100 



(b) 


11,000 



From the graph with e = 0.2, we find that y = x 3 — 3x + 4 = 5.8 when 
x » 1.9774, so 2 - <5i « 1.9774 => <5i « 0.0226. Also, 
y = x 3 — 3x + 4 = 6.2 when x ~ 2.022, so 2 + $2 ~ 2.0219 => 

S 2 ~ 0.0219. Thus, we choose 5 = 0.0219 (or any smaller positive 
number) since this is the smaller of <5i and 5 2. 

For £ = 0.1, we get bi ~ 0.0112 and 5 2 ~ 0.0110, so we choose 
5 = 0.011 (or any smaller positive number). 

From the graph, we find that y = tan 2 x = 1000 when x « 1.539 and 
x « 1.602 for x near Thus, we get 5 & 1.602 - | « 0.031 for 
M = 1000. 


From the graph, we find that ?/ = tan 2 x = 10,000 when x ss 1.561 and 
x « 1.581 for x near Thus, we get S & 1.581 — f « 0.010 for 
M = 10,000. 


17.8412 cm. 


11. (a) A = 7rr 2 and A = 1000 cm 2 =>• nr 2 = 1000 
(b) | A - 1000| <5 =» —5 < 7rr 2 — 1000 < 5 


r 2 = 1222 =>. r = y J 1222 ( r > 0 ) 

1000 - 5 < Tvr 2 < 1000 + 5 => 

295 <r< /1005 ^ 17.7966 < r < 17.8858. ,/i2e° _ ,/H5 ~ q. 04466 and « 0.04455. So 


if the machinist gets the radius within 0.0445 cm of 17.8412, the area will be within 5 cm 2 of 1000. 

(c) x is the radius, /(x) is the area, a is the target radius given in part (a), L is the target area (1000), e is the tolerance in the 
area (5), and S is the tolerance in the radius given in part (b). 


13. (a) |4x - 8| 


(b) |4x - 8| 


4 |x — 2| < 0.1 <S> \x - 2| < so 5 = ^ = 0.025. 

4 |x — 2| < 0.01 |x — 2| < so b = = 0.0025. 
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15. Given e > 0, we need <5 > 0 such that if 0 < |x — 3| < 5, then 

|(1 + |x) — 2| < e. But |(1 + |x) — 2| < s 44 II*— l| < e 44 
111 \x — 3| < s 44 \x — 3j < 3s. So if we choose S = 3s, then 
0 < |* — 3| < <5 =4- |(1 + I*) — 2| < s. Thus, lini(l + |x) = 2 by 



the definition of a limit. 

17. Given e > 0, we need 5 > 0 such that if 0 < \x — (—3)| < 5, then 
|(1 — 4x) — 13| < e. But |(1 -Ax) - 13| < e 44 
—4* — 12| < s 44 | —4| \x + 3| < e 44 \x — (—3)| < e/4. So if 

we choose 5 = s/A, then 0 < \x — (—3)| <5 =4- |(1 — 4x) — 13| < e. 

Thus, lim (1 — Ax) = 13 by the definition of a limit. 

x —► —3 


19. Given e > 0, we need 5 > 0 such that if 0 < \x — 1| <5, then 

I Ax — 4 


2 + 4* 


- 2 


3 

2 + 4* 


< e 1111* — 1| < e 4^ |* — 1| < |e. So if we choose 5 


- 2 


2 —|- 43 ? 

< e. Thus, lim —-— = 2 by the definition of a limit. 

x —>i 3 



< e. But 


2 + 4* 


< e 44 


= |e, then 0 < |* — 1| < 5 


21. Given e > 0, we need 5 > 0 such that if 0 < |* — 2| < <5, then 
(* + 3)(* — 2) 


* + * — 6 


* — 2 


-5 


< e 44 


- 5 


* — 2 

Then 0 < |* — 2| < 5 =4 |* — 2| < e 


<e 44 |*+ 3 — 5| < e [*7^2] 44 |* — 2| < e. So choose 5 = e. 

(* + 3)(* — 2) 


|* + 3 — 5| < e 


* — 2 


-5 


< e [* 7 ^ 2 ] 


* + * — 6 


*- 2 


-5 


< e. By the definition of a limit, lim 


x + x — 6 


2 * - 2 


= 5. 


23. Given e > 0, we need 5 > 0 such that if 0 < |* — a| < 5, then |* — a\ < e. So 5 = e will work. 

25. Given e > 0, we need 5 > 0 such that if 0 < |* — Oj < <5, then |* 2 — 0| < s 44 x 2 < s 44 |*| < \/s. Take 5 = yfs. 


Then 0 < |* — Oj <5 


\x 2 — 0 < s. Thus, lim x 2 = 0 by the definition of a limit. 

1 1 x—»o 


27. Given e > 0, we need S > 0 such that if 0 < |* — 0| < <5, then 11*| — 0| < e. But 11*|| = |*|. So this is true if we pick 5 = s. 
Thus, lim |*| = 0 by the definition of a limit. 

x —>0 

29. Given e > 0, we need 5 > 0 such that if 0 < |* — 2| <5, then | (* 2 — Ax + 5) — l| < s 44 |* 2 — 4* + 4| < e 44 
|(* — 2) 2 | < s. So take <5 = \Je. Then 0 < |x — 2| < 5 44 |x — 2| < y/s 44 |(x — 2) 2 | < s. Thus, 
lim (x 2 — 4* + 5) = 1 by the definition of a limit. 
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31. Given e > 0, we need S > 0 such that if 0 < \x — (—2)| < 5, then | (® 2 — l) — 3| < e or upon simplifying we need 

|* 2 — 4| < e whenever 0 < \x + 2| <5. Notice that if \x + 2| < 1, then — 1 < a; + 2 < 1 =>■ — 5 < a; — 2 < — 3 =>■ 

\x — 2| < 5. So take 5 = min {e/5,1}. Then 0 < \x + 2| < 5 =>■ \x — 2| < 5 and \x + 2| < e/5, so 
I (x 2 — l) — 3| = | (rc + 2)(x — 2)| = \x + 2| \x — 2| < (e/5)(5) = e. Thus, by the definition of a limit, lim (x 2 — 1) = 3. 

1 v 7 1 x —► — 2 


33. Given e > 0, we let 5 = min {2, |}. If 0 < |a? — 3| <5, then \x — 3| <2 
4 < x + 3 < 8 = 


-2 < x - 3 < 2 


x + 3| <8. Also \x — 3| < |, so |ar — 9| = \x + 3| \x — 3| < 8 • | = e. Thus, lim ar = 9. 


35. (a) The points of intersection in the graph are (*i, 2.6) and (*2,3.4) 
with xi k 0.891 and £2 ~ 1.093. Thus, we can take <5 to be the 
smaller of 1 — xi and £2 — 1- So 5 = X 2 — 1 ~ 0.093. 

(b) Solving £ 3 + £ + l = 3 + e gives us two nonreal complex roots and 



, , (216 + 108e + 12^336 + 324e + 81e 2 ) 2/3 - 12 ^ c 

one real root, which is £(e) = -- , —. Thus, 0 = £(e) — 1. 

6(216 + 108e + 12V336 + 324e + 81e 2 ) ' 

(c) If e = 0.4, then £(e) k 1.093 272 342 and 5 = x(e) — Ik 0.093, which agrees with our answer in part (a). 

37. 1. Guessing a value for 5 Given e > 0, we must find 5 > 0 such that | fx — fa \ < s whenever 0 < \x — a| < <5. But 


\Vx-fa\ = 


< 


fx + fa 
x — a 


< e (from the hint). Now if we can find a positive constant C such that fx + fa > C then 


< e, and we take |£ — a| < Ce. We can find this number by restricting x to lie in some interval 

fx + fa > \[\a + fa, and so 

let 


ia < x < |a 


fx + fa C 

centered at a. If \x — a| < |a, then — |a < x — a < |a 

V 

C = + fa is a suitable choice for the constant. So \x — a\ < (*\J\a + f<ij e. This suggests that we 

5 = min j^a, 

2. Showing that 5 works Given e > 0, we let 5 = min j |a, + f^j £ j ■ If 0 < \x — a| < 5 , then 

\x — a| < |a =*> fx + fa > + fa (as in part 1). Also \x — a| < + ftijs, so 

f o/2 + faj 


\ff-f^\ = f a f < 

fx + fa 


a/2 + fa 


= e. Therefore, lim fx = fa by the definition of a limit. 


39. Suppose that lim f(x) = L. Given e = \ , there exists 5 > 0 such that 0 < |a;| < <5 => |/(£) — L\ < |. Take any rational 

number r with 0 < |r| <5. Then f(r) = 0, so |0 — L\ < so L < \L\ < Now take any irrational number s with 
0 < | s\ < 5. Then f(s) = 1, so 11 — L\ < |. Hence, 1 — L < 4, so L > 4. This contradicts L < 4, so lim f(x) does not 


exist. 
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41 , 1 .... > 10,000 ( x + 3) 4 < 77T i 7 ^ I* + 3| < J 


(x + 3) 4 


10,000 


^/TOOOO ^ ^ ^ < 10 


43. Let N < 0 be given. Then, for x < — 1, we have 


7 —< N «=> 4 < (x + l) 3 4=> a < x + i- 

{x + 1) 3 N v ; V AT 


Let <5 = — \j . Then — 1 — 5 < x < — 1 


< a; + 1 < 0 


(x + l) 3 


< N, so lim 


x —* — 1 (x + l) 3 


1.8 Continuity 


1. From Definition 1, lim f(x) = /(4). 

x—*4 

3. (a) / is discontinuous at —4 since /(—4) is not defined and at —2, 2, and 4 since the limit does not exist (the left and right 
limits are not the same). 

(b) / is continuous from the left at —2 since lim f(x) = /(—2). / is continuous from the right at 2 and 4 since 

x —► — 2 

lim /(*) = /(2) and lim /(a;) = /(4). It is continuous from neither side at —4 since /(—4) is undefined. 

x— >2+ x—>4+ 

5. The graph of y = f(x) must have a discontinuity at 
x = 2 and must show that lim /(*) = /(2). 

X—*2+ 


H-1-*- 

3 5 x 

y 


9. (a) The toll is $7 between 7:00 am and 10:00 am and between 4:00 pm and 7:00 pm. 

(b) The function T has jump discontinuities at t = 7, 10, 16, and 19. Their 

significance to someone who uses the road is that, because of the sudden jumps in 
the toll, they may want to avoid the higher rates between t = 7 and 7 = 10 and 
between t = 16 and t = 19 if feasible. 

11. If / and g are continuous and g(2) = 6, then lim [3 f(x) + f(x) g(x)] =36 => 

x —*2 

3 lim f(x) + lim f{x) ■ lim g(x) = 36 => 3/(2) + /(2) • 6 = 36 => 9/(2) = 36 => /(2) = 4. 

x —>2 x —>2 x —*2 


n 

7 

5 


H—I-1—I-I— 

7 10 16 19 24 




7. The graph of y = f(x) must have a removable 

discontinuity (a hole) at x = 3 and a jump discontinuity 
at x = 5. 





13. lim f{x)= lim (* + 2a: 3 ) 4 

X—* — 1 X —» — 1 ' ' 


lim x + 2 lim x 

—> — 1 X —> — 1 


3 


4 


[-1 + 2(-l) 3 ] 4 = (-3) 4 = 81 = /(-l). 


By the definition of continuity, / is continuous at a = — 1. 
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15. For a > 2, we have 


2r + 3 lim ( 2x + 3 ) 

lim f(x) = lim ——— = '7° , -— 

x^a V x->a X — 2 lim (x — 2) 


[Limit Law 5] 


2 lim x + lim 3 

x —►<i a ;—>a 

lim x — lim 2 


[1,2, and 3] 


_ 2a + 3 
a — 2 

= /(«) 


[7 and 8] 


Thus, / is continuous at x = a for every a in (2, oo); that is, / is continuous on (2, oo). 


17. /(x) = ——- is discontinuous at a = — 2 because /(—2) is undefined. 



19. /(x) = 


1 — x 2 if x < 1 
1/x if x > 1 


The left-hand limit of / at a = 1 is 

lim /(x) = lim (1 — x 2 ) = 0. The right-hand limit of / at a = 1 is 

cc—► 1 — x —>1 — 

lim /(x) = lim (1/x) = 1. Since these limits are not equal, lim /(x) 

z—>i+ *— 

does not exist and / is discontinuous at 1. 


y = 1-x 2 


0 1 


{ cosx if x < 0 

0 if x = 0 

1 — x 2 if x > 0 


lim /(x) = 1, but /(0) = 0 ^ 1, so / is discontinuous at 0. 

x —>0 



23. /(x) = 


x 2 — x — 2 _ (x — 2)(x + 1) 


- - = x + 1 for x 2. Since lim /(x) = 2 + 1 = 3, define /(2) = 3. Then / is 

X — 2 x=2 


continuous at 2. 


2 ^)^_ % — 2 . 

25. F(x) = —— is a rational function, so it is continuous on its domain, (—oo, oo), by Theorem 5(b). 


27. x 3 — 2 = 0 =4> x 3 = 2 => x = v^2, so Q(x ) = 


x 3 -2 


has domain (—oo, v^2) U (v^2, oo). Now x 3 — 2 is 


continuous everywhere by Theorem 5(a) and \/x — 2 is continuous everywhere by Theorems 5(a), 7, and 9. Thus, Q is 


continuous on its domain by part 5 of Theorem 4. 
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29. By Theorem 5, the polynomial 1 — x 2 is continuous on (—oo, oo). By Theorem 7, cos is continuous on its domain, R. By 
Theorem 9, cos(l — x 2 ) is continuous on its domain, which is R. 

I 2 ^ fx~+l X + 1 

31. M(x) = \ 1 H— = \ -is defined when : ->0 =>■ x + 1 > 0 and x>0orx + l<0 and x < 0 =4> x > 0 

V x V x x 

or x < —1, so M has domain (—oo, —1] U (0, oo). M is the composite of a root function and a rational function, so it is 
continuous at every number in its domain by Theorems 7 and 9. 



y = -is undefined and hence discontinuous when 

1 + sini 

1 + sin x = 0 4=> sin x = — 1 4=> x = — j + 2irn, n an 

integer. The figure shows discontinuities for n = — 1, 0, and 1; that 

is, - y « -7.85, « -1.57, and ^ « 4.71. 


35. Because we are dealing with root functions, 5 + ^Jx is continuous on [0, oo), \/x + 5 is continuous on [—5, oo), so the 


quotient /(x) = v ‘ is continuous on [0, oo). Since / is continuous at x = 4, lim f(x) = /(4) = 

%/5 + x 


37. Because x and cos x are continuous on R, so is f(x) = x cos 2 x. Since / is continuous at x = 


lim f {x ) = f(l) = l(^) 2 = 1.1 = 1. 
c—*7r/4^ ' J V47 4 V 2 ) 4 2 8 


39. f(x) = 


x 2 if x < 1 

sjx if x > 1 


By Theorem 5, since f(x) equals the polynomial x 2 on (—oo, 1), / is continuous on (—oo, 1). By Theorem 7, since f(x) 
equals the root function s/x on (1, oo), / is continuous on (1, oo). At x = 1, lim f(x) = lim x 2 = 1 and 

X —►l - X —» 1 — 

lim f(x) = lim ^fx = 1. Thus, lim f(x) exists and equals 1. Also, /(1) = \/T = 1. Thus, / is continuous at x = 1. 

X—>1+ X —> l”t" a:-»l 

We conclude that / is continuous on (—oo, oo). 


! 1 + x 2 if x < 0 

2 — x if 0 < x < 2 

(x — 2) 2 if x > 2 

/ is continuous on (—oo, 0), (0, 2), and (2, oo) since it is a polynomial on 



each of these intervals. Now lim /(x) = lim (1 + x 2 ) = 1 and lim /(x) = lim (2 — x) = 2, so / is 

x —►O - cc—►O - cc—>0+ :r—*-0+ 

discontinuous at 0. Since /(0) = 1, / is continuous from the left at 0. Also, lim /(x) = lim (2 — x) = 0, 

x—*2~ x — *2~ 


lim /(x) = lim (x — 2) 2 = 0, and /(2) = 0, so / is continuous at 2. The only number at which / is discontinuous is 0. 

x —*2+ x—*2+ 
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x + 2 

if x < 0 

2x 2 

if 0 < x < 1 

2 — x 

if x > 1 



/ is continuous on (— 00 , 0), (0,1), and (1, 00 ) since on each of 
these intervals it is a polynomial. Now lim /(x) = lim (x + 2) = 2 and 

x —>0 — x —»0 — 

lim /(x) = lim 2x 2 = 0, so / is discontinuous at 0. Since /(0) = 0, / is continuous from the right at 0. Also 

a,=0+ :c=0+ 

lim f(x) = lim 2a; 2 = 2 and lim f(x) = lim (2 — a;) = 1, so / is discontinuous at 1. Since /(1) = 2, 

X —> 1 — X —> 1 — X —>1+ X —>1 + 

/ is continuous from the left at 1. 


45. /(x) = 


car + 2a: if x < 2 
.3 


x — cx if x > 2 

/ is continuous on (— 00 ,2) and (2, 00 ). Now lim /(x) = lim (cx 2 + 2a;) = 4c + 4 and 


lim /(x) = lim (x 3 — cx) = 8 — 2c. So / is continuous 4c+ 4 = 8 —2c 6c = 4 -*=>• c = f. Thus, for / 

1=2+ 1=2+ 


to be continuous on (— 00 , 00 ), c = |. 


47. (a) f(x) = 


a: 4 — 1 _ (a: 2 + l)(x 2 — 1) _ (x 2 + l)(x + l)(x — 1) _ , 2 


= (x + 1 ) (x + 1 ) [or x 3 + x + x + 1 ] 


a;—1 x — 1 a:—1 

for x 7 ^ 1. The discontinuity is removable and g(x) = x 3 + x 2 + x + 1 agrees with / for x 7 ^ 1 and is continuous on I 

x 3 — x 2 — 2a: _ a;(a; 2 — x — 2) _ x(x — 2)(x + 1) 


(b) /(x) = 


x — 2 x — 2 x — 2 

is removable and g{x) = x 2 + x agrees with / for x 7 ^ 2 and is continuous on 


= x(x + 1) [or x 2 + x] for i^2. The discontinuity 


(c) lim /(x) = lim [sinx] = lim 0 = 0 and lim /(x) = lim [sinx] = lim (— 1 ) = — 1 , so lim/(x) does not 

X —»7T X — >7T X —>7 T~ X —►7T+ X —►•7T+ X —>7T+ ^— >7r 

exist. The discontinuity at x = 7 r is a jump discontinuity. 


49. /(x) = x 2 + 10 sin x is continuous on the interval [31,32], /(31) « 957, and /(32) ss 1030. Since 957 < 1000 < 1030, 
there is a number c in (31,32) such that /(c) = 1000 by the Intermediate Value Theorem. Note: There is also a number c in 
(-32, -31) such that /(c) = 1000. 

51. /(x) = x 4 + x — 3 is continuous on the interval [1, 2], /(1) = —1, and /(2) = 15. Since —1 < 0 < 15, there is a number c 
in (1, 2) such that /(c) = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation x 4 + x — 3 = 0 in the 
interval (1,2). 

53. /(x) = cosx — x is continuous on the interval [0,1], /(0) = 1, and /(1) = cos 1 — 1 « —0.46. Since —0.46 < 0 < 1, there 
is a number c in (0,1) such that /(c) =0 by the Intermediate Value Theorem. Thus, there is a root of the equation 
cos x — x = 0, or cos x = x, in the interval (0,1). 
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55. (a) f(x) = cos x — x 3 is continuous on the interval [0,1], /(0) = 1 > 0, and /(1) = cos 1 — 1 ~ —0.46 < 0. Since 

1 > 0 > —0.46, there is a number c in (0,1) such that /(c) = 0 by the Intermediate Value Theorem. Thus, there is a root 

of the equation cos x — x 3 = 0, or cos x = x 3 , in the interval (0,1). 

(b) /(0.86) « 0.016 > 0 and /(0.87) « —0.014 < 0, so there is a root between 0.86 and 0.87, that is, in the interval 
(0.86,0.87). 

57. (a) Let f(x) = x s — x 2 — 4. Then /(1) = l 5 — l 2 — 4 = —4 < 0 and /(2) = 2 s — 2? — 4 = 24 > 0. So by the 

Intermediate Value Theorem, there is a number c in (1, 2) such that /(c) = c 6 — c 2 — 4 = 0. 

(b) We can see from the graphs that, correct to three decimal places, the root is x ~ 1.434. 

25 1.5 



59. (=>) If / is continuous at a, then by Theorem 8 with g(h ) = a + h, we have 
Jim /(a + h) = f( lim (a + hj) = f(a). 

h—>0 \h—> 0 / 


(<J=) Let e > 0. Since lim /(a + h ) = /(a), there exists 5 > 0 such that 0 < \h\ < 6 => 


| f(a + h) — /(a)| < e. So if 0 < \x — a| < 5, then | f(x) — /(a)| = |/(a + (* — a)) — /(a)| < e. 
Thus, lim f{x) = f(a) and so / is continuous at a. 


61 . As in the previous exercise, we must show that lim cos(a + h) = cos a to prove that the cosine function is continuous. 


lim cos(a + h) — lim (cos a cosh. — sin a sin h) = lim (cos a cosh) — lim (sin a sin h) 

/t-> o h —>0 twO h^O 

= ( lim cos a) ( lim cos h) — ( lim sina) ( lim sinh) = (cosa)(l) — (sina)(0) = cosa 

\h —>0 / \h —>0 J \h —>0 J \h —>0 J 


{ 0 if x is rational 

is continuous nowhere. For, given any number a and any 5 > 0, the interval (o — 5, a + S) 

1 if a; is irrational 

contains both infinitely many rational and infinitely many irrational numbers. Since /(a) = 0 or 1, there are infinitely many 
numbers x with 0 < \x — o| <6 and \f(x) — f(a)\ = 1. Thus, lim f(x) ^ f(a). [In fact, lim f(x) does not even exist.] 

x—>a x—*a 

65. If there is such a number, it satisfies the equation x 3 + 1 = x 4=> x 3 — x + 1 = 0. Let the left-hand side of this equation be 
called f(x). Now /(—2) = —5 < 0, and /(—1) = 1 > 0. Note also that f(x) is a polynomial, and thus continuous. So by the 
Intermediate Value Theorem, there is a number c between —2 and —1 such that /(c) = 0, so that c = c 3 + 1. 
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67. /(*) = x 4 sin(l/x) is continuous on (—oo, 0) U (0, oo) since it is the product of a polynomial and a composite of a 

trigonometric function and a rational function. Now since —1 < sin(l/x) < 1, we have — x 4 < x 4 sin(l/*) < x 4 . Because 
lim (—a: 4 ) = 0 and lim x 4 = 0, the Squeeze Theorem gives us lim (* 4 sin(l/*)) = 0, which equals /(0). Thus, / is 

x —*-0 x —>0 x —>0 

continuous at 0 and, hence, on (—oo, oo). 

69. Define u(t) to be the monk’s distance from the monastery, as a function of time t (in hours), on the first day, and define d(t) 
to be his distance from the monastery, as a function of time, on the second day. Let D be the distance from the monastery to 
the top of the mountain. From the given information we know that u(0) = 0, u( 12) = D, d( 0) = D and d(12) = 0. Now 
consider the function u — d, which is clearly continuous. We calculate that (u — d)( 0) = — D and (u — d)(12) = D. 

So by the Intermediate Value Theorem, there must be some time fo between 0 and 12 such that (u — d)(to) = 0 4=> 
u(to) = d(to). So at time fo after 7:00 AM, the monk will be at the same place on both days. 

1 REVIEW 

CONCEPT CHECK 


1. (a) A function / is a rule that assigns to each element x in a set A exactly one element, called /(*), in a set B. The set A is 

called the domain of the function. The range of / is the set of all possible values of /(*) as x varies throughout the 
domain. 

(b) If / is a function with domain A, then its graph is the set of ordered pairs {(*, /(*)) | x € A}. 

(c) Use the Vertical Line Test on page 15. 

2. The four ways to represent a function are: verbally, numerically, visually, and algebraically. An example of each is given 
below. 

Verbally: An assignment of students to chairs in a classroom (a description in words) 

Numerically: A tax table that assigns an amount of tax to an income (a table of values) 

Visually: A graphical history of the Dow Jones average (a graph) 

Algebraically: A relationship between distance, rate, and time: d = rt (an explicit formula) 

3. (a) If a function / satisfies f(—x) = /(*) for every number x in its domain, then / is called an even function. If the graph of 

a function is symmetric with respect to the y-axis, then / is even. Examples of an even function: f(x) = x 2 , 
f(x) = x 4 + x 2 , f(x) = |a;|, /(*) = cos*. 

(b) If a function / satisfies f(—x) = — /(*) for every number x in its domain, then / is called an odd function. If the graph 
of a function is symmetric with respect to the origin, then / is odd. Examples of an odd function: /(*) = * 3 , 

/(*) = x 3 + x 5 , /(*) = yfx, /(*) = sin*. 

4. A function / is called increasing on an interval / if /(*i) < /(* 2 ) whenever x\ < *2 in I. 

5. A mathematical model is a mathematical description (often by means of a function or an equation) of a real-world 
phenomenon. 
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6. (a) Linear function: f(x) = 2x + 1, /(x) = ax + b 

(b) Power function: f(x) = x 2 , /(x) = x a 

(c) Exponential function: /(x) = 2 X , f(x) = a x 

(d) Quadratic function: /(x) = x 2 + x + 1, f(x) = ax 2 +bx + c 

(e) Polynomial of degree 5: /(x) = x 5 + 2 


(f) Rational function: f(x) 
Q(x) are polynomials 


x 

x + 2’ 


m 


where P(x) and 

Q(x) 




9. (a) The domain of / + g is the intersection of the domain of / and the domain of g; that is, A n B. 

(b) The domain of fg is also A (T B. 

(c) The domain of f/g must exclude values of x that make g equal to 0; that is, {x € A PI B \ g(x) ^ 0}. 


10. Given two functions / and g, the composite function / o g is defined by (/ o g) (x) = f(g (*)). The domain of / o g is the 
set of all x in the domain of g such that g(x) is in the domain of /. 

11. (a) If the graph of / is shifted 2 units upward, its equation becomes y = f(x) + 2. 

(b) If the graph of / is shifted 2 units downward, its equation becomes y = f(x) — 2. 

(c) If the graph of / is shifted 2 units to the right, its equation becomes y = f(x — 2). 

(d) If the graph of / is shifted 2 units to the left, its equation becomes y = f(x + 2). 

(e) If the graph of / is reflected about the x-axis, its equation becomes y = — /(x). 
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(f) If the graph of / is reflected about the y-axis, its equation becomes y = /(—a;). 

(g) If the graph of / is stretched vertically by a factor of 2, its equation becomes y = 2 f(x). 

(h) If the graph of / is shrunk vertically by a factor of 2, its equation becomes y = \f{x). 

(i) If the graph of / is stretched horizontally by a factor of 2, its equation becomes y = / (§*). 
(J) If the graph of / is shrunk horizontally by a factor of 2, its equation becomes y = /(2a;). 

12. (a) lim f(x) = L: See Definition 1.5.1 and Figures 1 and 2 in Section 1.5. 

x—*a 

(b) lim f{x) = L: See the paragraph after Definition 1.5.2 and Figure 9(b) in Section 1.5. 

X —► + 

(c) lim f(x) = L: See Definition 1.5.2 and Figure 9(a) in Section 1.5. 

x — *a~ 

(d) lim f(x) = oo: See Definition 1.5.4 and Figure 12 in Section 1.5. 

x—>a 

(e) lim f(x ) = —oo: See Definition 1.5.5 and Figure 13 in Section 1.5. 

x—*a 


13. In general, the limit of a function fails to exist when the function does not approach a fixed number. For each of the following 
functions, the limit fails to exist at x = 2. 



The left- and right-hand 
limits are not equal. 



infinite discontinuity. 



There are an infinite 
number of oscillations. 


14. See Definition 1.5.6 and Figures 12-14 in Section 1.5. 

15. (a)-(g) See the statements of Limit Laws 1-6 and 11 in Section 1.6. 

16. See Theorem 3 in Section 1.6. 

17. (a) A function / is continuous at a number a if f(x) approaches f(a) as x approaches a; that is, lim f(x) = /(a). 


(b) A function / is continuous on the interval (—oo, oo) if / is continuous at every real number a. The graph of such a 
function has no breaks and every vertical line crosses it. 


18. See Theorem 1.8.10. 


TRUE-FALSE QUIZ 

1. False. Let f(x) = x 2 , s = — 1, and t = 1. Then f(s + t) = (—1 + l) 2 = 0 2 = 0, but 

f(s) + fit) = (-1) 2 + l 2 = 2 ^ 0 = f{s + t). 

3. False. Let f{x) = x 2 . Then /(3a;) = (3a;) 2 = 9a; 2 and 3 f{x) = 3a; 2 . So /(3a;) ^ 3 f{x). 
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5. True. 
7. False. 
9. True. 

11. False. 

13. True. 


15. True. 


See the Vertical Line Test. 

Limit Law 2 applies only if the individual limits exist (these don’t). 

Limit Law 5 applies. 

2^1 u_ q j sm[x _o) 

Consider lim —--— or lim--. The first limit exists and is equal to 5. By Example 3 in Section 1.5, 

x->6 x — 5 x — 5 

we know that the latter limit exists (and it is equal to 1). 

Suppose that lim [/(x) + g(x)] exists. Now lim /(x) exists and lim g(x ) does not exist, but 

X —M2 X —M2 X —M2 

lim g(x) = lim {[/(x) + g{x)\ — /(x)} = lim [/(x) + g(x)] — lim /(x) [by Limit Law 2], which exists, and 

X —M2 X —M2 X —M2 X —M2 

we have a contradiction. Thus, lim [/(x) + g(x)] does not exist. 

X —M2 

A polynomial is continuous everywhere, so lim p(x) exists and is equal to p(b). 


17. False. Consider /(x) = 


19. True. 


l/(x — 1) if x 1 


2 if x = 1 

Use Theorem 1.8.8 with a = 2, b = 5, and g(x) = 4x 2 — 11. Note that /(4) = 3 is not needed. 


21 . True, by the definition of a limit with e = 1 . 

23. True. /(x) = x 10 — 10x 2 + 5 is continuous on the interval [0, 2], /(0) = 5, /(1) = —4, and /(2) = 989. Since 

—4 < 0 < 5, there is a number c in (0,1) such that /(c) = 0 by the Intermediate Value Theorem. Thus, there is a 
root of the equation x 10 — 10x 2 + 5 = 0 in the interval (0,1). Similarly, there is a root in (1, 2). 

25. False See Exercise 68(c) in Section 1.8. 


EXERCISES 

1. (a) When x = 2, y « 2.7. Thus, /(2) « 2.7. (b) /(x) = 3 =>• x ss 2.3, 5.6 

(c) The domain of / is —6 < x < 6, or [—6,6], (d) The range of / is —4 < y < 4, or [—4, 4], 

(e) / is increasing on [—4,4], that is, on —4 < x < 4. 

(f) / is odd since its graph is symmetric about the origin. 

3. /(x) = x 2 — 2x + 3, so /(a + h) = (a + h) 2 — 2(a + h.) + 3 = a 2 + 2 ah + h 2 — 2a — 2h + 3, and 

f(a + h ) — f(a) _ (a 2 + 2 ah + h 2 — 2a — 2h + 3) — (a 2 — 2a + 3) _ h(2a + h — u o 

- — - — - — 2,a H - ti 2. 

h h h 

5. /(x) = 2/(3x — 1). Domain: 3x — 1 / 0 => 3x^1 => x ^ D = (— oo, |) U (|, oo) 

Range: all reals except 0 (y = 0 is the horizontal asymptote for /.) R = (—oo, 0) U (0, oo) 


7. y = 1 + sin x. 


Domain: R. 
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9. (a) To obtain the graph of y = /(*) + 8 , we shift the graph of y = /(*) up 8 units. 

(b) To obtain the graph ofy = f(x + 8), we shift the graph of y = f(x) left 8 units. 

(c) To obtain the graph of y = 1 + 2 /(*), we stretch the graph of y = /(*) vertically by a factor of 2, and then shift the 
resulting graph 1 unit upward. 

(d) To obtain the graph of y = f(x — 2) — 2, we shift the graph of y = /(*) right 2 units (for the “—2” inside the 
parentheses), and then shift the resulting graph 2 units downward. 

(e) To obtain the graph of y = —/(*), we reflect the graph of y = /(*) about the *-axis. 

(f) To obtain the graph of y = 3 — /(*), we reflect the graph of y = f(x) about the *-axis, and then shift the resulting graph 

3 units upward. 


11 . y 


— sin 2x: Start with the graph of y 

Vf 


sin x, compress horizontally by a factor of 2, and reflect about the *-axis. 

y\ 


y = sin x 





13. y = 1 + ^x 3 : Start with the 

graph of y = x 3 , compress 
vertically by a factor of 2, and 
shift 1 unit upward. 



15. /(*) = 


x + 2 

Start with the graph of /(*) = 1/x 
and shift 2 units to the left. 



17. (a) The terms of / are a mixture of odd and even powers of x, so / is neither even nor odd. 

(b) The terms of / are all odd powers of x, so / is odd. 

(c) f{—x) = cos((— a;) 2 ) = cos(* 2 ) = /(*), so / is even. 

(d) f{—x) = 1 + sin(— x) = 1 — sin*. Now f(—x) ^ f(x) and f(—x) ^ —/(*), so / is neither even nor odd. 

19. /(*) = Vx, D = [0,oo); g{x) = sin*, D = R. 

(a) (/ o g){x) = f{g{x)) = /(sin*) = y/ sin*. For \/sin* to be defined, we must have sin* > 0 

* € [0,7r], [2ir, 37t], [—27t, —7r], [An, 5tt], [—4-7T, — 37r], ..., so D = {* | * € [2n7r, n + 2n7r], where n is an integer}. 

(b) (g ° f)(x) = = g(Vx) = sin Vx. x must be greater than or equal to 0 for v* to be defined, so D = [0, oo). 
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(c) (/ ° /)(*) = /(/(*)) = f('/x ) = Wx =\fx. D= [0, oo). 

(d) (g o g)(x) = g{g{x)) = g (sin a;) = sin(sina;). D = R. 


21 . 


1890 



2010 


Many models appear to be plausible. Your choice depends on whether you 
think medical advances will keep increasing life expectancy, or if there is 
bound to be a natural leveling-off of life expectancy. A linear model, 
y = 0.2493a; — 423.4818, gives us an estimate of 77.6 years for the 
year 2010. 


23. (a) (i) lim f(x) = 3 

x^2+ 


(ii) lim /( x) = 0 
a;=-3+ 


(iii) lim /( x) does not exist since the left and right limits are not equal. (The left limit is —2.) 

x —► —3 ^ 


(iv) lim f(x) = 2 

x —>4 

(v) lim f(x) = oo 

x —>0 


(vi) lim f(x) — —oo 

x — >2 — 


(b) The equations of the vertical asymptotes are x = 0 and x = 2. 

(c) / is discontinuous at x = —3, 0, 2, and 4. The discontinuities are jump, infinite, infinite, and removable, respectively. 
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. lim cos(a; + sin x) = cos lim (x + sin x) [by Theorem 1.8.8] = cos 0=1 

x —>0 L x— J 


27. lim 


.. (a; + 3)(x —3) .. x — 3 —3 — 3 —6 3 

= lim - -77 --f = lim 


29. lim 

h-> 0 


-3 x 2 + 2x — 3 a :-»-3 (a; + 3)(x — 1) x~-3 x — 1 —3 — 1 —4 

(h-l) 3 + l (h 3 - 3h 2 + 3h - l) + 1 h 3 — 3ft 2 + 3/i 


= lim 

li=0 


= lim 

h-> 0 


= lim ( h 2 — 3h + 3) =3 


Another solution: Factor the numerator as a sum of two cubes and then simplify. 

l im (ft ~ !) 3 + 1 = Um (ft-l) 3 + l 3 = lim [(fa— 1) + 1] [(/t-l) 2 -l(fi-l) + l 2 ] 
o h /i->o h /j-»o h 

= lim \(h - l) 2 - h + 2l = 1 - 0 + 2 = 3 

/i-> 0 L J 


31. lim 




r=9 (r - 9)' 


= oo since (r — 9) 4 —* 0 + as r —> 9 and 


V* 


(r - 9 )< 


> 0 for r 9. 


33. lim 


M 4 - 1 


= lim 


5 „ (w 2 + 1)(« 2 - 1) = lim (« 2 + 1)(« + 1)(« - 1) _ (« 2 + 1)(« + 1) _ 2(2) _ 4 


«-*i u 3 + 5it 2 — 6u u—>i u(u 2 + 5u — 6) u=i w(u + 6)(w — 1) 


= lim 


u“i u(u + 6) 


1(7) 


35. lim —-^ = lim 


4- x/s 


= lim 


-1 


-1 


16 s — 16 *->16 ( N /i + 4)( N /s-4) s^ieyi + 4 ^16 + 4 


37 . lim 1 ~ VT ^ • 1 + VT ^ = lim 1 ~ (1 ~ . = lim 

x~0 X 


= lim 


1 + \/l — x 2 x(l + \f\ — x 2 ) *^0 a;(l + Vl — x 2 ) 1 q- -^/l — 


= 0 


39. Since 2a; — 1 < /(a;) < a; 2 for 0 < x < 3 and lim (2x — 1) = 1 = lim x 2 , we have lim f{x) 

x — x —>1 x —> 1 


1 by the Squeeze Theorem. 
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41. Given e > 0, we need <5 > 0 such that if 0 < |a; — 2| < <5, then |(14 — 5a;) — 4| < e. But | (14 — 5x) — 4j < e 

|—5x + 10| < e | —5| |cc — 2\ < e 4=> \x — 2| < e/5. So if we choose 5 = e/5, then 0 < \x — 2| < 5 =>• 

|(14 — 5x) — 4| < e. Thus, lim (14 — 5x) = 4 by the definition of a limit. 

x —>2 


43. Given e > 0, we need 5 > 0 so that if 0 < \x — 2| < <5, then |x 2 — 3x — (— 2)| < e. First, note that if \x — 2| < 1, then 
—l<x — 2<1, so0<x—1<2 => \x — 1| < 2. Now let 5 = min {e/2,1}. Then 0 < \x — 2| < 5 =>■ 

\x 2 — 3x — (—2)| = |(x — 2)(x — 1)| = \x — 2| \x — 1| < (e/2)(2) = e. 

Thus, lim ( x 2 — 3*) = — 2 by the definition of a limit. 

x —*2 


45. (a) f(x) = if x < 0, f(x) = 3 — xif0<*<3, f(x) 
(i) lim /( x) = lim (3 — x) = 3 

x— ^0+ 

(iii) Because of (i) and (ii), lim /( x) does not exist. 

x —>0 

(v) lim f(x) = lim (x — 3) 2 = 0 

x— >-3+ x— >-3+ 


= (x — 3) 2 if* > 3. 

(ii) lim /(*) = lim sj—x = 0 

x —>0 x —>0 — 

(iv) lim /(*) = lim (3 — *) = 0 

x —>3 — x — >3 — 


(vi) Because of (iv) and (v), lim /(*) = 0. 

x —>3 


(b) / is discontinuous at 0 since lim /(*) does not exist. 

x —*-0 

/ is discontinuous at 3 since /(3) does not exist. 



47. * 3 is continuous on R since it is a polynomial and cos x is also continuous on R, so the product * 3 cos * is continuous on R. 
The root function \fx is continuous on its domain, [0, oo), and so the sum, h(x) = \fx + x 3 cos *, is continuous on its 
domain, [0, oo). 

49. /(*) = * 5 - * 3 + 3* — 5 is continuous on the interval [1, 2], /(1) = —2, and /(2) = 25. Since —2 < 0 < 25, there is a 
number c in (1, 2) such that /(c) = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation 
x 5 — x 3 + 3* — 5 = 0 in the interval (1,2). 
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1. Remember that |a| = a if a > 0 and that |a| = —a if a < 0. Thus, 

( 2x if x > 0 f 2y if y > 0 

x + \x\ = < and y + lyl = < 

\o if x < 0 \o if y < 0 

We will consider the equation x + |x| = y + \y\ in four cases. 

(1) x > 0, y > 0 (2) x > 0, y < 0 (3) x < 0, y > 0 (4) x < 0, y < 0 

2x = 2 y 2x = 0 0 = 2 y 0 = 0 

x = y x = 0 0 = y 

Case 1 gives us the line y = x with nonnegative x and y. 

Case 2 gives us the portion of the y -axis with y negative. 

Case 3 gives us the portion of the x-axis with x negative. 

Case 4 gives us the entire third quadrant. 

3. fo (x) = x 2 and / IJ+ i(x) = /o(/n(x)) for n = 0,1,2,.... 

h{x) = /o(/o(x)) = /o(x 2 ) = (x 2 ) 2 = x 4 , / 2 (x) = /o(/i(x)) = /o(x 4 ) = (x 4 ) 2 = x 8 , 

fs (x) = /o(/ 2 (x)) = /o(x 8 ) = (x 8 ) 2 = x 16 ,.. ..Thus, a general formula is / n (x) = x 2 + 



5. Let t = fyx, so x = t 6 . Then t —> 1 as x —> 1, so 


lim 


'fx — 1 


= lim 


r - 1 


= lim ■ 


(i-l)(i + l) 


= lim 


t + 1 


1 + 1 


.1 Vi-1 t=if 3 -l t=! (f-l)(f 2 +f + l) t=if 2 +l + l 1 2 + 1 + 1 3’ 

Another method: Multiply both the numerator and the denominator by (Vi + 1) ^ Vx 2 + V® + l) ■ 

7 . For —| < x < 1, we have 2x — 1 < 0 and 2x + 1 > 0, so |2x — 1 | = — (2x — 1 ) and |2x + 1| = 2x + 1. 
Therefore, lim ^ ~ 11 ~ |2iC + 11 = lim ~(2* ~ 1) ~ (** + 1 ) = Um = lim (_ 4 ) = -4. 

x —*0 X x->0 X a:=0 X a:=0 

9. (a) For 0 < x < 1, [x] = 0, so = 0, and lim — = 0. For —1 < x < 0, [x] = —1, so — = —-, and 

X x—»0+ X XX 

1*1 / —1\ M 

lim -CJL = ii m ( — ) = oo. Since the one-sided limits are not equal, lim 41+ does not exist. 

x=o- x x=o- \ x ) x—»o x 

(b) For x > 0, 1/x — 1 < [1/x] < 1/x x(l/x — 1) < x[l/xj < x(l/x) 1 — x < x[l/x] < 1. 

As x —> 0 + , 1 — x —*■ 1, so by the Squeeze Theorem, lim x[l/x] = 1. 

x=0+ 

For x < 0, 1/x — 1 < [1/x] < 1/x x(l/x — 1) > x[l/x] > x(l/x) => 1 — x > x[l/x] > 1. 

As x —> 0~, 1 — x —> 1, so by the Squeeze Theorem, lim x[l/x] = 1. 


Since the one-sided limits are equal, lim x[l/x] = 1. 

x —>0 
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11. /is continuous on (—oo, a) and (a, oo). To make / continuous on R, we must have continuity at a. Thus, 
lim /(x) = lim /(x) =>■ lim x 2 = lim (x + 1) =>• a 2 = a + 1 =4> a 2 —a—1 = 0 =>■ 

x — x —>a _ x —► x — *a~ 

[by the quadratic formula] a = (l ± VE )/2 « 1.618 or —0.618. 

13. lim f(x) = lim (± [/(as) + g(x)\ + § [f{x) - g(x)}) = \ lim [f(x) + g(x)} + ± lim [/(x) - g(x)\ 

x—>a x—>a x—>a x—>a 

and lim g(x) = lim ( [f(x) + g{x)\ - f(xj) = lim [/(*) + g{x)\ - lim f(x) = 2 - | = 

So lim [f(x)g(x)] = [ lim /(x)l [ lim g(x) 1 = f • f = f. 

x—>a \_x—>a J \_x—>a J 

Another solution: Since lim [/(x) + 5 (x)] and lim [/(x) — <?(x)] exist, we must have 

x —>a x—*a 

lim [/(x) + <?(x)] 2 = (lim [/(x) + s(x)]) and lim [/(x) - g{x)) 2 = (lim [/(x) - p(x)]) , so 
lim [/(x) g(x)] = lim 4 ([/(x) + g(x)} 2 — [f (x) — ff(x)] 2 ) [because all of the f 2 and g 2 cancel] 

= I ( lim [f(x) + g(x)] 2 - lim [/(*) - s(x)] 2 ) = 2 (2 2 - l 2 ) = f. 

\x—*a x—*a / 

15. (a) Consider G(x) = T(x + 180°) — T{x). Fix any number a. If G(a) = 0, we are done: Temperature at a = Temperature 
at a + 180°. If G(a) > 0, then G(a + 180°) = T(a + 360°) - T(a + 180°) = T(a) - T(a + 180°) = -G(a) < 0. 
Also, G is continuous since temperature varies continuously. So, by the Intermediate Value Theorem, G has a zero on the 
interval [a, a + 180°]. If G(a) < 0, then a similar argument applies. 

(b) Yes. The same argument applies. 

(c) The same argument applies for quantities that vary continuously, such as barometric pressure. But one could argue that 
altitude above sea level is sometimes discontinuous, so the result might not always hold for that quantity. 



2 □ DERIVATIVES 

2.1 Derivatives and Rates of Change 


/\')j fix') 

1. (a) This is just the slope of the line through two points: mpo = -+— = y -1—+ 

Ax x — 3 


(b) This is the limit of the slope of the secant line PQ as Q approaches P: m = lim 

x —>3 


f(x) ~ /(3) 

x — 3 


3. (a) (i) Using Definition 1 with f(x ) = 4x — x 2 and P( 1, 3), 


m= lim = lim = i im ~(^ 2 - 4x + 3) = ^ -(s - l)(s - 3) 


x->a x — a x-*i x — 1 x —>i a; — 1 

= lim (3 — re) = 3 — 1 = 2 


x — 1 


(ii) Using Equation 2 with f(x) = 4x — x 2 and P(l, 3), 

m= lim + . lim ^ -W) = „„ [4(1 + h) - (1 + !,)»]- 3 

h^o h h^o h h^o h 

= , im 1 + 41.- 1 - 21,-1,- -3 _ Bm -If+ 2h = ^ H -h + 2) = ^ = 2 

h->0 h h^O ft h-» 0 ft 

(b) An equation of the tangent line is 2 /—/(a) =/'(o) (a; — a) =4- y — /(l) = /'(l)(x — 1) =4- y — 3 = 2(* — 1), 

or y = 2x + 1. 

(c) The graph of y = 2a; + 1 is tangent to the graph of y = 4x — cc 2 at the 

point (1,3). Now zoom in toward the point (1,3) until the parabola and 
the tangent line are indistiguishable. 



5. Using (1) with f(x) = 4x — 3x 2 and P( 2, —4) [we could also use (2)], 


r /(*)-/(«) (4x - 3x 2 ) - (-4) -3x 2 +4x + 4 

m = lim -= lim -- — -= lim 


x —>a X — CL x —»2 

(—3x — 2)(* — 2) 


x — 2 


x — 2 


= lim 

x—>2 


x — 2 


= li m (—3.7: - 2) = -3(2) - 2 = 

x —>2 


Tangent line: y — (—4) = —8(a: — 2) 44 y + 4 = —8x + 16 44 y = — 8x + 12. 

7. Using (1), m = lim ^ ~ ^ = lim (V* ~ ViV* + 1) = ljm -- = lim 

x—*i x — 1 x->i (x — l)(\/x + 1) *->i (x — l)(v / ® + 1) “+i\/i+l 2 


Tangent line: y — 1 = |(x — 1) 44 y = \x+ \ 
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9. (a) Using (2) with y = f(x) = 3 + 4a : 2 — 2a: 3 , 


m _ lim f{a + h)- f(a) _ lim 3 + 4 (a + h)~ - 2(a + ft) 3 - (3 + 4a 2 - 2a 3 ) 
h~ 0 ft h^O ft 

_ lim 3 + 4(a 2 + 2aft + ft 2 ) - 2(a 3 + 3 a 2 h + 3 ah 2 + ft 3 ) - 3 - 4a 2 + 2a 3 
h->o ft. 

3 + 4a 2 + 8 ah + 4ft 2 - 2a 3 - 6 a 2 h - 6aft 2 - 2ft 3 - 3 - 4o 2 + 2a 3 

= lim -;- 

h~ 0 ft 

8aft + 4ft 2 — 6 a 2 h — 6ah 2 — 2ft 3 ft(8a + 4ft. — 6a 2 — 6 ah — 2 ft 2 ) 

= inn - ; - = lim —- ; -- 


= lim ( 8 a + 4ft — 6 a 2 — 6 ah — 2 ft 2 ) = 8 a — 6 a 2 

h —>0 


(b) At (1,5): m = 8(1) — 6(1) 2 = 2, so an equation of the tangent line 
is y — 5 = 2(x — 1) <=> y = 2x + 3. 

At (2, 3): m = 8(2) — 6(2) 2 = —8, so an equation of the tangent 
line is y — 3 = — 8(* — 2) 4=> y = —8a; + 19. 



11. (a) The particle is moving to the right when s is increasing; that is, on the intervals (0,1) and (4,6). The particle is moving to 
the left when s is decreasing; that is, on the interval (2,3). The particle is standing still when s is constant; that is, on the 
intervals (1,2) and (3,4). 

va (m/s) 

(b) The velocity of the particle is equal to the slope of the tangent line of the 1—o 

graph. Note that there is no slope at the comer points on the graph. On the 

1 -- o-o 

3 _ 0 _ 

interval (0,1), the slope is --- = 3. On the interval (2, 3), the slope is 0 J 0 2 0 1 1 r 

(seconds) 

1 — 3 .3—1 °— 0 

-—- = —2. On the interval (4,6), the slope is -—- = 1. 


13. Let s(t) = 40 1 - 16 1 2 . 


s(f)-s(2) (401 - 16t 2 ) - 16 —161 2 + 401 — 16 -8(21 2 -51 + 2) 

v(2) = lim ——- 1 = lim - ~r - = lim- = lim- 1 --- - 

v ; t—>2 t — 2 t — >2 t — 2 t — >2 t — 2 t—>2 t — 2 

= lim = _ 8 i im ( 2 1 - 1) = -8(3) = -24 

t—*2 1 — 2 t—*2 V 


Thus, the instantaneous velocity when 1 = 2 is —24 ft/s. 


a 2 — (a + ft) 2 


., , , .. s(a + h) — s(a) .. (a + h ) 2 a 2 .. a 2 (a + ft) 2 a 2 — (a 2 + 2aft + ft 2 ) 

15. via) = lim —-/-— = lim - - - = lim---— = lim - ^ r 7 - 7 — 7 , - 1 

h->o ft h^o ft h->o ft h->o ha 2 (a + ft ) 2 

.. —(2aft + ft 2 ) —ft(2a + ft) — (2a + ft) —2a —2 . 

_ ha 2 (a + h ,) 2 ~ fco ha 2 (a + h ) 2 ~ 1 ™ a 2 (a + h ) 2 ~ ^fi ^ 2 ~ 


s °u(!) = ^| = —2 m/s, v(2) = ^| = -^m/s, and v(3) = m/s. 
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17. g'( 0) is the only negative value. The slope at x = 4 is smaller than the slope at x = 2 and both are smaller than the slope 
at x = —2. Thus, g'( 0) < 0 < g'{ 4) < g'( 2) < g'(- 2). 

19. For the tangent line y = 4x — 5: when x = 2, y = 4(2) — 5 = 3 and its slope is 4 (the coefficient of x ). At the point of 
tangency, these values are shared with the curve y = f(x); that is, /(2) = 3 and /'(2) = 4. 

21. We begin by drawing a curve through the origin with a 
slope of 3 to satisfy /(0) = 0 and /'(0) = 3. Since 
/'(1) = 0, we will round off our figure so that there is 
a horizontal tangent directly over x = 1. Last, we 
make sure that the curve has a slope of — 1 as we pass 
over x = 2. Two of the many possibilities are shown. 
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29. Use (4) with f(t) = (2 1 + 1 )/{t + 3). 


2 (a + ft) + 1 2 a + 1 

/'(a) = lim /( a + ~ f ( a ) _ lim (« + ft) + 3 a + 3 _ ^ (2a + 2ft + l)(a + 3) — (2a + l)(a + ft + 3) 

ft, h —.o ft h —»o ft(a —I— /z. —t— 3)(a 3) 

— lim + ® a + 2a h + 6 ft, + a + 3) — (2a 2 + 2 ah + 6 a + a + ft + 3) 

h^O 


= lim 


5ft 


ft(a + ft + 3)(a + 3) 
5 


= lim 


ft,(a + ft + 3)(a + 3) (a + ft + 3)(a + 3) (a + 3 ) 2 


31. Use (4) with/(x) = V 1 — 2x. 


/'(«) _ lim ^ + , llm + 

^-►o h h^o h 

, V 1 - 2(a + ft) - VI - 2a V 1 - 2 (« + ^) + Vl - 2a , (^i-^a + ft)) - (n/1-2o)‘ 

= lim —---- ; -= lim —--- 

h^O h 


yj\ — 2 (a + ft) + VI — 2 a ft(yi - 2 (a + ft) + Vl - 2 a) 


(l- 2 a- 2 ft)-(l- 2 a) 

= lim — 7 —--- 2 -r- = lim 

/ i —>0 


-2 h 


ft(y 1 - 2(a + ft) + VI - 2a) ' I ^° ft (V1 - 2(a + ft) + Vl - 2a) 


= lim 


h^o ^1 - 2 (a + ft) + VI - 2 a Vl - 2 a + Vl - 2 a 2 Vl - 2 a Vl - 2 a 

Note that the answers to Exercises 33-38 are not unique. 

(1 + ft) 10 - 1 


33. By (4). lim 

h—> 0 


Or: By (4), lim 

h —>0 


h 

(1 + ft) 10 -1 


35. By Equation 5, lim 


ft 

2^-32 


= /'( 1 ), where /(x) = x 10 and a = 1 . 

= /'( 0 ), where /(x) = (1 + x ) 10 and a = 0 . 


37. By (4). lim 

h—* 0 


5 x — 5 

C0S(7T + ft) + 1 


ft 


= /'(5), where f(x) = 2 X and a = 5. 


= f'{n), where /(x) = cos x and a = n. 


Or. By (4), lim cos ( 7r + + * _ j'(0), where /(x) = cos( 7 r + x) and a = 0. 

h —>0 h 


39. „(5) = f'(5) = lim /( 5 + fe )~/( 5 ) = lim [100 + 50(5 + ft) - 4.9(5 + ft) 2 ] - [100 + 50(5) - 4.9(5) 2 ] 

' ' ' ' h->0 ft, h->0 ft 


(100 + 250 + 50ft - 4.9ft 2 - 49ft - 122.5) - (100 + 250 - 122.5) 

ft 


= lim 
h-> o 

= lim —— ^ = lim (—4.9ft + 1) = 1 m/s 
h->0 ft h-> o 


= lim 

h~0 


-4.9 ft 2 + ft 


The speed when t = 5 is 11| = 1 m/s. 
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41. The sketch shows the graph for a room temperature of 72° and a refrigerator 
temperature of 38°. The initial rate of change is greater in magnitude than the 
rate of change after an hour. 



43. (a) (i) [2002,2006]: 


7V(2006) - IV(2002) 
2006 - 2002 


233 - 141 
4 


92 

4 


23 millions of cell phone subscribers per year 


(ii) [2002,2004]: = « -M 


41 

2 


20.5 millions of cell phone subscribers per year 


(iii) [2000,2002]: 


1V(2002) - 1V(2000) 
2002 - 2000 


141 - 109 
2 


32 

2 


16 millions of cell phone subscribers per year 


(b) Using the values from (ii) and (iii), we have 


20.5 + 16 
2 


18.25 millions of cell phone subscribers per year. 


(c) Estimating A as (2000,107) and 5 as (2004,175), the slope at 2002 

is = ^ = 17 millions of cell phone subscribers per 

2004 - 2000 4 

year. 



45. (a) 


AC 
(1) A* 


(7(105) - (7(100) 
105 - 100 


6601.25 - 6500 
5 


$20.25/unit. 


(ii) 


AC 

Ax 


(7(101) - (7(100) 
101 - 100 


6520.05 - 6500 

1 


= $20.05/unit. 


„ , (7(100 + h) - (7(100) 
(b) —^- f -- 


[5000 + 10(100 + h) + 0.05(100 + b) 2 ] - 6500 
h 

20 + 0.05b, ft / 0 


20b + 0.05b 2 
h 


So the instantaneous rate of change is lim 

h ->0 


(7(100 + b) - (7(100) 
b 


lim (20 + 0.05b) = $20/unit. 

h —>0 


47. (a) f'(x) is the rate of change of the production cost with respect to the number of ounces of gold produced. Its units are 
dollars per ounce. 

(b) After 800 ounces of gold have been produced, the rate at which the production cost is increasing is $17/ounce. So the cost 
of producing the 800th (or 801st) ounce is about $17. 

(c) In the short term, the values of /'( x) will decrease because more efficient use is made of start-up costs as x increases. But 
eventually f(x) might increase due to large-scale operations. 




58 □ CHAPTER 2 DERIVATIVES 

49. T'{ 8) is the rate at which the temperature is changing at 8:00 AM. To estimate the value of T'( 8), we will average the 

difference quotients obtained using the times t = 6 and t = 10. 

T . T( 6) - T(8) 75 - 84 , r ^ „ T( 10) - T( 8) 90-84 „ 

Let A = ——-- K — = --— = 4.5 and B = v ’ —-- K — = --- = 3. Then 


6-8 


-2 


10-8 


r (8) . li„ T <‘> - m a , 3.75-F/h. 

w f- 8 2 2 ' 

51. (a) S'(T) is the rate at which the oxygen solubility changes with respect to the water temperature. Its units are (mg/L)/°C. 

(b) For T = 16° C, it appears that the tangent line to the curve goes through the points (0,14) and (32,6). So 

S^IG) « ^^ = --^- = —0.25 (mg/L)/°C. This means that as the temperature increases past 16°C, the oxygen 

solubility is decreasing at a rate of 0.25 (mg/L)/°C. 

53. Since f{x) = xsin(l/a;) when x ^ 0 and /(0) = 0, we have 

/'(0) = lim ^ - HSl = ]j m ^ S i n (l/^) -^ = lim sin(l//i). This limit does not exist since sin(l//i) takes the 

h—>0 h h —>0 h h—>0 


values —1 and 1 on any interval containing 0. (Compare with Example 4 in Section 1.5.) 


2.2 The Derivative as a Function 

1. It appears that / is an odd function, so f' will be an even function—that 

is, f'(-a) = f(a). 

(a) /'(—3) « -0.2 

(b) /'(-2) ps 0 (c) /'(-1) ps 1 (d) /'(0) « 2 

(e) /'(1) ps 1 (f) /'(2) ps 0 (g) /'(3) w -0.2 

3. (a)' = II, since from left to right, the slopes of the tangents to graph (a) start out negative, become 0, then positive, then 0, then 
negative again. The actual function values in graph II follow the same pattern. 

(by = IV, since from left to right, the slopes of the tangents to graph (b) start out at a fixed positive quantity, then suddenly 
become negative, then positive again. The discontinuities in graph IV indicate sudden changes in the slopes of the tangents. 

(c/ = I, since the slopes of the tangents to graph (c) are negative for x < 0 and positive for x > 0, as are the function values of 
graph I. 

(d/ = III, since from left to right, the slopes of the tangents to graph (d) are positive, then 0, then negative, then 0, then 



positive, then 0, then negative again, and the function values in graph III follow the same pattern. 
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Hints for Exercises 4-11: First plot re-intercepts on the graph of /' for any horizontal tangents on the graph of /. Look for any corners on the graph 
of /—there will be a discontinuity on the graph of /'. On any interval where / has a tangent with positive (or negative) slope, the graph of /' will be 
positive (or negative). If the graph of the function is linear, the graph of /' will be a horizontal line. 




9. 


y 



11 . 


jf 


-o 


0 



13. (a) C'(t) is the instantaneous rate of change of percentage 
of full capacity with respect to elapsed time in hours. 

(b) The graph of C'(t) tells us that the rate of change of 
percentage of full capacity is decreasing and 
approaching 0. 



15. It appears that there are horizontal tangents on the graph of M for t = 1963 
and t = 1971. Thus, there are zeros for those values of t on the graph of 
A/'. The derivative is negative for the years 1963 to 1971. 
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17. (a) By zooming in, we estimate that /'(0) = 0, /'(|) = 1, /'(1) = 2, 
and / , (2) = 4. 

(b) By symmetry, /'(-a:) = -/'(*). So /'(-§) = -1, /'(-1) = -2, 
and /'(—2) = -4. 

(c) It appears that /'Or) is twice the value of x, so we guess that /'(x) = 2x. 

(d) f(x) = lim U* + h )-f(z) = lim (x + hf-x 2 

’ /i=0 ft /i=0 ft 

(x 2 + 2 hx + ft 2 ) - x 2 2hx + ft 2 , h(2x + ft) 

= lim - ; --- = lim - - - = lim — : — ; - 1 

h—*0 h h —>0 h h—* o h 


2.5 



= lim (2* + ft.) = 2x 


19. f {x) = lim n* + h) -f(*) = lim + 

h~0 ft h —.0 ft. 

4ft , , 

= lim = lim 4 = 4 

h~o ft. h^o* A 


§x + \h — 7T — \x + 4 

= lim - - -/---4 

ii=o ft 


Domain of / = domain of /' = R. 

21. f(t) = lim W + V-W = lim [5(t + h)-9(t + hf] -(bt-9t 2 ) 
J ' ' h->0 ft, h-> 0 ft 


= lim 
h^O 


bt + 5ft - 9{t 2 + 2th + h 2 ) - bt + 9 1 2 


= lim 
h^O 


bt + bh - 9 1 2 - 18 th - 9 h 2 - bt + 9 1 2 
ft 


= l im = lim M5-l«-9t) = lim _ m _ = 5 _ m 

h-> 0 h h->0 h h->0 

Domain of / = domain of /' = R. 


23. /'Or) = lim 

n,—>0 


= lim 


f(x + h) - /Or) _ [(ag + ft) 2 - 2pr + ft) 3 ] - (x 2 - 2x 3 ) 


, = lim , 

h h—>o h 

x 2 + 2x/i + /i 2 — 2a; 3 — 6x 2 h — 6xh 2 — 2 h 3 — x 2 + 2a; 3 
h 


.. 2 xh h 2 — 6x 2 h — 6xh 2 — 2h 3 .. /i(2a; + h — 6a; 2 — 6xh — 2h 2 ) 

= lim --- = lim —---- 

h—*o h h —>0 h 

= lim ( 2x + h — 6x 2 — 6 xh — 2h 2 ) = 2x — 6a; 2 

h—* 0 

Domain of / = domain of /' = R. 


25. /Or) = lim ^ ^ ~ = lim y/9 - (x + ft) -/9^ x 

h h^o h 

= lim [9-(x + h)]-(9-x) = lim 


a/9 — (x + h ) 4- V9 — a; 
a/9 — (a; + ft) + /9 — a; 

—ft 


9 — (* + ft) + V9 — a; h_ *° ft a/9 — (x + ft) + V9 — xj 


= lim 


h ~° y/9 — (x + ft) + V9 — x 2\/9 — x 
Domain of g = (—oo, 9], domain of / = (—oo,9). 
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27. G'(l) = lim G(t + h) -G(t) = Hm 

h-> 0 ft h^O 


1-2 (t + h) 1-21 

3 + (1 + ft) 3 + 1 
ft 


= lim 

h^O 


[1 — 2(1 + ft)] (3 + 1) — [3 + (1 + ft)](l — 21) 
[3 + (1 + ft)] (3 + 1) 
ft 


3 + 1 — 61 — 21 2 — 6 ft — 2 ftl — (3 — 61 + 1 — 21 2 + ft — 2 ft!) 

= lim ---;-+r----- = lim 

/»-»o ft,[3 + (1 + ft)l(3 + 1) h —*0 


h-> o ft,[3 + (1 + ft)] (3 + 1) 

= 1} -7 ft = -7 = -7 

/i™ ft(3 + 1 + ft)(3 + 1) (3 + 1 + ft)(3 + 1) (3 +l) 2 


—6 ft — ft 

lim- - -- 

h—*o ft(3 + 1 + ft)(3 + 1) 


Domain of G = domain of G' = (—oo, —3) U (—3, oo). 

„ , .. /(x + ft) — f(x) (x + ft) 4 — x 4 .. (x 4 + 4x 3 ft + 6x 2 ft 2 + 4xft 3 + ft 4 ) - X 4 

29. f (x) = lim —--- ' L ^— L = lim 2 --- = lim - 

h^O ft h-tO ft, IwO ft. 


= lim 
h^O 


4 x 3 ft + 6 x 2 ft 2 + 4xft 3 + ft 4 


= lim (4x 3 + 6x 2 h + 4xft 2 + ft 3 ) = 4x 3 

h->0 y ' 


Domain of f = domain of f' = . 


31. (a) f\x) = lim /(x + /t) - /(x) = lim [(* + ft) 4 + 2(x + ft)] - (x 4 + 2x) 

K ' h—0 ft h^O ft, 

.. x 4 + 4 x 3 ft + 6 x 2 ft 2 + 4 xft 3 + ft 4 + 2x + 2ft — x 4 — 2x 

= lim-;- 

h.->o ft 

.. 4x 3 ft + 6x 2 ft 2 + 4xft 3 + ft 4 + 2ft, ft(4x 3 + 6x 2 ft, + 4xft 2 + ft 3 + 2) 

= iim--- = lim —-;- 

?i->0 ft h->0 ft, 

= lim (4x 3 + 6 x 2 ft + 4xft 2 + ft 3 + 2) = 4x 3 + 2 

h->0 


(b) Notice that f(x) = 0 when / has a horizontal tangent, f'{x ) is 
positive when the tangents have positive slope, and f'(x) is 
negative when the tangents have negative slope. 


\ 

-9 

\_ L _ 

y 


33. (a) U'{t) is the rate at which the unemployment rate is changing with respect to time. Its units are percent per year. 


(b) To find U'Ct), we use lim - — — ^ — U(t) ^ U(t + ft) - L (1) ^ sma p va [ ues 0 f ^ 

h^O ft ft 

For 1999: cr ( 1999) » V^-VimS) _ 4.0-4.2 _ 2 

v ' 2000 - 1999 1 

For 2000: We estimate C/ , (2000) by using ft = — 1 and ft = 1, and then average the two results to obtain a final estimate. 

* »•(”») 


[continued] 
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So we estimate that U' (2000) « |[(—0.2) + 0.7] =0.25. 


t 

1999 

2000 

2001 

2002 

2003 

2004 

2005 

2006 

2007 

2008 

U’(t) 

-0.2 

0.25 

0.9 

0.65 

-0.15 

-0.45 

-0.45 

-0.25 

0.6 

1.2 


35. / is not differentiable at * = —4, because the graph has a comer there, and at x = 0, because there is a discontinuity there. 

37. / is not differentiable at * = — 1, because the graph has a vertical tangent there, and at x = 4, because the graph has a comer 
there. 

39. As we zoom in toward (—1,0), the curve appears more and more like a straight __ 

line, so f(x) = x + -y+r[ is differentiable at x = — 1. But no matter how much . / 

we zoom in toward the origin, the curve doesn’t straighten out—we can’t _ _^-- - 

eliminate the sharp point (a cusp). So / is not differentiable at * = 0. [ 


41. a = f,b = f, c = f". We can see this because where a has a horizontal tangent, 6 = 0, and where b has a horizontal tangent, 
c = 0. We can immediately see that c can be neither / nor /', since at the points where c has a horizontal tangent, neither a 
nor 6 is equal to 0. 

43. We can immediately see that a is the graph of the acceleration function, since at the points where a has a horizontal tangent, 
neither c nor 6 is equal to 0. Next, we note that a = 0 at the point where 6 has a horizontal tangent, so 6 must be the graph of 
the velocity function, and hence, b' = a. We conclude that c is the graph of the position function. 

45. f'(x) = lim + h '>~ = Km [ 3 (z + h) 2 + 2(x + h) + 1] - (3a; 2 + 2x + 1) 

V J h->0 h h->0 h 

.. (3x 2 + 6 xh + 3h 2 + 2x + 2h + 1) — (3rr 2 + 2x + 1) .. 6 xh . + 3h 2 + 2h 

h-> o h h->o h 

.. h(&x + 3h + 2 ) . j . 

= lim —- - -- = lim (6x + 36 + 2) = 6x + 2 

/»-> o 6 h-> o 

f"(x) = lim /'0 r + /t )-/ / 0 r ) = lim [6(x + 6) + 2] - (6s + 2) = Um (6a; + 66 + 2) - (6x + 2) 

= lim ^ = lim 6 = 6 
/i—>0 h h —>0 

_ ■' _ We see from the graph that our answers are reasonable because the graph of 

f \ ■ // /' is that of a linear function and the graph of /" is that of a constant 

\ / function. 


\ 

m . 

A 

L 

V 

y 


47 . /'(«) , 11m + = , im [2(m + - (m + - m 3 ) 

/i— ► o h h^o h 

h(Ax + 2h-3x 2 -3xh-h 2 ) 


= lim ■ 


= lim (Ax + 2 h — 3x 2 — 3xh — hr) = 4x — 3x 2 

h —>0 
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= Hm f(x + h)-f'(x) = lim [4(x + h) - 3(* + h ) 2 ] - {Ax - 3* 2 ) = ^ h(4 - 6* - 3ft) 
J ' ' h^O h h^O h h->0 h 

= lim(4 — 6* — 3 h) = 4 — 6* 

h^O 

/"'(*) = lim /"(s + ft)-r(s) = lim [4 — 6(x + ft)] — (4 — 6a:) = ^ -6h = ^ = _ 6 

h h^o h h->o h h^o 


/«>(*) = lim f"\x + h) -f"\x) = -6- (-6) = lim 0 = } = 

J w ’ - *• h—o h • ~ u , „ w 


h —>0 /l h—*0 





The graphs are consistent with the geometric interpretations of the 
derivatives because /' has zeros where / has a local minimum and a local 
maximum, /" has a zero where /' has a local maximum, and f" is a 
constant function equal to the slope of f". 


49. (a) Note that we have factored x — a as the difference of two cubes in the third step. 

x 1 ' 3 - a 1 ' 3 


,,, , ,. f(x) — f(a) ^-a 1 / 3 

f (a) = hm = lim - = lim 


x — *a x — a x=o x — a x^a (*V 3 — a 1 / 3 )(x 2 / 3 + x 1 / 3 a 1 / 3 + a 2 / 3 ) 

1 1 


x™ *2/3 + x l/3 a l/3 + a 2/3 3a 2/3 ~ 3 


or ha~ 2 ' 3 


(b) f'( 0) = lim — h) — f(fl) _ p m yHh —5 = li m ^ , This function increases without bound, so the limit does not 

h ~0 h h^O h h=0 ft 2 / 3 

exist, and therefore /'(0) does not exist. 

(c) lim \f'(x)\ = lim —= oo and / is continuous at * = 0 (root function), so / has a vertical tangent at x = 0. 

x—»0 x—*0 3*2/3 


51. /(*) = |* — 6 | = 


* — 6 if * — 6 > 6 J* — 6 if * > 6 

—(* — 6) if re — 6 < 0 [6 — * if * < 6 


So the right-hand limit is lim _ p m -2 = lim -—5 = lim 1 = 1, and the left-hand limit 

x=6+ * — 6 x—*6+ * — 6 x->6+ * — 6 x—*6+ 

is lim _ jj m i£—6J-0_ 6—*_ j- m /-jq = — 1 . Since these limits are not equal, 

x — *6~ X 6 x — >6" X 6 x — X 6 x— 

t f( 

f'(6) = lim -——-- does not exist and f is not differentiable at 6. 

J W x=6 *-6 J 


However, a formula for /' is /'(a;) = 

Another way of writing the fonmila is /'(*) = 


1 if * > 6 

— 1 if * < 6 

* — 6 


3" 

1- 

y = r w 

0 

6 * 

-1 



I* — 6|' 
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53. (a) f(x) = x \x\ = 


if x > 0 
if x < 0 



(b) Since f(x) = x 2 for x > 0, we have /'(*) = 2x for x > 0. 
[See Exercise 17(d).] Similarly, since f(x) = — x 2 for x < 0, 
we have f'(x) = — 2x for * < 0. At x = 0, we have 

/'(0) = lim = i im = i im N = o. 

So / is differentiable at 0. Thus, / is differentiable for all x. 


(c) From part (b), we have f(x) 
55. (a) If / is even, then 


2x if x > 0 
— 2x if x < 0 


= 21*1 


/'(-*) = lim + = lim /[-(*-ft)]-/(-*) 

h-> 0 h h^o h 

= lim f(*-Q-fjx) = lim fix-h)-f(x) = 

’ ~ h ’ ~ 


h -> 0 


-ft] 


= - nm f(x + Ax)-f(x) = _ 
A^o Ax 


Therefore, f is odd. 
(b) If / is odd, then 


/'(-*) = lim 


f(-x + h) - fj-x) = Jim f[-jx-h)] -/(-*) 

h -+0 


= lim 
h^O 


n x -h)+f(x) = hm n x -h) -fix) [letAx= _ 


h ->0 


ft] 


= lim fix + fix) = 

Ax^O Ax w 


Therefore, f is even. 



In the right triangle in the diagram, let Ay be the side opposite angle <f> and A* 
the side adjacent to angle (j>. Then the slope of the tangent line i 
is m = Ay/Ax = tan <j>. Note that 0 < <j> < We know (see Exercise 17) 
that the derivative of /(*) = x 2 is f'(x) = 2x. So the slope of the tangent to 
the curve at the point (1,1) is 2. Thus, <j> is the angle between 0 and whose 
tangent is 2; that is, <f> = taiW 1 2 « 63°. 


2.3 Differentiation Formulas 


1. f(x) = 2 40 is a constant function, so its derivative is 0, that is, f\x) = 0. 

3. m = 2-\t => /'(*) = 0-f = -I 

5. f(x) =* 3 -4*+ 6 =>• /'(*) = 3x 2 -4(1) + 0 = 3x 2 - 4 
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7. g(x) = x 2 (l — 2x) = x 2 — 2x 3 =>■ g'(x ) = 2x — 2(3x 2 ) = 2x — 6x 2 

9. g(t) = 2 1~ 3/4 => g\t) = 2(-§ t~ 7/A ) = -§ t~ 7/4 


11. A(s) = - — = -12s“ 5 => A'(s) = -12(-5s -6 ) = 60s -6 or 60/s 6 

13. S(p) = y Jp-p = p 1/2 -p => S'(p) = \p~ 3/2 - 1 or - 1 

15. R{a) = (3a+ 1) 2 = 9a 2 + 6a + 1 => R'(a) = 9(2a) + 6(1) + 0 = 18a + 6 


17. y = 


x + + 3 


Vx 


y’ = §* 1/2 


= x 3 / 2 +4x 1/2 + 3x- 4 / 2 


_IW- 3 / 2 - 3 


+ 4(I)x- 1 / 2 + 3 (-i)x 


Vx 2x Vx 


note that x 3 ^ 2 


The last expression can be written as 


3x 2 


+ 


4x 


3x + 4x — 3 


2x Vx 2x Vx 2x Vx 2x Vx 



19 . We first expand using the Binomial Theorem (see Reference Page 1). 

H(x) = (x + x -1 ) 3 = x 3 + 3x 2 x _1 + 3x(x -1 ) 2 + (a; -1 ) 3 = x 3 + 3x + 3x _1 + x~ 3 => 

H'(x) = 3x 2 + 3 + 3(-lx“ 2 ) + (-3x“ 4 ) = 3x 2 + 3 - 3a: -2 - 3a; -4 

21 . u = Vt + 4Vfi = t 1/5 + 4t s/2 =>■ u' = i^ 4/s +4(|t 3 / 2 ) = if- 4/B + 10f 3/2 or 1/^5 Vt^j + 10 Vt 3 


23. Product Rule: /(x) = (1 + 2x 2 )(x — x 2 ) =>• 

f'{x) = (1 + 2x 2 )(l — 2x) + (x — x 2 )(4x) = 1 — 2x + 2x 2 — 4a; 3 + 4a: 2 — 4a; 3 = 1 — 2a; + 6a; 2 — 8a; 3 . 
Multiplying first: f(x ) = (1 + 2x 2 )(x — x 2 ) = x — x 2 + 2x 3 — 2a; 4 =>• /'(x) = 1 — 2a; + 6a; 2 — 8x 3 (equivalent). 


25. V(x) = (2x 3 + 3)(x 4 - 2x) ™ 

V'{x) = (2a; 3 + 3) (4a; 3 - 2) + (x 4 - 2x)(6x 2 ) = (8a; 6 + 8x 3 - 6) + (6a; 6 - 12x 3 ) = 14x 6 - 4a: 3 - 6 

27. F(y) = (y + 5 y 3 ) = ( y ~ 2 - 3 y~ 4 )(y + 5 y 3 ) ™ 

F'{y) = (y~ 2 - 3y~ 4 )(l + 15 y 2 ) + (y + 5y 3 )(-2y~ 3 + 12 y~ 5 ) 

= ( y~ 2 + 15 - 3a/“ 4 - 45jT 2 ) + (-2 y~ 2 + 12a/“ 4 - 10 + 60 y~ 2 ) 

= 5 + 14y -2 + 9a/~ 4 or 5 + 14/a/ 2 + 9/a/ 4 

M ,, l + 2x QR ,, , (3 — 4x)(2) — (1 + 2x)(—4) 6 - 8x + 4 + 8x 10 

2 »- 9{x) = 3^ =* 9{X) = -(3 = 4^-= (3 — 4x) 2 =(3^4^ 


31. y 


OR , _ (1 — x 2 ) (3x 2 ) — x 3 (—2x) 
^ V ~ (1-x 2 ) 2 


x 2 (3- 3x 2 + 2x 2 ) 
(1-x 2 ) 2 


x 2 (3 — x 2 ) 
(1-x 2 ) 2 


1 — X 2 
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= -- = v 2 -2^ = v 2 -2v 1 ' 2 =s> y' = 2v-2(\)v~ 1 ' 2 = 2v-v~ 1 ' 2 


We can change the form of the answer as follows: 2v — v =2v - \= = ^ —- = ————- 

Wv Jv Jv 


35. y = 


t +2 QR 
t 4 - 3t 2 + 1 ^ 


, (f 4 — 3t 2 + 1) (2i) — (t 2 + 2)(4f 3 — 61) 2t[(t 4 — 3t 2 + 1) — (f 2 + 2)(2t 2 — 3)] 

V ~ (t 4 - 3 1 2 + l) 2 ~ (f 4 - 3l 2 + l) 2 

2t(t 4 - 3t 2 + 1 - 2f 4 - 4f 2 + 3f 2 + 6) 2f(— f 4 - 4f 2 + 7) 

~ (f 4 - 3t 2 + l) 2 " (l 4 - 3f 2 + l) 2 

37. y = a* 2 + bx + c =>■ y' = 2a* + b 

„ 2t QR (2 + f 1/2 )(2)-2f(ir 1 / 2 ) 4 + 2t i/ 2 _ J i /2 4 + t i/2 4 + ^1 

2 + Vf W (2 + ^f) 2 (2 + 7i) 2 (2 + Vf) 2 (2 + Vf) 2 

41. y = \/i(t 2 + t + t ~ 4 ) = t 1/3 (t 2 + t + t _1 ) = f 7/3 + f 4/3 + f _2/3 =>■ 

y' = \t 4/3 + |f 1/3 - §f“ 5/3 = ±f“ B/3 (7f 9/3 + 4f 6/3 - 2) = (7t 3 + 4t 2 - 2)/(31 5/3 ) 


43. /(*) = 


* + c/x 


fix) = 




* 2 + c\ 2 


2c/* 

* 2 

2c* 

(* 2 +c) 2 

* 2 

(* 2 + c) 2 

* 2 



l)an-l*”~ 2 


• + 2a2* + ai 


45. P(x) = an*” + a n -i* n 1 + ■ ■ ■ + a^x 2 + a\x + ao =>• P'(x) = na„x n 1 + (n — l)an-i*” 2 + • • • + 2a2* + ai 
47. /(*) = 3* 15 — 5* 3 + 3 /'(*) = 45* 14 - 15* 2 . _8_ 


Notice that /'(*) = 0 when / has a horizontal tangent, f is positive 
when / is increasing, and f is negative when / is decreasing. 





j\J 

\j 




(b) From the graph in part (a), it appears that f is zero at *i « —1.25, *2 ~ 0.5, 
and *3 3. The slopes are negative (so /' is negative) on (— 00 , *1) and 

(* 2 , * 3 ). The slopes are positive (so /' is positive) on (* 1 , * 2 ) and (*3,00 ). 
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(c) f(x) = x 4 ~3x 3 -6x 2 + 7x + 30 =4> 
f'(x) = Ax 3 - 9x 2 -12x + 7 



-40 


2x / _ (ff + 1)(2) — (2x)(l) 2 

x +1 (x+1) 2 (a; +1) 2 ' 


At (1,1), y' = |, and an equation of the tangent line is y — 1 = \{x — 1), or y = |a; + §. 


53 . (a )y = f( x ) = -L^ =* 

(1 + x 2 )(0) - l(2x) -2x 

J ’ (1 + x 2 ) 2 (1 + at 2 ) 2 ’ 

tangent line at the point (—1, |) is = 

equation is y — \ = | [x + 1) or y = + 1. 


So the slope of the 


2 

22 


\ and its 


(b) 



-0.5 


55. y = x 


\j' = 1+ \x 172 = 1 + 1/(2 Vx) . At (1,2), y' = f, and an equation of the tangent line is 


y — 2 = |(x — 1), or y = |x + |. The slope of the normal line is — |, so an equation of the normal line is 
V ~ 2 = — f (ac — 1), ory = -§x+ §. 


„ 3x + 1 

57 - V = T2- 


, (x 2 +1)(3) — (3x + l)(2x) . . j 6 8 1 . .. 

y = --t —2 --• At (1, 2), y = - = — and an equation ot the tangent line 

(cc ~ I - 1) 2 2 


X 2 + 1 

is y — 2 = —|(x — 1), or y = —|x + |. The slope of the normal line is 2, so an equation of the normal line is 
y — 2 = 2(x — 1), or y = 2x. 


59. f(x) = x 4 - 3x 3 + 16a; =4> f'(x) = 4x 3 - 9x 2 + 16 => f"(x) = 12x 2 -18x 
,, . x 2 ,,, . (1 + 2x)(2x) — x 2 (2) 2x + 4x 2 — 2x 2 2rr 2 + 2x 

61 /(a:) = TT2S =* /(x) = -(TT^p-^ (i + 2x) 2 = (TTW 

„ (1 + 2x) 2 (4.t + 2) - (2x 2 + 2a;)(1 + 4x + 4x 2 )' _ 2(1 + 2x) 2 (2x + 1) - 2x(x + 1)(4 + 8x) 

} {X) ~ [(1 + 2x) 2 ] 2 " (l + 2x) 4 

_ 2(1 4- 2a;) [(1 + 2a;) 2 — 4x(x + 1)] _ 2(1 + 4x + 4a; 2 — 4a; 2 — 4x) _ 2 

“ (l + 2x) 4 ~ (l + 2x) 3 ~ (1 + 2x) 3 


63. (a) s = t 3 — 3t => v(t) = s'(t) = 3f 2 — 3 =>■ a(t) = v'(t) = 6t 

(b) a{2) = 6(2) = 12 m/s 2 

(c) v(t) = 3t 2 — 3 = 0 when t 2 = 1, that is, t = 1 [t> 0] and a(l) = 6 m/s 2 . 


65. (a) P = ^ and P = 50 when V = 0.106, so k = PV = 50(0.106) = 5.3. Thus, P = ^ and V = ^2. 
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(b) V = 5.3P- 1 => ^- = 5.3(—IP -2 ) = When P = 50, = -0.00212. The derivative is the 

dJr F z aF 5lr 

instantaneous rate of change of the volume with respect to the pressure at 25 °C. Its units are m 3 /kPa. 

67. We are given that /(5) = 1, /'(5) = 6, g{ 5) = —3, and g'{ 5) = 2. 

(a) (/<?)'(5) = /(5)g'(5) + g(5)/'(5) = (1)(2) + (-3)(6) = 2 - 18 = -16 


(b) ( i) (5) = 


(c> m (s)= 


fl(5)/'(5) - f(5)g'(5) _ (—3)(6) - (1)(2) 


b(5)] 2 


(-3) 2 


20 

9 


/(5)g / (5)-g(5)/ , (5) (1)(2) — (—3)(6) 


[/(5)] 2 


(l ) 2 


= 20 


69. /(*) = Vxg(x) 


/'(*) = Vxg\x)+g(x) ■ 1,2 , so /'(4) = y/4g'(4) + g(4) • = 2 • 7 + 8 • i = 16. 


71. (a) From the graphs of / and g, we obtain the following values: /(1) = 2 since the point (1, 2) is on the graph of /; 

g( 1) = 1 since the point (1,1) is on the graph of g m , f'( 1) = 2 since the slope of the line segment between (0, 0) and 

4—0 0—4 

(2, 4 ) is -—- = 2; g'( 1) = —1 since the slope of the line segment between (—2, 4 ) and (2, 0 ) is -———r = —1. 

Z U Z ( Z I 

Now u(x) = f(x)g(x), so u'( 1) = /(l)g'(l) + g(l) /'(1) = 2 • (-1) + 1-2 = 0 . 


(b) v(x) = f(x)/g{x), so t/(5) = 


g(5)/'(5) - /(5)g'(5) _ 2(-|)-3-| = -f = _2 

4 3 


b(5)] 2 22 

73. (a) y = xg{x) => y' = xg'{x) + g(x) ■ 1 = xg'{x) + g(x) 

, _ g{x) ■ 1 -xg'(x) _ g(x) - xg'(x) 


(b) y = 

(c) y = 


g{x) 

g(x) 


y 


\g{x )] 2 


[g(*W 


, = xg'(x) - g{x) ■ 1 = xg\x) - g{x) 

U (x) 2 a: 2 


75. The curve y = 2cc 3 + 3* 2 — 12* + 1 has a horizontal tangent when y' = 6x 2 + 6x — 12 = 0 <*=> 6(* 2 + * — 2) = 0 

6(x + 2)(x — 1) = 0 * = —2 or * = 1. The points on the curve are (—2, 21) and (1, —6). 

77. y = 6x 3 + 5* — 3 => m = y 1 = 18x 2 + 5, but x 2 > 0 for all x, so m > 5 for all *. 


79. The slope of the line 12* — y = 1 (or y = 12* — 1) is 12, so the slope of both lines tangent to the curve is 12. 

y = 1 + * 3 => y' = 3* 2 . Thus, 3* 2 = 12 => * 2 = 4 => * = ±2, which are the *-coordinates at which the tangent 

lines have slope 12. The points on the curve are (2,9) and (—2, —7), so the tangent line equations are y — 9 = 12(* — 2) 
or y = 12* — 15 and y + 7 = 12(* + 2) or y = 12* + 17. 

81. The slope of y = * 2 — 5* + 4 is given by m = y 1 = 2* — 5. The slope of * — 3y = 5 j/ = |* — | is |, 

so the desired normal line must have slope |, and hence, the tangent line to the parabola must have slope —3. This occurs if 
2* — 5 = —3 => 2* = 2 => * = 1. When * = 1, y = l 2 — 5(1) + 4 = 0, and an equation of the normal line is 
V- 0= j(* — 1) or y = I* - |. 
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Let (a, o 2 ) be a point oil the parabola at which the tangent line passes 
through the point (0, —4). The tangent line has slope 2a and equation 
y — (—4) = 2 a(x — 0) •<+ y = 2 ax — 4. Since (a, a 2 ) also lies on the 
line, a 2 = 2a(a) — 4, or a 2 = 4. So a = ±2 and the points are (2, 4) 
and (—2,4). 


85. (a) (, fgh)' = [( fg)h\' = ( fg)'h + {fg)h‘ = ( f'g + fg')h + (, fg)ti = f'gh + fg'h + fgh! 

(b) Putting f = g = h in part (a), we have ^ [/(a:)] 3 = (///)' = fff + fff + fff = 3 fff = 3[/(*)] 2 /'(*). 

(c) y = (* 4 + 3a; 3 + 17* + 82) 3 =+• j/= 3(* 4 + 3* 3 + 17* + 82) 2 (4* 3 + 9* 2 + 17) 


87. Let P(x) = ax 2 + 6* + c. Then P'(x) = 2a* + b and P"(x) = 2a. P"( 2) = 2 =>■ 2a = 2 =>■ a = 1. 
P’( 2) =3 =>■ 2(l)(2) + 6 = 3 =>■ 4 + 6 = 3 =>• 6=-l. 

P(2) = 5 =» 1(2) 2 + (—1)(2) + c = 5 2 + c = 5 c = 3. So P(x) = x 2 - x + 3. 


89. y — f(x) = ax 3 + bx 2 + cx + d =3- /'(*)= 3a* 2 + 26* + c. The point (—2,6) is on /, so /(—2) = 6 => 

—8a + 46 — 2c + d = 6 (1). The point (2, 0) is on /, so /( 2) = 0 =>■ 8a + 46 + 2c + d = 0 (2). Since there are 
horizontal tangents at (—2, 6) and (2, 0), /'(± 2) = 0. /'(— 2) =0 => 12a — 46 + c = 0 (3) and /'( 2) = 0 => 

12a + 46 + c = 0 (4). Subtracting equation (3) from (4) gives 86 = 0 =>■ 6 = 0. Adding (1) and (2) gives 86 + 2d = 6, 
so d = 3 since 6 = 0. From (3) we have c = —12a, so (2) becomes 8 a + 4(0) + 2 (—12a) + 3 = 0 => 3 = 16a => 
a = 4L. Now c = —12a = —12(^) = —| and the desired cubic function is y = -^x 3 — |* + 3. 

91. If P(t) denotes the population at time t and A(t) the average annual income, then T(t) = P(t)A(t) is the total personal 
income. The rate at which T(t) is rising is given by T'(t) = P(t)A'(t) + A(t)P'{t) => 

T'(1999) = P(1999)A'(1999) + A(1999)P'(1999) = (961,400)($1400/yr) + ($30,593)(9200/yr) 

= $ 1,345,960,000/yr + $281,455,600/yr = $1,627,415,600/yr 

So the total personal income was rising by about $1.627 billion per year in 1999. 

The term P(t)A'(t) « $1,346 billion represents the portion of the rate of change of total income due to the existing 
population’s increasing income. The term A(t)P'(t) « $281 million represents the portion of the rate of change of total 
income due to increasing population. 


93. /(*) 


* 2 + 1 if * < 1 
* + 1 if * > 1 


Calculate the left- and right-hand derivatives as defined in Exercise 2.2.54: 


f'_(!)= lim H 1 + h l~f W = lim K 1 + h) +1] - (1 + 1) = Um ^ + 2h = Hm {h + 2)=2md 
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/;(!)= lim m±Jpm = lim Ki±M±iLzli±l) = lim * lim 1 = 1 . 

Since the left and right limits are different, \ y " / 

/(l + /l)-/(l) , ■ , ■ \ 2 f 

lim—-f———- does not exist, that is, /Tl) \ / (1.2) 

fc-o 6 ,, \ / 

r/WVy 

does not exist. Therefore, / is not differentiable at 1. 



y> 




2 


/ 


l - 

/ 

/_ 


II 

0 

1 

X 


95. (a) Note that x 2 — 9 < 0 for x 2 < 9 -o- |x| < 3 4=> — 3 < x < 3. So 


x 2 — 9 

if * < —3 

( 2x 

if * < —3 

-x 2 + 9 

if — 3 < x < 3 

=> f'(x) = < —2x 

if — 3 < x < 3 

x 2 -9 

if * > 3 

{ 2x 

if x > 3 


2x if |x| > 3 

—2x if 1*1 < 3 


f 3 j ^ \ ^ \ 

To show that /'(3) does not exist we investigate lim —----- by computing the left- and right-hand derivatives 

h —>0 h 

defined in Exercise 2.2.54. 

f_( 3)= lim Iim H3 + tf + 9|-0_ lim ( _ 6 _ k) = _ 6 

h^0~ h h^0~ h h^0~ 

A(3)= lim /(3 + fe) - /(3) = Um [(3 + ^-9]-0 = ^ = (6 + ft) _ 6 

h=o+ 6 h=o+ h h-»o+ h, h—>o+ v 


Since the left and right limits are different, 

(b) 

y> 



y‘ 

1 / 

/(3 + h) — /(3) . , . _ //n , 

lim - -— iX-L does not exist, that is, / (3) 

h-.o 6 y 




l 

\ 

/ f 

does not exist. Similarly, /'(—3) does not exist. 

Therefore, / is not differentiable at 3 or at —3. 



V 

f 

-3 

P 

fr 



-3 0 

3 

X 

/ 



97. j/ = /(*) = a* 2 => f'{x) = 2ax. So the slope of the tangent to the parabola at * = 2 is m = 2a(2) = 4a. The slope 
of the given line, 2 x + y = b <=>■ y = — 2x + 6, is seen to be —2, so we must have 4a = —2 4=> a = — | . So when 
* = 2, the point in question has y-coordinate — \ ■ 2 2 = —2. Now we simply require that the given line, whose equation is 
2x + y — 6, pass through the point (2, —2): 2(2) + (—2) =b 4=> 6 = 2. So we must have a = — \ and 6 = 2. 

99. The slope of the curve y = c \Zx is y' = — C -j= and the slope of the tangent line y = §* + 6 is §. These must be equal at the 

2 Vi 

point of tangency (a,c\fa , so — = ^ =>■ c = 3 \/a. The {/-coordinates must be equal at x = a, so 

' > 2 v a 2 

c sfa = |a + 6 =>■ ^3 \fa ^ Va = |a + 6 =>■ 3a=|a + 6 =4> |a = 6 =>■ a = 4. Since c = 3 \[a, we have 

c = 3 x/4 = 6. 


101 . F = f/g => f = Fg =>■ f' = F'g + Fg' => F' = — - = L - HMl_ = [jLJjL 
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103. Solution 1: Let /(*) = x 1000 . Then, by the definition of a derivative, /'(1) = lim Hzl —= li m 

x —► 1 x — 1 x—*l 

But this is just the limit we want to find, and we know (from the Power Rule) that /'(*) = 1000* 999 , so 

„,1000 i 


/'(1) = 1000(1) 999 = 1000. So lim 


i x — 1 


= 1000 . 


x 1000 - 1 
x — 1 


Solution 2: Note that 


1000 _ 1 

lim -- = lim 

x —► ! X — 1 x —>1 


(* 1000 - 1) = 
(* — 1)(* 999 


= (rc l)(ar 999 

-Pa 998 -^ 997 

x — 1 


+ * 998 + x 997 H-h x 2 + x + 1). So 

- - = lim (* aaa + X 


+ x 997 


H-P * 2 + * + 1 ) 


= 1 + 1 + 1 H-+ 1 + 1 + 1 = 1000, as above. 

' --v-' 

1000 ones 

105. y = x 2 => y' = 2x, so the slope of a tangent line at the point (a, a 2 ) is y' = 2a and the slope of a normal line is —l/(2a), 

d 2 — Q a 2 _ Q \ 

for a ^ 0. The slope of the normal line through the points (a, a 2 ) and (0, c) is-—, so- = — — =4> 

a u cl Zid, 

a 2 — c = — i =>■ a 2 = c — |. The last equation has two solutions if c > |, one solution if c = and no solution if 
c< |. Since the y-axis is normal to y = x 2 regardless of the value of c (this is the case for a = 0), we have three normal lines 
if c > | and one normal line if c < |. 


2.4 Derivatives of Trigonometric Functions 


1. /(*) = 3a; 2 — 2 cos* =>■ /'(*) = 6* — 2(— sin a;) = 6* + 2 sin x 
3. /(*) = sin* + | cot® => /'(*) = cos* — | esc 2 * 

5. y = sec 0 tan 9 =>■ y' = sec 9 (sec 2 9) + tan 9 (sec 9 tan 9) = sec 9 (sec 2 9 + tan 2 9). Using the identity 
1 + tan 2 9 = sec 2 9, we can write alternative fonns of the answer as sec 0(1 + 2 tan 2 9) or sec 9 (2 sec 2 9 — 1). 

7. y = c cost + t 2 sin t =?■ y' = c(— sint) + f 2 (cost) + sinf (27) = — csinf + f(f cos t + 2 sinf) 


9- y = 


x 


■ tan* 


y = 


(2 — tan*)(l) — *(— sec 2 *) _ 2 — tan* + *sec 2 * 


(2 — tan*) 2 


(2 — tan*) 2 


11. f(9) = 


sec 9 
1 + sec 9 


f'(0) = 


(1 + sec0)(sec0 tan0) — (sec0)(sec0 tan0) (sec0tan0) [(1 + sec0) — sec0] sec0tan0 


(1 + sec0) 2 


(1 + sec 9) 2 


(1 + sec#) 2 


13. y = 


y = 


t sin t 
1 +t ^ 

(1 + t)(tcost + sinf) — tsinf(l) tcost + sint + t 2 cos t + tsint — tsint (t 2 + t ) cost + sinf 


(1 + t ) 2 


(1 + t) 2 


(1 + t) 2 


15. h(9) = 9 esc 9 — cot 9 =>• h'(9) = 9(— esc 9 cot 9) + (esc 0) ■ 1 — esc 2 0) = esc 0 — 0 esc 0 cot 0 + esc 2 0 
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d , . d ( 1 \ sini 0 — l(cosx) — cosx 1 cosx 

17. — (CSCX) = — —— = 2 - o - = -5- =-:- • —- = — CSC x cotx 

dx dx \ sm x) sin x sin x sm x sin x 


d , . d /cosx\ (sinx)(— sinx) — (cosx)(cosx) 

— (cot x) = — -- = 4- <- ----- 

dx dx V sm x / sin 


sin 2 x + cos 2 x 1 o 

- 5 - =- 5 — = — CSC X 

sm x sin x 


21. y — sec x => y' = sec x tan x, so y'ij) = sec tan ^ = 2 \/3. An equation of the tangent line to the curve y = sec x 

at the point (f,2) is y — 2 = 2 \/3 (x — or y = 2 y/3 x + 2 — | \/3 n. 

23. y = cos x — sin x =>■ y' = — sinx — cos x, so y'(ir) = — sinw — cos 7r = 0 — (—1) = 1. An equation of the tangent 

line to the curve y = cos x — sinx at the point (-7T, — 1) is j/ — (—1) = l(x — 7r) or y = x — tt — 1. 

25. (a)j/ = 2xsinx =>■ y 1 = 2(xcosx + sinx • 1). At( : |,7r), (b) 

y' = 2(| cos j + sin |) = 2(0 + 1) = 2, and an equation of the 
tangent line is y — 7r = 2(x — ^), or y = 2x. 

27. (a) /(x) = secx — x =>■ /'(x) = secx tanx — 1 

Note that /' = 0 where / has a minimum. Also note that /' is negative 
when / is decreasing and /' is positive when / is increasing. 



37 T 
2 



29. H(6) = 9 sin 6 =>■ H'(6) = 9 (cos 0) + (sin 9) ■ 1 = 9 cos 9 + sin 9 

H"(9) = 9 (— sin#) + (cos 9) ■ 1 + cos# = —9 sin 9 + 2 cos# 

.. tanx — 1 

31. (a) f{x) = - => 


f'(x) = 


secx(sec 2 x) — (tanx — 1)(secxtanx) secx(sec 2 x — tan 2 x + tanx) 1 + tanx 


(sec x) 


(b) f{x) = 


sm x sm x — cos x 

tan x — 1 _ cos x _ cos x 


= sinx —cosx =>■ /'(x) = cosx—(—sinx) = cosx + sinx 


1 j "tcLH X 1 tcLH X 

(c) Frompart(a), /'(x) = - =-1-= cos x + sin x, which is the expression for/'(x) in part (b). 


sec x sec x sec x 


33. /(x) = x + 2sinx has a horizontal tangent when/'(x) = 0 4=> l + 2cosx = 0 4=> cosx = — \ 4=> 

x = + 2ivn or ^ + 2im, where n is an integer. Note that ^ and are ± ^ units from tt. This allows us to write the 

solutions in the more compact equivalent form (2 n + l)7r ± f > n an integer. 

35. (a) x(f) = 8sint v(t) = x'it) = 8cost =+ o(t) = x"(t) = —8sint 

(b) The mass at time t = ^ has position x(^) =8sin^ =8^^^ = 4 \/3, velocity v(^f) =8cos^ = 8(—f) = — 4, 

and acceleration o(^ L ) = —8sin^ = — = — 4 x/3- Since < 0, the particle is moving to the left. 
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From the diagram we can see that sin 9 = x /10 4=> a; = 10 sin 9. We want to find the rate 
of change of x with respect to 9, that is, dx/d9. Taking the derivative of x = 10 sin 9, we get 
dx/d9 = 10(cos#). So when# = f» = lOcos^ = 10(|) = 5ft/rad. 


„„ sin3i 

39. lim- 

x=0 X 


_. 3 sin 3x 

= lim- 

x=0 3x 

„ sin 3* 
= 3 lim - 

3x=0 3x 

Q1 . sin# 

= 3 lim —— 
o^o 0 

= 3(1) 

= 3 


[multiply numerator and denominator by 3] 

[as x —> 0, 3x —> 0] 

[let # = 3a;] 

[Equation 2] 


41. lirn ^ = l lm . 

t=o sm2i t=o V 


{ sin6f 1 t 
t cos 6 1 sin 2 1 


.. 6sm6t .. 

= iim-■ lim 

t-> o 6 1 


1 2 1 

_ _• Iim- 

t=ocos6f t=o2sm27 


sin6f 1 

= o iim-■ iim- 

t= o 6f t=ocos6i 


1 2 1 

- iim- 

2 t=o sin2f 


= 6(1) - i - |(1) = 3 


43. lim 


sin 3a; 


x—*o 5a; 3 — 4a; 


lim 

x—>0 


sin 3a; 
3x 


-i—) 

5a; 2 — 4 J 


lim 

x—>0 


sin 3a; 
3x 


lim 


o 5a; 2 — 4 


= 1 • 



3 

4 


45. Divide numerator and denominator by #. (sin # also works.) 


sin# 

lim = lim - ~f 1 

e=o # + tan# 9=o sin# 1 

+ # ' cos# 


lim 

9=0 


sin# 

~9~ 


, sin# 1 

1 + lim —— lim -- 

9=0 # 9=0 cos# 


1 _ 1 
1 + 1-1 _ 2 


47. 


,. 1 — tan x 

lim - 

x=ir/4 sini-cosa; 


1 - 


lim 

x=ir/4 (sinx — cos a;) • cosx 


cos x — sin X 


lim 

x=tt/ 4 (sin x — cos X) cos X 


lim - 

x=tt/4 COS* 


-1 

1/^2 


= -y/2 


49. — (sin x) = cos a: 
ax 


~—r (sinx) = — sin a: 
ax 2 


(sin x) = — cos x 

ax^ 


(sinx) = sinx. 
dx 4 v y 


The derivatives of sin x occur in a cycle of four. Since 99 = 4(24) + 3, we have 


d" 

da;" 


(sin a;) 


da; 3 


(sin a;) 


cos a;. 


51. y = A sin x + B cos a; => y' — A cos x — B sin x => y" = — A sin x — B cos x. Substituting these 
expressions for y, y', and y" into the given differential equation y" + y' — 2y = sin a; gives us 
(—A sin x — B cos a;) + (vlcos x — B sin a;) — 2(^4 sin a; + B cos x) = sin a; 4+ 

— 3A sin x — B sin x + A cos x — 3 B cos x = sin x 4+ (—3 A — B ) sin x + (A — 3B) cos x = 1 sin x, so we must have 

—3Vl — B = 1 and A — 3 B = 0 (since 0 is the coefficient of cos x on the right side). Solving for A and B, we add the first 
equation to three times the second to get B = — ^ and A = — . 

d d sin a; 2 cos x cos x — sin x (— sin x) cos 2 x + sin 2 x _ 9 1 

53. (a) — tan x = —-=+ sec x = - t - = -r-. So sec x = -r—. 

dx dx cos x cos 2 x cos 2 x cos 2 x 
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, u , d d 1 

(b) — sec x = —- 

ax ax cos x 


(cos*)(0) — 1(—sin*) sin* 

sec * tan * = --—--—---. So sec * tan * = --— 


, . d , . . d 1 + cot x 

(c) — sm* + cos x) = — - 

dx dx esc * 


cos * — sm * = 


esc* (— esc 2 *) — (! + cot *)(— esc * cot *) esc* [— esc 2 * + (1 + cot *) cot *] 


— CSC 2 * + cot 2 * + cot * — 1 + cot * 


So cos * — sin * = 


esc* 

cot * — 1 
esc* 


55. By the definition of radian measure, s = r9, where r is the radius of the circle. By drawing the bisector of the angle 9, we can 

r9 .. 2 • (9/2) ,. 9/2 


, . 6> d/2 

see that sm - = —— 
2 r 


0 s 

d = 2r sin -. So lim — = lim . „ , „ _ , „ , , _ , „ , . 

2 8-^o+d e^o+ 2rsin(#/2) e=o+ 2sin(#/2) sin(#/2) 


= lim 2 -?, = lim 


= 1 . 


[This is just the reciprocal of the limit lim = 1 combined with the fact that as 9 —> 0, 


0 also.l 


2.5 The Chain Rule 


1. Let u = g(x) = 1 + 4* and y = f(u) = y/u. Then ^ ^ -r- = (iu 2//3 )(4) = - ^ : 

W M ’ V dx dudx K3 ’ 3^/(1 + 4*) 2 

3. Let u = g(x) = nx and y = f{u) = tan u. Then = ~ (sec 2 u)(7r) = tv sec 2 tvx. 


COS X COS X 


5. Let u = q(x) = sin* and y = f(u) = Vu. Then ± 1/2 CQSX _ __ 

W V ' dx dudx 2 2 A 2^ihli 


7. +(*) = (* 4 + 3* 2 - 2) 5 =+ +'(*) = 5(* 4 + 3* 2 - 2) 4 ■ — (* 4 + 3* 2 - 2) = 5(* 4 + 3* 2 - 2) 4 (4* 3 + 6*) 

dx v ' 

[or 10*(* 4 + 3* 2 - 2) 4 (2* 2 + 3)] 


9. F[x) = VI - 2* = (1 - 2*) 1/2 =+ F\x) = i(l -2*)“ 1/2 (-2) = - 


n/1-2* 


11 - /( " ) = ^n = ( " 2+1) " 1 


/'(*) =-l(z 2 + l)- 2 (2z) = 


2 « 


(a 2 + l ) 2 


13. y = cos(a 3 + * 3 ) =>■ j/' = — sin(a 3 + * 3 ) • 3* 2 [a 3 is just a constant] = — 3* 2 sin(a 3 + * 3 ) 

15. Use the Product Rule, y = x sec kx =>■ y' = * (sec kx tan kx ■ k) + sec kx ■ 1 = sec kx (kx tan kx + 1) 


17. /(*) = (2* — 3) 4 (* 2 + * + l) 5 => 

/'(*) = (2* - 3) 4 • 5(* 2 + * + l) 4 (2* + 1) + (* 2 + * + l) 5 • 4(2* - 3) 3 • 2 
= (2* - 3) 3 (* 2 + * + 1) 4 [(2* - 3) • 5(2* + 1) + (* 2 + * + 1) • 8] 

= (2* - 3) 3 (* 2 + * + 1) 4 (20* 2 - 20* - 15 + 8* 2 + 8* + 8) = (2* - 3) 3 (* 2 + * + 1) 4 (28* 2 - 12* - 7) 
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19. h(t) = (t + 1) 2/3 (2t 2 — l) 3 => 

h'(t) = (7 + 1) 2/3 • 3(2 1 2 - l) 2 • 47 + (27 2 - l) 3 • |(7 + 1)“ 1/3 = |(7 + l)~ 1/3 (27 2 - 1) 2 [187(7 + 1) + (27 2 - 1)] 
= |(7 + l)“ 1/3 (27 2 - 1) 2 (207 2 + 187 - 1) 


/ x 2 + 1 \ 2 d / x 2 + 1 \ _ / x 2 + 1 \ 2 (x 2 - l)(2x) - ( x 2 + l)(2x) 

\x 2 — 1J dx \x 2 — 1J \x 2 — l) (x 2 — l) 2 

/x 2 + l\ 2 2x[x 2 - 1 - (x 2 + 1)] _ Q /x 2 + l\ 2 2x(—2) _ -12x(x 2 + 1) 2 

\x 2 — ly (x 2 -l) 2 ^ yx 2 — ly * (x 2 — l) 2 (x 2 - l) 4 


23. y = sin(x cos x) =>■ y' = cos(x cos x) • [x(— sin x) + cos x • 1] = (cos x — x sin x) cos(x cos x) 


25. F(z) = 


z- 1 = fs-l\ 

z+1 Iz + lJ 


1/2 


F'(~) - 1 ( Z ~ 1 ] 1/2 d ( Z ~ x \ = l ( g + 1 V /2 (^ + 1 )( 1 )-(g-!)(!) 

K> 2\z + l) dz\z + l) 2\z-l) {z + 1) 2 

_l(z + l) 1/2 z + 1-z + 1 _ 1 (« + l) 1/2 2 _ 1 

~ 2 (z — l) 1 / 2 (a + l) 2 “ 2(z-l)!/ 2 ' (z + 1) 2 ~ (z-l)V 2 (z +l) 3 /* 


27. y 


r 


\/r 2 + 1 


Vr 2 + 1(1) - r • i(r 2 + 1) 1/2 (2r) _ ^ + 1 ^ r 2 + 1 


(Vr 2 + 1 )■“ 


(r 2 + l) 


(yf2-qri) 3 (r 2 +1) 3 / 2 


(V? -2 +1)" 

or (r 2 + 1) _3//2 


Vr 2 + 1 Vr 2 + 1 - r 2 
_ Vr 2 + 1 _ 

(VHTI ) 2 


Another solution: Write y as a product and make use of the Product Rule, y = r(r 2 + 1) 1 ' 2 =>■ 

y' = r ■ -\(r 2 + l) _3/2 (2r) + (r 2 + 1)~ 1/2 ■ 1 = (r 2 + l) _3/2 [-r 2 + (r 2 + l) 1 ] = (r 2 + 1) _3/2 (1) = (r 2 + 1) _3/2 . 

The step that students usually have trouble with is factoring out (r 2 + 1) _3/2 . But this is no different than factoring out x 2 
from x 2 + x 5 ; that is, we are just factoring out a factor with the smallest exponent that appears on it. In this case, — | is 
smaller than — |. 

29. y = sin \/l + x 2 =>■ y' = cos s/1 + x 2 ■ i (1 + x 2 ) -1 / 2 • 2x = (x cos s/l + x 2 ) /s/1 + x 2 

31. y = sin(tan2x) =>■ y 1 = cos(tan2x) ■ -y-(tan2x) = cos(tan2x) • sec 2 (2x) ■ -y-(2x) = 2cos(tan2x) sec 2 (2x) 

(IX lid' 

33. y = sec 2 x + tan 2 x = (secx) 2 + (tanx) 2 =>■ 

y 1 = 2(secx)(secx tanx) + 2(tanx)(sec 2 x) = 2sec 2 x tanx + 2sec 2 x tanx = 4sec 2 x tanx 
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35. y 


/1 — cos 2a:\ 4 
\ 1 + cos 2x ) 


/I — cos2a;\ 3 (1 + cos 2x) (2 sin 2x) + (1 — cos2®)(—2 sin 2a:) 

\l + cos2*y (1 +cos 2a;) 2 

/l — cos2a:\ 3 2sin2a; (1 + cos2x + 1 — cos2x) 4(1 —cos2a:) 3 2sin2x(2) 16sin2x (1 — cos2*) 3 
\l + cos2*y (1 +cos2a:) 2 (1 +cos2a:) 3 (1 +cos2a;) 2 (1 +cos2a;) 5 


37. y = cot 2 (sin #) = [cot(sin #)] 2 


y' = 2[cot(sin t 


d_ 

dd 


[cot(sin0)] = 2cot(sin#) ■ [—esc 2 (sin#) ■ cos#] = —2cos# cot(sin#) esc 2 (sin#) 


39. y = [x 2 + (1 - 3x) 5 ] 3 

y' = 3[x 2 + (1 - 3x) 5 ] 2 (2a: + 5(1 - 3x) 4 (-3)) = 3[x 2 + (1 - 3x) s ] 2 [2x - 15(1 - 3a:) 4 ] 


41. 


= y/x + yfx =>■ y'= \(x + yfx) 1/2 (l + \x 1/2 ) - 


2 y/x + y/x V 2 yfx 


1 + 


43. g(x) = (2r sinrx + n) p =>■ g’{x) = p(2r sin?’x + n) p 1 (2r cos rx ■ r) = p(2r sin rx + n) p 1 (2r 2 cosrx) 

45. y = cos ^/sin(tan to) = cos(sin(tan7rx)) 1 ' 2 =>■ 


y’ = — sin(sin(tan7rx)) 1 ^ 2 • — (sin(tanTO)) 1 / 2 = — sin(sin(tan7rx)) 1 ^ 2 • |(sin(tan7rx)) 4 ^ 2 ■ — (sin(tanTO)) 


dx 


— sin J sin(tan to) . d — sin A/sin(tanTO) 2 

- = — • cos(tanTO) ■ —— tan to =- — — ■ cos(tanTO) • sec (nx) ■ n 

2 yj sin(tan nx) dx 2 ^sin(tan nx) 

—7r cos(tan to) sec 2 (to) sin y/ sin(tan to) 

2 yf sin(tan to) 


47. y = cos(x 2 ) => y' = — sin(x 2 ) • 2a; = — 2xsin(x 2 ) => 

y" = —2xcos(x 2 ) • 2x + sin(x 2 ) • (—2) = —4a: 2 cos(x 2 ) — 2sin(x 2 ) 

49. H(t) = tan31 => H'(t) = 3sec 2 31 => 

II" (t) = 2-3 sec 31 (sec 31) = 6 sec 31 (3 sec 31 tan 31) = 18 sec 2 31 tan 31 

51. y = (1 + 2a:) 10 => y' = 10(1 + 2a:) 9 • 2 = 20(1 + 2a:) 9 . 

At (0,1), y' = 20(1 + 0) 9 = 20, and ail equation of the tangent line is a/ — 1 = 20(* — 0), or y = 20a; + 1. 

53. y = sin(sin x) => y' = cos(sinx) • cosx. At (7r, 0), y' = cos(sinTr) • cos7t = cos(0) • (—1) = 1(—1) = — 1, and an 

equation of the tangent line is a/ — 0 = —l(x — ir), or y = —x + tt. 



55- (a) y = f{x) = tan(fx 2 ) =>■ f(x) = sec 2 (f x 2 ) (2 • § *). 
The slope of the tangent at (1,1) is thus 


(b) 
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/'(1) = sec 2 f (f) = 2 • f = 7r, and its equation 
is y — 1 = 7r(a; — 1) or y = nx — 7r + 1. 

57. (a) f(x) = x V2 — x 2 = x{2 — x 2 ) 1 ^ 2 =*> 

/'(*) = a; • |(2 - cc 2 )" 1/2 (-2x) + (2 - x 2 ) 1/2 • 1 = (2 - x 2 ) 



[-x 2 + (2 - x 2 )} 


2 — 2x 2 
V2-x 2 


(b) 



-3 


f = 0 when / has a horizontal tangent line, /' is negative when / is 
decreasing, and /' is positive when / is increasing. 


59. For the tangent line to be horizontal, f (*) = 0. f(x) = 2 sin x + sin 2 x => f (x) = 2 cos x + 2 sin x cos x = 0 4=> 

2 cos *(1 + sin x) = 0 4=> cos x = 0 or sin x = — 1, so x = j + 2nir or + 2n7r, where n is any integer. Now 

/(f) = ^ and /(^p) = — 1, so the points on the curve with a horizontal tangent are (f + 2nn, 3) and + 2wr, — l), 
where n is any integer. 

61. F(x) = f(g(z)) =*► F'(x) = /'(fl(x)) • </(x), so F'(5) = /'( 5 (5)) • g'( 5) = /'(-2) • 6 = 4 ■ 6 = 24 

63. (a) h(x) = f(g{x)) =>■ h’(x) = f{g(x)) ■ g’(x), so ti( 1) = f(g( 1)) • ff'(l) = /'(2) • 6 = 5 ■ 6 = 30. 

(b) ff(x) = <?(/(x)) =*► H\x) = g'(f(x )) • /'(x), so ff'(l) = </(/( 1)) • /'(l) = g'(3) • 4 = 9 ■ 4 = 36. 

65. (a) u(x) = /(g(x)) =4> w'(x) = f'(g(x))g'(x). So u{ 1) = /'(ff(l))ff'(l) = /'(3)g'(l). To find /'(3), note that / is 

3 — 4 1 

linear from (2,4) to (6, 3), so its slope is -—- = — —. To find g'( 1), note that g is linear from (0,6) to (2, 0), so its slope 
is ^ = —3. Thus, /'(%'(!) = ( — 1 )(—3) = f. 

(b) v(x) = g(f(x)) => v'(x) = g'(f(x))f'(x). So i/(l) = g'(f(l))f'(l) = g'(2)f'(l), which does not exist since 

g'( 2) does not exist. 

(c) w(x) = g(g(x)) =>■ w'(x ) = g'(g(x))g'(x). So w'(l) = g'(g(l))g'(l) = g'(3)g'(l). To find g'( 3), note that g is 

linear from (2,0) to (5, 2), so its slope is ^Thus, g'(3)g'(l) = (|)(—3) = —2. 

O Z o 

Av —4 2 

67. The point (3,2) is on the graph of /, so /(3) = 2. The tangent line at (3,2) has slope = — = — 
g(x) = y/fW => g'(x) = §[/(x)]“ 1/2 ■ f'(x) => 

</(3) = |[/(3r 1/2 • /'(3) = |(2)- 1 / 2 (-f) = -±= or -§^2. 
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69. r(x) = f(g(h(x))) =+ r'(x) = f'(g(h(x))) ■ g'(h(x)) ■ h'(x), so 

r'( 1) = f(g(h(m • 9 '{h( 1)) • ti(l) = f(g( 2)) • g'( 2) • 4 = /'(3) • 5 • 4 = 6 • 5 • 4 = 120 

71. F(x) = /(3/(4/(x))) => 


F'{x) = /'(3/(4/(x))) ■ A(3/(4/( a: ))) = / , (3/(4/(x))) • 3/'(4/(x)) • £(4/(x)) 

= /'(3/(4/(x))) • 3/'(4/(a:)) • 4/'(x), so 

F'(0) = /'(3/(4/(0))) • 3/(4/(0)) • 4/'(0) = /'(3/(4 ■ 0)) • 3/'(4 ■ 0) • 4 • 2 = /'(3 ■ 0) • 3 • 2 • 4 • 2 = 2 • 3 • 2 • 4 • 2 = 96. 

73. Let /(x) = cos x. Then Df{ 2x) = 2/'(2x), D 2 f{2x) = 2 2 /"(2x), Z) 3 /( 2x) = 2 3 /"'(2x), ..., 

Z)( n )/(2x) = 2 n f( n \2x). Since the derivatives of cos x occur in a cycle of four, and since 103 = 4(25) + 3, we have 
/ (103) (x) = / (3) (x) = sinx and D 103 cos 2x = 2 103 / (103) (2x) = 2 103 sin2x. 

75. s(7) = 10+| sin(107rt) =+ the velocity after 7 seconds is i>(7) = s'(t) = \ cos(107r7)(107r) = ^ cos(107ri) cm/s. 


O7r/ 

77. (a) B(7) = 4.0 + 0.35 sin ^ 


dB_ 

dt 


0.35 cos 


2nt 
5 A 


( 27T \ 0.77T 27r7 77T 27r7 

V5l J = ~5T c0s 5^ = 54 COS 5 A 


(b) At t 



7n 2tv 

— cos — 
54 5.4 


0.16. 


79. By the Chain Rule, a(t) = — 


dv ds 
ds dt 


— r;(7) = v(t) —. The derivative dv/dt is the rate of change of the velocity 

CIO (lb 


with respect to time (in other words, the acceleration) whereas the derivative dv/ds is the rate of change of the velocity with 


respect to the displacement. 


81 . (a) Derive gives g' (7) 


45(7 - 2) 8 
(27+ 1) 10 


without simplifying. With either Maple or Mathematica, we first get 


g'(t) = 9 


(7 — 2) 8 
(27 + 1)9 


- 18 


(t ~ 2) 9 
(27 + l) 10 


, and the simplification command results in the expression given by Derive. 


(b) Derive gives y' = 2(x 3 — x + l) 3 (2x + l) 4 (17x 3 + 6x 2 — 9x + 3) without simplifying. With either Maple or 
Mathematica, we first get y' = 10(2x + l) 4 (x 3 — x + l) 4 + 4(2x + l) 5 (x 3 — x + l) 3 (3x 2 — 1). If we use 
Mathematica’s Factor or Simplify, or Maple’s factor, we get the above expression, but Maple’s simplify gives 
the polynomial expansion instead. For locating horizontal tangents, the factored form is the most helpful. 


83. (a) If / is even, then /(x) = /(—x). Using the Chain Rule to differentiate this equation, we get 
f'(x) = f'{-x) ^ (-x) = -/'(-x). Thus, f'(-x) = -/'(x), so /' is odd. 

(b) If / is odd, then f(x) = Differentiating this equation, we get f'(x) = —f'(—x)(— 1) = f'(—x), so f' is 


even. 
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85. (a) — (sin" x cos nx) = n sin" 
ax 


x cos x cos nx + sin" x (— n sin nx) 


= n sin" -1 x (cos nx cos x — sin nx sin x) 
= nsin" -1 a; cos (nx + x) 

= n sin" -1 x cos[(n + l)x] 


(b) — (cos" x cos nx) = n cos" 1 x (— sin x) cos nx + cos" x (—n sin nx) 

= —n cos" -1 x (cos nx sin x + sin nx cos x) 

= —n cos" -1 xsin(nx + x) 

= —n cos" -1 xsin[(n + l)x] 


[Product Rule] 

[factor out n sin" -1 x\ 
[Addition Formula for cosine] 
[factor out x] 

[Product Rule] 

[factor out — n cos" -1 x] 
[Addition Formula for sine] 
[factor out x] 


87. Since 9° = (^0 rad, we have ^ (sin0°) = (sin ^6) = ^ cos ^0 = ^ cos 6°. 


dd 


89. The Chain Rule says that 


dy 

dx 


dy du 
du dx’ 


d 2 y _ d / dy\ 
dx 2 dx \dx J 


d / dy du 
dx V du dx 


+ 1 

( dy V 

dx 

{du J 


du dy d f du 
dx du dx V d x 


[Product Rule] 


— 1 

(dy} 

1 du 

du 

\du J 

1 dx 


du dy d 2 u 
dx du dx 2 


d 2 y ( dw\ 2 ^ dy d 2 u 
du 2 \dx J du dx 2 


2.6 Implicit Differentiation 


d 


9x 


1. (a) — (9a: 2 - y 2 ) = — (1) =>• 18a; - 2y y' = 0 =>• 2yy' = l%x => y = — 


dx 


dx 


(b) 9x 2 — y 2 = 1 =>■ y 2 = 9x 2 — 1 


' = ±y/9x 2 - 1, so y' = ±\{9x 2 - l) -1/2 (18a;) = ± 


9x 


\/9x 2 — 1 


9 ( 2 / 9 ( 2 / 

(c) From part (a), y' = — = - , which agrees with part (b). 

V ±\/9x 2 - 1 


, , , d (1 1\ d 1 1 , „ 1,1 , y 2 

3 - (a) d^{x + y) =^ (1) =* =* ~y2y=^ => v =-~2 


(b) 1 + 1 = 1 =* 1 = 1-1 = - -1 

x y y xx 




V = 


x — 1 ’ 

1 


so y 


, _ (x — 1)(1) — (a;)(l) = -1 

(x — l) 2 (x — l) 2 ’ 


x 2 (x — l) 2 (x — l) 2 


5. 4- (x 3 +y 3 ) = -±- (1) =>- 3a; 2 + 3y 2 ■ y' = 0 =>- 3 y 2 y' = -3a; 2 


dx 


, _ x 

V y2 


d d 

7. — (x 2 + xy — y 2 ) = — (4) =>■ 2x + x ■ y’ + y ■ 1 - 2yy' = 0 => 

xy' -2 yy' = -2x -y => (x-2y) y' = -2x -y =*► y' = V = 2x + y 

x Ay Ay x 
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9 ' ~clx \- x *( x + y ')] = ^ [y 2 (. 3x ~y)\ => x 4 {l + y’) + {x + y)-4x 3 = y 2 (3 - y') + (3x - y) ■ 2yy' => 

x 4 + x 4 y' + 4x 4 + 4x 3 y = 3y 2 — y 2 y' + 6 xy y 1 — 2y 2 y' =4> x 4 y' + 3 y 2 y' — 6xy y' = 3y 2 — 5 * 4 — 4x 3 y 


(. x 4 + 3 y 2 — 6 xy) y' = 3y 2 — 5x 4 — 4 x 3 y 


y 


, _ 3 y 2 — 5x 4 — 4x 3 y 
x 4 + 3 y 2 — 6 xy 


11 . -^-(ycosx) = 4—(* 2 + y 2 ) =>■ y{— sin*) + cos* • y' = 2x + 2y y' =>■ cos x ■ y' — 2y y' = 2x + y sin x 


y' (cos x — 2 y) = 2x + y sin x 


. 2 x + y sin x 

y = - tt~ 

cos x — 2y 


13. — (4 cos a; sin y) = — (1) =>■ 4 (cos* • cos y ■ y' + siny ■ (— sin*)[ = 0 

ax ax 


y' (4 cos x cos y) = 4 sin* sin y 


, 4sin® sinn 

y = - - = tan x tan y 


15 ' ~cL = + => sec 2 {x/y) 


4cos* cos y 
y ■ 1 — x ■ y' 


= 1 + 2 /' =► 


V sec 2 (x/y)-x sec 2 (x/y) ■ y' = y 2 + y V =>■ y sec 2 (x/y) - y 2 = y 2 y' + x sec 2 (x/y) 
y sec 2 (x/y) — y 2 = \y 2 + * sec 2 (*/?/)] • y' =* y' = ^ + ^\*/y) 


17. \fxy = 1 + x 2 y 


\(xy) 1/,2 (*i/ + y • 1) = 0 4- x 2 y' + y ■ 2x 


x . y 9 . 

: y H - -p= = X 2 y + 2 xy 


2 sfxy 2^/xy 


2 ^Jxy 


x = 2 xy — 


2 s/xy 


,( x-2x 2 \/xy \ 4xy^/xy-y , 4 xy sjxy - y 


2 \fxy I 2 \fxy 


V = 


x— 2x 2 \fxy 


19. (j/cos*) = — (1 + sin(*j/)) =4> y(— sin*) + cos* • y' = cos(xy) • (xy' + y ■ 1) =>■ 

CtX (J/Jy 

cos * • y 1 — x cos(*j/) ■ y 1 = y sin * -f y cos (xy) => [cos x — x cos(*j/)] y 1 = y sin * + y cos(*j/) 
, _ y sin *-f ycos (xy) 


y 


cos* — *cos (xy) 


21- -r-{/(*)+* 2 [/(*)] 3 } = y-(10) =>■ /'(*)+ x 2 ■ 3[/(*)] 2 •/'(*) + [/(*)] 3 • 2* = 0. If * = 1, we have 


dx 


/'(l) + l 2 • 3[/(l)] 2 • /'(1) + [/(l)] 3 • 2(1) = 0 =* /'(1) + 1 • 3 • 2 2 • /'(1) + 2 3 • 2 = 0 
/'(l) + 12/'(1) =-16 =*► 13/'(1) = —16 =*► /'(!) = -§. 


23. -22 ( x 4 y 2 — x 3 y + 2xy 3 ) = -22(0) => * 4 • 2 y + y 2 ■ 4 * 3 *' — (* 3 ■ 1 + y • 3* 2 *') + 2(* • 3 y 2 + y 3 • *') = 0 
ay ay 

4x 3 y 2 *' — 3 x 2 yx' + 2 y 3 *' = —2 x 4 y + x 3 — 6*j/ 2 =>■ (4 x 3 y 2 — 3 x 2 y + 2 y 3 ) *' = —2* 4 t/ + * 3 — 6*y 2 

, _ dx _ —2x 4 y + x 3 — 6*y 2 
dy 4 x 3 y 2 — 3* 2 y + 2y 3 


x 



SECTION 2.6 IMPLICIT DIFFERENTIATION □ 81 


25. 1 /sin 2a: = a; cos 2y =+ y ■ cos2x • 2 + sin2* • y' = x(— sin2y • 2y') + cos(2y) • 1 =>■ 

sin 2 x ■ y' + 2x sin 2y ■ y 1 = — 2y cos 2x + cos 2 y =>- 

—2 xi cos 2 x ~\~ cos 2 xi 

y'(sin 2x + 2a: sin 2y) = —2y cos 2x + cos 2y =>■ y' = ---—. When x = ? and y = we have 

sm 2 a; + 2 a; sm 2 t/ 4 

y' = -— ^ ^ : — = 7 :, so an equation of the tangent line is y — \ = |(a; — f), or 1 / = |a;. 

27. x 2 + xy + y 2 = 3 =>■ 2a: + x y' + y • 1 + 2yy' = 0 =>■ xy' + 2yy' = — 2x — y =>■ y'(x + 2y) = — 2x — y =>■ 

—2x — y —2 — 1 —3 

y' = ---. When x = 1 and y = 1, we have y' = - = — = — 1, so an equation of the tangent line is 

x + 2y 1 + 2-13 

y — 1 = — l(a; — 1 ) or y = —x + 2 . 

29. x 2 + y 2 = (2a; 2 + 2y 2 — x) 2 =>■ 2a; + 2yy' = 2{2x 2 + 2y 2 — x)(4x + 4y y' — 1). When x = 0 and y = |, we have 

0 + y' = 2(|)(2 y' — 1) =+ y' = 2y' — 1 =>■ y' = 1, so an equation of the tangent line is y — \ = l(x — 0) 

or y = x + 

31. 2(x 2 +j / 2 ) 2 = 25(* 2 - y 2 ) =+ 4{x 2 + y 2 ){2x + 2yy') =25{2x-2yy') =+ 

4(x + yy'){x 2 + y 2 ) = 25(x — yy') =>■ Ayy’(x 2 + y 2 )+ 25yy'= 25x — 4x(x 2 + y 2 ) =+ 

, _ 25a; — 4*(a ; 2 + y 2 ) 


25 y + 4 y(x 2 + y 2 ) 


When x = 3 and y = 1, we have y = 


25 + 40 65 13 ’ 


so an equation of the tangent line is y — 1 = — 75 (a: — 3) or y = — ^ a: + . 


33. (a) y 2 = 5x 4 — x 2 =>■ 2y y'= 5(4x 3 ) — 2x =>■ y = 


, 10a; 3 — x 


y 


(b) 


10 (l ) 3 — 1 9 

So at the point (1, 2) we have y' = ---= -, and an equation 

of the tangent line is y — 2 = |(a: — 1 ) or y = |x — §. 

35. 9a ; 2 + y 2 = 9 =+■ 18a; + 2 yy' = 0 =+ 2yy' = —18a; =>■ y' = —9x/y 



y" = "( !I ' X /'" ) = -9^ y ~ X ^ x/v) > j = -9 - 
original equation, 9x 2 + y 2 = 9]. Thus, y" = —81 /y 3 . 


9 

= — 9 ■ ^7 [since x and y must satisfy the 

yi 


37. x 3 + y 3 = 1 =+ 3a ; 2 + 3 y 2 y' = 0 


, _ x 
y y 2 

„2/„ ,2l 


„ _ y {2x) - x ■ 2yy' _ 2xy - 2x y(-x /y ) _ 2xy + 2 x y _ 2xy(y 3 + x 3 ) _ _2x 

(y 2 ) 2 y 4 y 6 y 6 y 5 ’ 


since x and y must satisfy the original equation, x 3 + y 3 = 1 . 
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39. If x = 0 in xy + y 3 = 1, then we get y 3 = 1 


y = 1, so the point where x = 0 is (0,1). Differentiating implicitly with 


respect to x gives us xy' + y ■ 1 + 3 y 2 y' = 0. Substituting 0 for x and 1 for y gives us 1 + 3 y' = 0 


V = 


Differentiating xy' + y + 3 y 2 y' = 0 implicitly with respect to x gives us xy" + y' + y' + 3 (y 2 y" + y' ■ 2y y') = 0. Now 
substitute 0 for x, 1 for y, and — | for y'. 0 — | | + 3[y" + (— |) • 2(— |)] = 0 =» 3(r/" + §) = § =*■ 


y" +1 = | =*• y" = o. 

41. (a) There are eight points with horizontal tangents: four at x ~ 1.57735 and 
four at x « 0.42265. 


(b) y' = 


3x — 6x + 2 


y' = —1 at (0,1) and y' = | at (0, 2). 


2(2t/ 3 — 3y 2 — y + 1) ^ y 3 

Equations of the tangent lines are y = — x + 1 and y = + 2. 


(c) y' = 0 


3x 


6x + 2 = 0 


• = l±±y/3 



(d) By multiplying the right side of the equation by x — 3, we obtain the first 
graph. By modifying the equation in other ways, we can generate the other 
graphs. 



viv 2 - i)(y-2) 



y{y 2 — 4)(y — 2 ) 

= x(x — l)(x — 2) 



-3 


= y(x — i)(* — 2) 


y(i/ + i)(j/ 2 -i)(y-2) 
= x{x — l)(x — 2) 


4 



i/(y 2 + i)(2/-2) 

= x(x 2 — l)(x — 2) 


(y + !)(j / 2 ^ i)(y - 2) 

= (x — l)(x — 2) 



y(y + i)(y 2 — 2) 

= *(* —1 )(* 2 — 2) 
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43. From Exercise 31, a tangent to the lemniscate will be horizontal if y' = 0 =>• 25* — 4*(* 2 + y 2 ) = 0 =>■ 

*[25 — 4(* 2 + y 2 )] =0 =>■ * 2 + y 2 = 2p ( 1 ). (Note that when * is 0, y is also 0, and there is no horizontal tangent 

at the origin.) Substituting 25 for * 2 + y 2 in the equation of the lemniscate, 2(x 2 + y 2 ) 2 = 25(x 2 — y 2 ), we get 
x 2 — y 2 = 25 (2). Solving (1) and (2), we have * 2 = 25 and y 2 = 25, so the four points are ^±^2, ±f )• 


2 2 

45. — -— = 1 

a 2 b 2 


2mi r b 2 x 

— -pr— = 0 =>- y' — —r— =>- an equation of the tangent line at (xo,yo) is 

a z b z a z y 


b 2 x o , N _, , . , . , , . , , Vo • VoV Vo x ox Xq N , , , 

V — Vo — — o — (x — xo). Multiplying both sides by — gives —-— = —--Since (a:o, Vo) lies on the hyperbola, 

A1 b z b z a z a z 


* 0 * yoy *0 2/0 , 

we have —-— = — - — = 1. 

a z b z a z b z 


47. If the circle has radius r, its equation is x 2 +y 2 = r 2 => 2* + 2yy' = 0 => y' = -, so the slope of the tangent line 


at P(xo,yo) is — : —. The negative reciprocal of that slope is — , ^ 

yo -xo/yo *o 

P is perpendicular to the radius OP. 

49. * 2 + y 2 = r 2 is a circle with center O and ax + by = 0 is a line through O [assume a 
and b are not both zero]. x 2 + y 2 = r 2 => 2 x + 2yy' = 0 => y' = — x/y, so the 

slope of the tangent line at Pq (xo,yo) is —xo/yo- The slope of the line OPo is yo/xo, 
which is the negative reciprocal of — xo/yo. Flence, the curves are orthogonal, and the 
families of curves are orthogonal trajectories of each other. 

51. y = cx 2 => y' = 2cx and x 2 + 2 y 2 = k [assume k > 0] => 2x + 4 yy' = 0 => 

X X i 

2 yy' = —x => y' = -=- ;—ttt = -, so the curves are orthogonal if 

2 (y) 2(cx 2 ) 2cx 

c 7 ^ 0. If c = 0, then the horizontal line y = cx 2 = 0 intersects x 2 + 2 y 2 = k orthogonally 
at (±Vk, 0^, since the ellipse x 2 + 2 y 2 = k has vertical tangents at those two points. 

53. Since A 2 < a 2 , we are assured that there are four points of intersection. \ X 


= —, which is the slope of OP, so the tangent line at 


x 2 y 2 

(1) — + js = 1 

a 2 b z 


2x 2 yy' 


, xb 2 

V =m 1 = -j- 

yo? 




V\ 

// 

A 

k ; . b 

A_ 

A 



A 

c la x 

/' 

“H 

- 



[continued] 
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2 2 

( 2 ) —-— = 1 

K ’ A 2 B 2 


2x 2yy' 
A 2 ~ 


yy _ x 
B 2 ,4 2 


y = m 2 


xb 2 xB 2 b 2 B 2 x 2 x 2 v 2 x 2 v 2 

Now m 1 m 2 = • —rj = -j72 ' ~ Subtracting equations, ( 1 ) - (2), gives us + jj - — + -^ = 0 

ya* y2± J -1 y u J\r jd 

+ A = ^ y 2 B 2 + y 2 b 2 x 2 a 2 - x 2 A 2 y 2 (6 2 +i? 2 ) x 2 (a 2 ~A 2 ) 

b 2 B 2 A 2 a 2 b 2 B 2 A 2 a 2 b 2 B 2 a? A 2 ’ 


a 2 — b 2 = A 2 + B 2 , we have a 2 — A 2 = b 2 + B 2 . Thus, equation (4) becomes 


2 2 2 a2 2 

y _ x x _ A a 

b 2 B 2 ~ A 2 a 2 ^ y 2 ~ b 2 B 2 ’ 


x 2 b 2 B 2 cl 2 A 2 

substituting for — in equation (3) gives us mi m 2 =-—— • TO = — 1. Hence, the ellipse and hyperbola are orthogonal 

y z a z A z b z B z 

trajectories. 


55. (a ) ( P + '-^A) (V - nb) = nRT => PV - Pnb + ^ = nRT 

\ V J V v z 


-£p(PV - Pnb + n^F' 1 - n 3 abV ~ 2 ) = -^p(nRT) => 

PV' + V-1 -nb- n 2 aV~ 2 ■ V' + 2n 3 abV~ 3 ■ V' = 0 =>• V'(P - n 2 aV~ 2 + 2n 3 abV ~ 3 ) =nb-V 

Trl nb-V dV V 3 (nb — V) 

V = -or — = - 

P - n 2 aV~ 2 + 2n 3 abV~ 3 dP PV 3 - n 2 aV + 2n 3 ab 


(b) Using the last expression for dV/dP from part (a), we get 

dV (10 L) 3 [(l mole)(0.04267 L/mole) - 10 L] 

dP r 

(2.5atm)(10 L) 3 — (1 mole) 2 (3.592 L 2 -atm/ mole 2 )(10L) 

4- 2(1 mole) 3 (3.592 L 2 - atm/ mole 2 )(0.04267 L/ mole) 


-9957.33 L 4 
2464.386541 L 3 -atm 


—4.04 L/ atm. 


57. To find the points at which the ellipse x 2 — xy + y 2 = 3 crosses the a>axis, let y = 0 and solve for x. 

y = 0 =>• x 2 — *(0) + 0 2 = 3 x = ±%/3. So the graph of the ellipse crosses the x-axis at the points (±\/3, 0). 

Using implicit differentiation to find y', we get 2* — xy' — y + 2yy' = 0 => y'(2y — x) = y — 2x 4=> y'= \— —. 

2y — x 

q _ 2 y/3 Q _|_ 2 y/3 

So y' at (v/3,0) is ^--^= = 2 and 1 / at (—x/3,0) is ^--^= = 2. Thus, the tangent lines at these points are parallel. 


59. x 2 y 2 + xy = 2 =>■ x 2 • 2yy' + y 2 ■ 2x + x ■ y 1 + y ■ 1 = 0 4=> y'(2x 2 y + x) = — 2xy 2 — y 4=> 

y' = ~ ^2 ^ -So- ^ + y =-l 2xy 2 + y = 2x 2 y + x y(2xy + 1) = x(2xy + 1) <S> 

2 x 2 y + x 2a Ay + x 

y{2xy + 1) — x(2xy + 1) = 0 4=> (2xy + l)(y — x) = 0 4=> xy = — \ or y = x. But xy = — | => 
x 2 y 2 + xy = \ — i ^ 2, so we must have x = y. Then x 2 y 2 + xy = 2 =>■ a: 4 + x 2 = 2 4=> x 4 + a; 2 — 2 = 0 
(x 2 + 2)(x 2 — 1) = 0. So x 2 = —2, which is impossible, or x 2 = 1 4=> x = ±1. Since x = y, the points on the curve 

where the tangent line has a slope of — 1 are (—1, —1) and (1,1). 
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61. (a) y = J(x) and xy" + y' + xy = 0 =4- xJ"(x) + J'(x ) + xJ(x) = 0. If x = 0, we have 0 + J'(0) + 0 = 0, 
so J'(0) = 0. 

(b) Differentiating xy" + y' + xy = 0 implicitly, we get xy'" + y" ■ 1 + y" + xy' + y ■ 1 = 0 =4- 

xy'" + 2 y" + xy' + y = 0, so xJ'"{x) + 2 J"(x) + xJ'(x) + J(x) = 0. If x = 0, we have 
0 + 2J"(0) + 0+1 [J(0) = 1 is given] = 0 =4 2J"(0) =-1 =4 J"(0) = -±. 


2.7 Rates of Change in the Natural and Social Sciences 


1. (a) s = f(t) = £ 3 — 12 1 2 + 36£ (in feet) =4 v(t) = f'(t) = 3£ 2 — 24£ + 36 (in ft/s) 

(b) v(3) = 27 - 72 + 36 = -9 ft/s 


(c) The particle is at rest when v(t) = 0. 3f 2 — 24f + 36 = 0 3(£ — 2)(£ — 6) = 0 

(d) The particle is moving in the positive direction when v(t) > 0. 3(f — 2)(£ — 6) > 0 4^ 

(e) Since the particle is moving in the positive direction and in the (f) 

negative direction, we need to calculate the distance traveled in the t = 6, 

s = o 

intervals [0, 2], [2,6], and [6, 8] separately. 

t = 0 , 

|/(2)-/(0)| = |32 — 0|=32. 

1/(6) — /(2)| = |0 — 32| = 32. 

1/(8) — / (6) | = |32 — 0| = 32. 


44 t = 2 s or 6 s. 


0<£<2or£>6. 


c 


t= 8, 
s = 32 



= 2, 
= 32 


s 


The total distance is 32 + 32 + 32 = 96 ft. 


(g) v(t) = 3£ 2 — 24£ + 36 =4 
a(t) = v'(t) = 6 1 — 24. 
a(3) = 6(3) — 24 = —6 (ft/s)/s or ft/s 2 . 


(h) 40 



(i) The particle is speeding up when v and a have the same sign. This occurs when 2 < t < 4[v and a are both negative] and 
when t > 6[v and a are both positive]. It is slowing down when v and a have opposite signs; that is, when 0 < t < 2 and 
when 4 < t < 6. 

3. (a) s = /(f) = cos(7r£/4) =4 v(t) = /'(£) = — sin(7rf/4) • (7r/4) 

(b) v{3) = -l sin = -l ■ & = ft/s [« -0.56] 

(c) The particle is at rest when v(t) = 0. — f sin ^ = 0 =4 sin ^ = 0 =4 ^ = nn +> t = 0, 4, 8 s. 

(d) The particle is moving in the positive direction when v(t) > 0. —j sin -^ > 0 =4 sin ^<0 =4 4 < t < 8. 
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(e) From part (c), v(t) = 0 for 1 = 0,4, 8. As in Exercise 1, we’ll 


(f) 


t = 10, s = 0 


find the distance traveled in the intervals [0,4] and [4,8], 


1/(4)-/(0)| = |-1-1|=2 


t = 4. 


:-iC 



8, J = 1 


0, s = 1 


1/(8) — /(4)| = |1 — (—1)1 = 2. 


The total distance is 2 + 2 = 4 ft. 



(i) The particle is speeding up when v and a have the same sign. This occurs when 0<l<2or8<l<10 [v and a are 
both negative] and when 4 < 1 < 6 [i> and a are both positive]. It is slowing down when v and a have opposite signs; 
that is, when 2 < 1 < 4 and when 6 < t < 8. 


5. (a) From the figure, the velocity v is positive on the interval (0, 2) and negative on the interval (2, 3). The acceleration a is 
positive (negative) when the slope of the tangent line is positive (negative), so the acceleration is positive on the interval 
(0,1), and negative on the interval (1,3). The particle is speeding up when v and a have the same sign, that is, on the 
interval (0,1) when v > 0 and a > 0, and on the interval (2, 3) when v < 0 and a < 0. The particle is slowing down 
when v and a have opposite signs, that is, on the interval (1,2) when v > 0 and a < 0. 

(b) v > 0 on (0, 3) and v < 0 on (3,4). a > 0 on (1,2) and a < 0 on (0, 1) and (2,4). The particle is speeding up on (1, 2) 
[v > 0, a > 0] and on (3,4) [i> < 0, a < 0], The particle is slowing down on (0,1) and (2,3) [w > 0, a < 0]. 

7. (a) h(t) = 2 + 24.5 1 - 4.9 1 2 => v(t) = h'(t) = 24.5 - 9.8 1. The velocity after 2 s is v(2) = 24.5 - 9.8(2) = 4.9 m/s 

and after 4 s is v(4) = 24.5 — 9.8(4) = —14.7 m/s. 

(b) The projectile reaches its maximum height when the velocity is zero. v(t) = 0 4=> 24.5 — 9.8t = 0 

i= ^=2.5s. 

9.8 

(c) The maximum height occurs when t = 2.5. h( 2.5) = 2 + 24.5(2.5) — 4.9(2.5) 2 = 32.625 m [or 32| m]. 

(d) The projectile hits the ground when h = 0 2 + 24.5 1 — 4.9f 2 = 0 t=> 

-24.5 ± V24.5 2 -4(—4.9)(2) 

t =-———- => t = tf « 5.08 s [since t > 0]. 

2(—4.9) 

(e) The projectile hits the ground when t = tf. Its velocity is v(tf) = 24.5 — 9.81/ « —25.3 m/s [downward]. 

9. (a) h(t) = 151 — 1.861 2 => v(t) = h'(t) = 15 — 3.721. The velocity after 2 s is v(2) = 15 — 3.72(2) = 7.56 m/s. 
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(b) 25 = h o 1.867 2 - 157 + 25 = 0 <S> 7 = 


15 ± -\/15 2 — 4(1.86)(25) 


-*=> 7 = 7i « 2.35 or 7 = t 2 « 5.71. 


2 ( 1 . 86 ) 

The velocities are v(ti) = 15 — 3.727i « 6.24 m/s [upward] and vfa) = 15 — 3.7272 ~ —6.24 m/s [downward], 

11. (a) A(x) = x 2 =>■ A'(x) = 2x. A'(15) = 30 mm 2 /mm is the rate at which 
the area is increasing with respect to the side length as x reaches 15 mm. 

(b) The perimeter is P(x) = Ax, so A'(x) = 2x = §(4*) = \P(x). The 
figure suggests that if Ax is small, then the change in the area of the square 
is approximately half of its perimeter (2 of the 4 sides) times Ax. From the 
figure, AA = 2x {Ax) + (Ax) 2 . If Ax is small, then A A « 2x (Ax) and 
so AA/Ax « 2x. 

13. (a) Using A{r) = nr 2 , we find that the average rate of change is: 

A(2.5)-A{2) 



A{ 3) - A(2) 9tt - 4tt r 

(1) 3-2 = 1 = ^ 

,... s A(2.1)-A(2) 4.417T-47T 

( m ) - ; —-2 = ——-= 4 . 17 T 


(ii) 


2.5 - 2 


6.257T — 47r 
05 


= 4.57r 


2 . 1-2 0.1 

(b) A{r) = nr 2 =>• A' (r) = 2nr, so A'{2) = 47r. 

(c) The circumference is C(r) = 2ixr = A'(r). The figure suggests that if Ar is small, 
then the change in the area of the circle (a ring around the outside) is approximately 
equal to its circumference times Ar. Straightening out this ring gives us a shape that 
is approximately rectangular with length 2nr and width Ar, so A A « 2nr{A r). 
Algebraically, AA = A(r + Ar) — A{r) = n(r + Ar) 2 — nr 2 = 27rr(Ar) + tv(At) 2 . 
So we see that if Ar is small, then AA « 2nr(A r) and therefore, AA/Ar « 2nr. 



15 . S(r) = 4-Kr 2 ^ S'(r) = 8nr => 

(a) S"(l) = 8 tt ft 2 /ft (b) S"(2) = 16 tt ft 2 /ft (c) S'(3) = 24 tt ft 2 /ft 

As the radius increases, the surface area grows at an increasing rate. In fact, the rate of change is linear with respect to the 

radius. 

17. The mass is /(x) = 3x 2 , so the linear density at x is p(x) = /'(x) = 6x. 

(a) p(l) = 6 kg/m (b) p{2) = 12 kg/m (c) p(3) = 18 kg/m 

Since p is an increasing function, the density will be the highest at the right end of the rod and lowest at the left end. 

19 . The quantity of charge is Q{t) = t 3 — 27 2 + 67 + 2, so the current is Q'{t) = 37 2 — 47 + 6. 

(a) Q'(0.5) = 3(0.5) 2 - 4(0.5) + 6 = 4.75 A (b) Q'{ 1) = 3(1) 2 - 4(1) + 6 = 5 A 

The current is lowest when Q' has a minimum. Q" (7) = 67 — 4 < 0 when 7 < So the current decreases when 7 < | and 

increases when 7 > |. Thus, the current is lowest at 7 = | s. 
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21. With m = mo (1 - 5 - 


2 \ -1/2 


F = — ( mv ) =m — (v) + v— (m) = m 0 1-y • a + v ■ ?n 0 - - 1- 5 - 


2 \ -1/2 


2 \ -3/2 


2tA d , . 


2 \ -3/2 


= mo 1-w 


■“K 1 c 2 ) + c 2 \ (1 -v 2 /c 2 ) 3 / 2 


Note that we factored out (1 — v 2 /c 2 ) 3 ^ 2 since —3/2 was the lesser exponent. Also note that — ( v ) = o. 


23. (a) To find the rate of change of volume with respect to pressure, we first solve for V in terns of P. 

PV = c => u = ^ =* ^ = -^. 

p dp p 2 

(b) From the formula for dV/dP in part (a), we see that as P increases, the absolute value of dV/dP decreases. 

Thus, the volume is decreasing more rapidly at the beginning. 

( , o_]_dV = _]_(_C\ C C l 
V dP V\ P 2 ) ( PV)P CP P 


N 1860 - 1750 110 „ 2070 - 1860 210 

25 . (a) 1920 : mi = - = - = 11, m 2 = - =- = 21, 

v 1920 - 1910 10 1930 - 1920 10 

(mi +m 2 )/2 = (11 + 21)/2 = 16 million/year 

44 50 - 3710 740 5280 - 4450 830 on 

1980 : mi =-=-= 74, m 2 =-=-= 83, 

1980 - 1970 10 1990 - 1980 10 

(mi +m 2 )/2 = (74 + 83)/2 = 78.5 million/year 


(b) P(t) = at 3 +bt 2 +ct + d (in millions of people), where a « 0.0012937063, b « -7.061421911, c « 12,822.97902, 
and d w -7,743,770.396. 

(c) P(t) = at 3 + bt 2 + ct + d P'{t) = 3at 2 +2bt + c (in millions of people per year) 

(d) P'(1920) = 3(0.0012937063)(1920) 2 + 2(-7.061421911)(1920) + 12,822.97902 

« 14.48 million/year [smaller than the answer in part (a), but close to it] 

P'(1980) w 75.29 million/year (smaller, but close) 

(e) P , (1985) « 81.62 million/year, so the rate of growth in 1985 was about 81.62 million/year. 

p 

27. (a) Using v = (R 2 — r 2 ) with R = 0.01, l = 3, P = 3000, and /; = 0.027, we have rasa function of r: 

Aril 

u(r) = (0.01 2 — r 2 ). v(0) = 0.925 cm/s, v(0.005) = 0.694 cm/s, u(0.01) = 0. 

rt l U. \J A IJO 

(b) v(r) = -j—:(R 2 — r 2 ) => v'(r) = -j—2r) = —^— 7 . When l = 3, P = 3000, and 77 = 0.027, we have 

w 4rjl 4 i)l 2?7 1 

3000r _ _ 

v'(r) = ~ 2 (o 027)3 ’ V ' = ^.^'(0.005) = —92.592 (cm/s)/cm, and v' (0.01) = —185.185 (cm/s)/cm. 

(c) The velocity is greatest where r = 0 (at the center) and the velocity is changing most where r = R = 0.01 cm 
(at the edge). 
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29. (a) C(x) = 1200 + 12x — 0.1a : 2 + 0.0005a; 3 =4- C'(x) = 12 — 0.2x + 0.0015a: 2 $/yard, which is the marginal cost 

function. 

(b) C"(200) = 12 — 0.2(200) + 0.0015(200) 2 = $32/yard, and this is the rate at which costs are increasing with respect to 

the production level when x = 200 . C"( 200 ) predicts the cost of producing the 201 st yard. 

(c) The cost of manufacturing the 201st yard of fabric is (7(201) — (7(200) = 3632.2005 — 3600 « $32.20, which is 
approximately C"( 200 ). 

U. (a)A{x) = m =, A\x)= y(s)-r(s)-l = xp'{x)-p{x) ' 

X X 1 X 2 

A' (x) >0 =>- A(x) is increasing; that is, the average productivity increases as the size of the workforce increases. 

7)(X) 

(b) p'(x) is greater than the average productivity =4 p'(x) > A(x) =4 p'(x) > v y =4 xp'(x)>p(x) =4 

xp'(x) - p(x) > 0 =4 XP '^ X 2 P > o ^ A’(x) > 0. 

33 ,PV = nRT =4 T = ^ = ^(PV). Using the Product Rule, we have 

^ = 5^1 [ p (t)V(t) + V(t)P'(t)) = ^ [(8)(—0.15) + (10X0.10)] » -0.2436K/min. 


35. (a) If the populations are stable, then the growth rates are neither positive nor negative; that is, -— = 0 and -— = 0. 

at at 

(b) “The caribou go extinct” means that the population is zero, or mathematically, (7 = 0. 

(c) We have the equations = aC - bCW and = -cW + dCW. Let dC/dt = dW/dt = 0, a = 0.05, b = 0.001, 

dt dt 

c = 0.05, and d = 0.0001 to obtain 0.05(7 - 0.001CW = 0 (1) and -0.05LL + 0.0001CW = 0 (2). Adding 10 times 
(2) to (1) eliminates the CW-terms and gives us 0.05(7 — 0.5 W = 0 => C = 10W. Substituting C = 10 W into (1) 
results in 0.05(10LL) — 0.001(10fL)LL = 0 4^ 0.5W — 0.01VL 2 = 0 44 50LL — W 2 = 0 44 
VL(50 — W) = 0 44 W = 0 or 50. Since C = 10 W, C = 0 or 500. Thus, the population pairs ( C , W) that lead to 
stable populations are (0, 0) and (500, 50). So it is possible for the two species to live in harmony. 


2.8 Related Rates 


1 . F = a : 3 


dV _ dV dx _ ^2 dx 
dt dx dt dt 


3. Let s denote the side of a square. The square’s area A is given by A = s 2 . Differentiating with respect to t gives us 

fj 4 v~7 c r/ o si 

— =2 s When A = 16, s = 4. Substitution 4 for s and 6 for — gives us — = 2(4)(6) = 48 cm 2 /s. 

dt dt dtdt 


5. V = 7 xr 2 h = 7 r( 5 ) 2 h = 25nh 


dV nr dh 
—— = 257T 
dt dt 



dh 

dt 


-m/min. 

25vr ' 
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7- (a) y = -\/ 2 x~+T and = 3 =* f ^ f = f(2* + 1)“ 1/2 • 2 • 3 = —L=. When * = 4, % = A = 1 . 


/ 2x + 1 


dt 79 


(b) j/ = V2x + 1 =>• y 2 = 2* + 1 =>■ 2x — y 2 — 1 =>■ x = iy 2 — | and -¥■ = 5 =>■ 

dx dx dy _ TTT1 /— „ dx 

— = ——— = y - 5 = by. When x = 12, y = V25 = 5, so — = 5(5) = 25. 

dt dy dt dt 

- d , o o o x d ,^x n dx ^ dy ^ dz dx dy dz „ T _ dx ^ dy . 

*.- {x +y +z ) = - { 9) =, 2x — + 2y — + 2z— = 0 =* a; _ +y _ +2 _ = 0 . If - = 5, - = 4 and 

(*, y, z) = (2,2,1), then 2(5) + 2(4) + 1 — = 0 =*• ^ = -18. 

11 . (a) Given: a plane flying horizontally at an altitude of 1 mi and a speed of 500 mi/h passes directly over a radar station. 

If we let t be time (in hours) and x be the horizontal distance traveled by the plane (in mi), then we are given 
that dx/dt = 500 mi/h. 

(b) Unknown: the rate at which the distance from the plane to the station is increasing (c) -£-. 

when it is 2 mi from the station. If we let y be the distance from the plane to the station, 1 

then we want to find dy/dt when y = 2 mi. 

(d) By the Pythagorean Theorem, y 2 = x 2 + 1 =>• 2y (dy/dt) = 2x (dx/dt). 

(e) = — (500). Since y 2 = x 2 + 1, when y = 2, x = 73, so (500) = 250 73 « 433 mi/h. 

dtydty dt 2 

13 . (a) Given: a man 6 ft tall walks away from a street light mounted on a 15-ft-tall pole at a rate of 5 ft/s. If we let t be time (in s) 
and x be the distance from the pole to the man (in ft), then we are given that dx/dt = 5 ft/s. 


(b) Unknown: the rate at which the tip of his shadow is moving when he is 40 ft (c) 

from the pole. If we let y be the distance from the man to the tip of his 

shadow (in ft), then we want to find — (x + y) when x = 40 ft. 



15 X | y 

(d) By similar triangles, — = -- 

6 y 


15 y = 6x + 6y => 9 y = 6x => y — \x. 


(e) The tip of the shadow moves at a rate of (x + y) = ( x + f^x ) = ^ ^ = § (5) = ^ ft/s. 



dx dv 

We are given that —- = 60 mi/h and -j - = 25 mi/h. z 2 = x 2 + y 2 =>■ 

LLL LLL 

„ dz „ dx „ dy dz dx dy dz 1 f dx dy\ 

2z— =2x— +2y-/- => z — = x — + y => — = -[*— +y-f-\. 

dt dt dt dt dt dt dt z\ dt dt) 

After 2 hours, x = 2 (60) = 120 and y = 2 (25) = 50 => z = 7120 2 + 50 2 = 130, 

dz If dx dy\ 120(60) + 50(25) „ 

so — = — lx — +y-r\= - 1 — 7777 , — 1 — ~ = 65 mi/h. 

dt z V dt y dt ) 130 
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27. We are given that 


dV_ 

dt 


30 ft 3 /min. 





7r/i 3 

1 ~2 


dV dV dh Tvh 2 dh dh 120 

dt dh dt 4 dt dt nh 2 

When h = 10 ft, ^ « 0.38 ft/min. 

at 10 2 7T 07T 



29. A = i bh, but b = 5 m and sin 6 = ^ =>■ h = 4 sin ft, so Vl = | (5) (4 sin 9) = 10 sin 6. 

We are given ^ = 0.06 rad/s, so ^ = -jk-j: = (10 cos 0) (0.06) = 0.6 cos 0. 
at at ctu at 

When 9 = ^ = 0.6(cos|) = (0.6)(±) =0.3m 2 /s. 

o ax \ o / 



31. From the figure and given information, we have x 2 + y 2 = L 2 , — = —0.15 m/ s, and 


do; 

dl 


= 0.2 m/ s when r = 3m. Differentiating implicitly with respect to t, we get 


dx 


dy 


dy 


dx 


x +y = L =>• ‘2x—~ + 2j/— j =0 =>■ y—- = —x—. Substituting the given 


dt dt 
information gives us y(— 0.15) = —3(0.2) 
L 2 = 25 =>• L = 5m. 


dt dt 

y = 4 m. Thus, 3 2 + 4 2 = L 2 



33. Differentiating both sides of PV = C with respect to t and using the Product Rule gives us P -j- + V —— =0 

LLL CLL 

^. When V = 600, P = 150 and ^ = 20, so we have (20) = —80. Thus, the volume is 

dt P dt dt dt 150 v 


decreasing at a rate of 80 cm 3 /min. 


35. With R\ = 80 and R 2 = 100, ^ = ^ + ^ = ^ + ^ 


180 

8000 


1 1 

+ ~R 2 


with respect to t, we have 


1 dR 
~R?~dt 


1 dR\ 1 d /?2 
R^~df ~ R^~df 


dR _ 2 / 1 dRi 1 dR-2 \ 
~dt ~ \Ri~dr + lP 2 ~dT) 


. When R\ = 80 and 




^ (a3) + W<°- 2) 


107 

810 


0.132 fi/s. 


37. We are given d9/dt = 2°/min = ^ rad/min. By the Law of Cosines, 
x 2 = 12 2 + 15 2 - 2(12)(15)cos6» = 369 - 360cos6> => 

dx 180 sin 9 d9 


o dx qco • a d0 

2x — = 360 sm 9 — 
dt dt 


dt 


dt 


. When 9 = 60°, 


a; = ^369^360^60^ = ^189 = 3 72T, so = 180sl ^° 

dt 3 V21 90 


7T 

3V21 


1/7 7T 
21 



0.396 m/min. 
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39 . (a) By the Pythagorean Theorem, 400Cr + y = i z . Differentiating with respect to t, 

we obtain 2y^~ = 2t < ^~. We know that = 600 ft/s, so when y = 3000 ft, 
y dt dt dt ' y 

e = V4000 2 + 3000 2 = ^25,000,000 = 5000 ft 

, dt y dy 3000, , 1800 . 

““s-li-SoM (600)- —-seo./.. 



(b) Here tan 9 = 


{tan6) = limo) =* sec 2 6 


o n d0 1 dy d6 cos 2 0 dy 

z 0 _ —_ z. _ —_ z. When 

dt 4000 dt dt 4000 dt ' 


y = 3000 ft, ^ = 600 ft/s, t = 5000 and cos 9 = = ^ S0 C E = 1LLL( 60 0) = 0.096 rad/s. 


41 . cot 9 = 


2 a d9 1 dx ( tt\ 2 ( tv\ 1 dx 


— esc 2 9 — = —— 
dt 5 dt 




dx 5 tt / 2 V 10 ... . ... 

—— = — —— = —7T km/min « 130 mi/h 
dt 6 \ s/3 ) 9 ' 1 7 J 



43 . We are given that — = 300 km/h. By the Law of Cosines, 

y 2 = x 2 + l 2 — 2(l)(a;) cos 120° = x 2 + 1 — 2 *(—§) = a ; 2 + a; + 1 , so 


„ dy ^ dx dx dy 2x +1 dx 

y dt dt dt dt 2 y dt' 


After 1 minute, x = 222 = 5 km 


y = s/5 2 +5 + 1 = 731km ^ ±} ( 30 0) = ipE « 296 km/h. 

dt 2 V31 V31 



45. Let the distance between the runner and the friend be t. Then by the Law of Cosines, 

/ 100 / 

£ 2 = 200 2 + 100 2 - 2 • 200 • 100 • cos 9 = 50,000 - 40,000 cos 9 (*). Differentiating / D \ 

dt d9 \ h 1 200—H 

implicitly with respect to t, we obtain 2 1 — = —40,000(— sin 9) —. Now if D is the \ / 

LLL CLL \ / 

distance run when the angle is 9 radians, then by the formula for the length of an arc 

on a circle, s = r9 , we have D = 1000, so 9 = —^—D => — = — L = _Z_ x 0 substitute into the expression for 

100 dt 100 dt 100 F 

dt 

—, we must know sin 9 at the time when l = 200, which we find from (*): 200 2 = 50,000 — 40,000 cos 9 44 
dt 

cos 9 = i =4 sin 9 = J 1 - (±) 2 = Substituting, we get 2(200) ^ = 40,000^ (^) =4 


di/dt = 7 ~ 6.78m/s. Whether the distance between them is increasing or decreasing depends on the direction in which 


the rumier is running. 
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2.9 Linear Approximations and Differentials 


1. /(*) = * 4 + 3 * 2 =>■ /'(*) = Ax 3 + 6x, so /(—1) = 4 and /'(—1) = —10. 

Thus, L(x) = /(-1) + /'(-1)(* - (- 1 )) = 4 + (—10)(* + 1) = -10* - 6 . 

3. /(*) = y/x =>■ /'(*) = §* _1/2 = 1/(2^*), so /(4) = 2 and /'(4) = §. 
L(*) = /(4) + /'(4)(* - 4) = 2 + \{x - 4) = 2 + \x - 1 = \x + 1. 

5- f{x) = Vl~x =>■ /'(*) = ^=L=, so/( 0 ) = land/'( 0 ) = 

Therefore, 

VI ^ * = f(x) « /(0) + /'(0)(* - 0) = 1 + (-§)(* - 0) = 1 - \x. 

So V09 = VI-0.1 « 1 - §(0.1) = 0.95 
and Vlf99 = Vl - 0.01 « 1 - §( 0 . 01 ) = 0.995. 

7. /(*)=VT+" 2 i =>• /'(*) = i(l + 2 *)- 3 / 4 ( 2 ) = §(l + 2 *)- 3/4 , so 
/(0) = 1 and /'(0) = §. Thus, /(*) « /(0) + /'(0)(* - 0) = 1 + §*. 

We need \/l + 2x — 0.1 < 1 + \x < Vl + 2* + 0.1, which is true when 
-0.368 < * < 0.677. 


9. /(*) = 


= (1 + 2 *)- 


r, so /( 0 ) = 1 and /'( 0 ) = — 8 . 


(1 + 2*) 4 

/'(*) =-4(1+ 2*)- 3 (2)= (l + 2x)5 , 

Thus, /(*) « /(0) + /'(0)(* — 0) = 1 + (— 8 )(* — 0) = 1 — 8 *. 
1 „ „ 1 


We need 


(1 + 2*) 4 

when — 0.045 < * < 0.055 


— 0.1 < 1 — 8 * < 


(1 + 2 *)' 


+ 0 . 1 , which is true 


Thus, 


3 



2 



11. (a) The differential dy is defined in terms of dx by the equation dy = /'(*) dx. For y = /(*) = * 2 sin 2*, 
/'(*) = * 2 cos 2 * • 2 + sin 2 * • 2 * = 2 *(* cos 2 * + sin 2 *), so dy = 2 *(* cos 2 * + sin 2 *) dx. 

(b) y = Vl + l 2 => dy = § (l + l 2 ) 1//2 ( 21 ) dt = i ^ 2 dt 

V i +1 2 

13. (a) For y = f(t) = tan Vl, /'(l) = sec 2 Vt ■ ^t~ 1/2 = > so d V = dt " 

(b) For y = f(v) = i-^, 

. (1 + v 2 )(—2v) — (1 — v 2 )(2v) — 2u[(l + v 2 ) + (1 — u 2 )] — 2v(2) —4* 

} [V) ~ (l+« 2 ) 2 “ (1 + u 2 ) 2 “ (l + « 2 ) 2 - (1+u 2 ) 2 ’ 







SECTION 2.9 LINEAR APPROXIMATIONS AND DIFFERENTIALS □ 95 


15. (a) y = tan x => dy = sec 2 x dx 

(b) When x = 7 r /4 and dx = —0.1, dy = [sec( 7 r/ 4 )] 2 (—0.1) = (—0.1) = —0.2. 

17. (a) y = V3 + x 2 =>■ dy — j-(3 + x 2 )~ 1 ^ 2 (2x) dx = X = dx 

2 V3 + x 2 

(b) x = 1 and dx = — 0.1 =>■ dy = —- r 2 (—0-1) = ^(—0.1) = —0.05. 

V O “r J- 

19. y = f(x) = 2x — x 2 , x = 2 , Ax = —0.4 =>■ 

Ay = /(1.6) - /(2) = 0.64 - 0 = 0.64 
dy = (2 - 2x) dx = (2- 4) (-0.4) = 0.8 


21. y = /(x) = 2/x, x = 4, Ax =1 => 

Ay =/(5) -/(4) = | - | =-0.1 

d y = --^ 2 dx = = -°- 125 


23. To estimate (1.999) 4 , we’ll find the linearization of /(x) = x 4 at a = 2. Since f'{x) = 4x 3 , /(2) = 16, and 
/'(2) = 32, we have L(x) = 16 + 32(x — 2). Thus, x 4 « 16 + 32(x — 2) when x is near 2, so 
(1.999) 4 « 16 + 32(1.999 - 2) = 16 - 0.032 = 15.968. 

25 . y = f(x) = y/x dy = |x _2 A dx. When x = 1000 and dx = 1 , dy = |( 1000 )~ 2 ,/ 3 (l) = Ajj, so 
^T00T = /(1001) « /(1000) + dy = 10 + gA = 10.003 w 10.003. 

27 . y = /(x) = tanx dy = sec 2 xdx. When x = 45° and dx = —1°, 

dy = sec 2 45° (— ir/180) = (\/2 ) 2 (— 7r/180) = — 7r/90, so tan44° = /(44°) ss /( 45°) + dy = 1 — 7r/90 w 0.965. 

29 . y = /(x) = secx => f'(x) = secx tanx, so /(0) = 1 and f'( 0) = 1-0 = 0. The linear approximation of / at 0 is 

/(0) 4 - /'(0)(x — 0) = 1 + 0(x) = 1. Since 0.08 is close to 0, approximating sec 0.08 with 1 is reasonable. 



31. (a) If x is the edge length, then V = x 3 


dV = 3x 2 dx. When x = 30 and dx = 0.1, dV = 3(30) 2 (0.1) = 270, so the 


maximum possible error in computing the volume of the cube is about 270 cm 3 . The relative error is calculated by dividing 
the change in V, AV, by V. We approximate AV with dV. 


„ , . AV dV 

Relative error = = 


3x 2 dx 


dx 


0.1 


= 3 - =31 30 ,= 0-01- 


Percentage error = relative error x 100 % = 0.01 x 100 % = 1 %. 
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(b) S = 6 x 2 =>■ dS = 12* dx. When x = 30 and dx = 0.1, dS = 12(30) (0.1) = 36, so the maximum possible error in 

computing the surface area of the cube is about 36 cm 2 . 


. AS dS 12 * dx dx 

Relative error = —— « — = „ _ =2 — =2 

S S 6* 2 x 


0.1 

30 


= 0.006. 


Percentage error = relative error x 100% = 0.006 x 100% = 0.6%. 


33. (a) For a sphere of radius r, the circumference is C = 2tv r and the surface area is S = 4rr 2 , so 


C 


r=^~ => .S' -1- = 


2tt 


C 


2t r 


C 2 


dS = —CdC. When C = 84 and dC = 0.5, dS = -(84)(0.5) = —, 

7T 7T 7T 


so the maximum error is about — « 27 cm 2 . Relative error « = — « 0.012 = 1.2% 

7r S 84 2 /7T 84 


C 


3 V27T 


a 


(b) V = -nr s = -tv — = => dV = --C 2 dC. When C = 84 and dC = 0.5, 

v ' o o V o_ / c _9 o_9 


67T 2 


27T 2 


= tt-i7(84) 2 (0.5) = ^rr-, so the maximum error is about ~ ^79 cm - ! 

27T 2 7T 2 7T 2 

The relative error is approximately ,, = —- ~ 0.018 = 1.8%. 

V (84)7(67r 2 ) 56 

35. (a) V = nr 2 h => AV ~ dV = 2nrhdr = 2nrh Ar 
(b) The error is 

AV — dV = [ir(r + A r) 2 h — 7 r r 2 h\ — 2irrh Ar = nr 2 h + 2nrh Ar + ir(Ar) 2 h — nr 2 h — 2nrh Ar = 7 r(A r) 2 h. 


37. V = RI =>■ I = \- 

il 


dl = 


V_ 
R 2 


dR. The relative error in calculating I is 


A / 

~T 


dJ 

I 


-{V/R 2 )dR 

V/R 


dR 
R ' 


Hence, the relative error in calculating I is approximately the same (in magnitude) as the relative error in R. 


39. 


dc 

(a) dc = — dx = 0 dx = 0 
dx 


(b) d(cu) 


— ( cu ) dx = c 4 ^ dx = cdu 
dx dx 


(c) d(u + v) 


-(u + u)d* 


du dv 
dx dx 


, du , dv , 
dx = — dx + — dx = du + dv 
dx dx 


(d) d(uv) = — (uv) dx 


( dv du\ , dv , du , 

( u ——h v — ]dx = u — dx + v — dx = udv + v du 
\ dx dx J dx dx 



d /u\ 
dx \vJ 


dx = 


du 

_ 


dv 

dx 


dx 


du , dv , 
v —— dx — u —— dx 
dx _ dx 


vdu — udv 


v 


2 


(f )d(*") 


— (*") dx = nx n 1 dx 
dx 


41. (a) The graph shows that /'(1) = 2, so L{x) = /(1) + /'(l)(x — 1) = 5 + 2(* — 1) = 2* + 3. 

/( 0.9) « L(0.9) = 4.8 and /(1.1) w L(l.l) = 5.2. 

(b) From the graph, we see that f'{x) is positive and decreasing. This means that the slopes of the tangent lines are positive, 
but the tangents are becoming less steep. So the tangent lines lie above the curve. Thus, the estimates in part (a) are too 
large. 
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2 Review 


CONCEPT CHECK 


1. See Definition 2.1.1. 

2. See the paragraph containing Formula 3 in Section 2.1. 


f(x 2 ) — f(x l) 

3. (a) The average rate of change of y with respect to x over the interval [xi , * 2 ] is J v --. 

X2 — Xl 


(b) The instantaneous rate of change of y with respect to x at x = xi is lim — ^ ^ . 

X2 — X2 — Xl 


4. See Definition 2.1.4. The pages following the definition discuss interpretations of /' (a) as the slope of a tangent line to the 
graph of / at x = a and as an instantaneous rate of change of f(x) with respect to x when x = a. 

5. (a) A function / is differentiable at a number a if its derivative f exists (b) 

at x = a; that is, if f'(a) exists. 

(c) See Theorem 2.2.4. This theorem also tells us that if / is not 
continuous at a, then / is not differentiable at a. 

6 . See the discussion and Figure 7 on page 120. 



7. The second derivative of a function / is the rate of change of the first derivative f. The third derivative is the derivative (rate 
of change) of the second derivative. If / is the position function of an object, f is its velocity function, f" is its acceleration 
function, and f" is its jerk function. 


8 . (a) The Power Rule: If n is any real number, then — (x n ) = nx n 1 . The derivative of a variable base raised to a constant 

ax 

power is the power times the base raised to the power minus one. 

(b) The Constant Multiple Rule: If c is a constant and / is a differentiable function, then [cf(x)] = c-j- f(x). 

(XX LLtL/ 

The derivative of a constant times a function is the constant times the derivative of the function. 

(c) The Sum Rule: If / and g are both differentiable, then [f(x) + g(x)] = f(x) + g(x). The derivative of a sum 

of functions is the sum of the derivatives. 


(d) The Difference Rule: If / and g are both differentiable, then [f(x) — g{x)] = f(x) - g(x). The derivative of a 

C LX (IX (LX 

difference of functions is the difference of the derivatives. 


(e) The Product Rule: If / and g are both differentiable, then — [/(*) g(x)] = f(x) g(x ) + g(x) f(x). The 

(LX (LX (LX 

derivative of a product of two functions is the first function times the derivative of the second function plus the second 
function times the derivative of the first function. 
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9. 


10 . 

11 . 

12 . 


1 . 

3. 

5. 

7. 


9. 


11 . 


□ 

(f) The Quotient Rule: If / and g are both differentiable, then — 

The derivative of a quotient of functions is the denominator times the derivative of the numerator minus the numerator 
times the derivative of the denominator, all divided by the square of the denominator. 

(g) The Chain Rule: If / and g are both differentiable and F = f o g is the composite function defined by F(x) = f(g(x)), 
then F is differentiable and F' is given by the product F'(x) = f'(g(x)) g'(x). The derivative of a composite function is 
the derivative of the outer function evaluated at the inner function times the derivative of the inner function. 


(a) 

y 

= x n 

=A y 

' = nx"- 1 

(b) y = 

sinx 


y = cos x 

(c) 

y 

= COS X 


y' = — sin x 

(d) y = 

tana; 


y' = sec 2 x 

(e) 

y 

= CSC X 


y' = — CSC x cot X 

(f )y = 

sec a; 


y' = sec a: tanx 

(g) 

y 

= cot X 


y' = — esc 2 x 






Implicit differentiation consists of differentiating both sides of an equation involving x and y with respect to x, and then 
solving the resulting equation for y'. 

See the examples in Section 2.7 as well as the text following Example 8 . 

(a) The linearization L of / at x = a is L(x) = f(a) + f(a)(x — a). 

(b) If y = f(x), then the differential dy is given by dy = f{x) dx. 

(c) See Figure 5 in Section 2.9. 

TRUE-FALSE QUIZ 


/(*) 


g{x) 


\g(x)} 2 


False. See the note after Theorem 4 in Section 2.2. 

False. See the warning before the Product Rule. 

True. = ~T~ [/ ( a; )] 1/2 = llf(x)}~ 1/2 f'(x) = f '^L 

dx VJy ’ dx UK n 2 UWJ J K ' 2s/J(x) 

False. f(x ) = lx 2 + a;I = x 2 + x for x > 0 or x < — 1 and \x 2 + a:I = —(x 2 + x) for — 1 < x < 0. 

So f'{x) = 2x + 1 for x > 0 or x < — 1 and f(x) = — (2x + 1) for — 1 < x < 0. But \2x + 1| = 2x + 1 
for x > — \ and \2x + 1| = —2x — 1 for x < 

True. g(x) = x 5 => g\x) = 5x 4 => g' (2) = 5(2 ) 4 = 80, and by the definition of the derivative, 

lim 9( x )-9(2) =gl{ 2)= 8o. 
x—>2 X — 2 

False. A tangent line to the parabola y = x 2 has slope dy/dx = 2x, so at (—2, 4) the slope of the tangent is 2(—2) = —4 

and an equation of the tangent line is j/ — 4 = —4(x + 2). [The given equation, y — 4 = 2x(x + 2), is not even 
linear!] 
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EXERCISES 


1. (a) s = s(t) = 1 + 2 1 + f 2 /4. The average velocity over the time interval [1,1 + ft] is 

_ s(l + ft) - s{ 1) _ 1 + 2(1 + ft) + (1 + ft) 2 /4 - 13/4 _ 10ft + ft 2 _ 10 + ft 

Vave “ (1 + ft) - 1 “ ft “ 4ft “ 4 

So for the following intervals the average velocities are: 

(i) [1,3]: ft = 2, v ave = (10 + 2)/4 = 3 m/s (ii) [1, 2]: ft = 1, Vam = (10 + l)/4 = 2.75 m/s 

(iii) [1,1.5]: ft = 0.5, v ave = (10 + 0.5)/4 = 2.625 m/s (iv) [1,1.1]: ft = 0.1, iw = (10 + 0.1)/4 = 2.525 m/s 


(b) When t 


1 , the instantaneous velocity is lim 

>i=0 


s(l + ft) 
ft 


8 ( 1 ) 


lim 

>i=0 


10 +ft 

4 


10 

4 


2.5 m/s. 



5. The graph of a has tangent lines with positive slope for x < 0 and negative 
slope for x > 0 , and the values of c fit this pattern, so c must be the graph of 
the derivative of the function for a. The graph of c has horizontal tangent 
lines to the left and right of the rr-axis and b has zeros at these points. Hence, 
b is the graph of the derivative of the function for c. Therefore, a is the graph 
of /, c is the graph of f, and b is the graph of f". 


7. (a) f'(r) is the rate at which the total cost changes with respect to the interest rate. Its units are dollars/(percent per year). 

(b) The total cost of paying off the loan is increasing by $1200/(percent per year) as the interest rate reaches 10%. So if the 
interest rate goes up from 10 % to 11 %, the cost goes up approximately $ 1200 . 

(c) As r increases, C increases. So f'(r) will always be positive. 

9. C^lOilO) is the rate at which the total value of US currency in circulation is changing in billions of dollars per year. To 

estimate the value of C7(1990), we will average the difference quotients obtained using the times t = 1985 and t = 1995. 

T . CT1985) — C(1990) 187.3- 271.9 -84.6 , 

Let A = v —f - -L——= --- =-— = 16.92 and 


1985 - 1990 


-5 


B = £7(1995) - (7(1990) = 409.3- 271.9 = 137+ = 

1995 - 1990 5 5 

C"(1990) = lim °^ ~ « A + B = 16,92 27,48 = ^ = 22.2 billion dollars/year. 

t=i990 t— 1990 2 2 2 


2 


2 
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11. /(x) = x 3 + 5* + 4 =>■ 

f'(x) = lim /(^ + ~ = lim + h f + 5(s + h ) + 4 ~ (z 3 + 5x + 4) 

' ' h->o h h->o h 


= lim 

h ->0 


3x 2 h + 3xh 2 + h 3 + 5h 


= lim (3x 2 + 3 xh + h 2 + 5) = 3x 2 + 5 


h h^O' 

13. y = (x 2 + x 3 ) 4 =>■ y’ = 4(x 2 + x 3 ) 3 (2x + 3x 2 ) = 4(x 2 ) 3 (l + x) 3 x(2 + 3x) = 4a ; 7 (x + l) 3 (3x + 2) 


15. y = 


x x + 2 =x 3 ' 2 -x 4 ' 2 + 2X- 4 ' 2 =* y 1 = \x 4 / 2 — \x~ 4 ^ 2 — x~ 3 ^ 2 = ^-\/x ---L= 


s/x " ' ~ 2 2" " 2 

17. y = x 2 sin7rx =$■ y'= x 2 (cos7rx)7r + (sin7rx)(2x) = x( 7 rxcos 7 rx + 2 sin 7 rx) 

t 4 - 1 , _ (t 4 + 1)47 3 - Q t 4 - l)4t 3 _ 4t 3 [(t 4 + 1) - ( t 4 - 1)] 8f 


2^/x 


19. y = 


t 4 + 1 w (t 4 + l ) 2 

21 . j/ = tan\/l — a; =>■ y' = (sec 2 \/l — a: 


(t 4 + 1) 2 


(t 4 + l ) 2 


2yr^x 


(- 1 ) = 


sec 2 \/i _ 


2 


23. (xy 4 + x 2 y) = (x + 3 y) => x • 4y 3 y' + y 4 • 1 + x 2 • y' + y ■ 2x = 1 + 3y' 
ax ax 


25. y = 


y'(4xy 3 + x 2 — 3) = 1 — y 4 — 2xy 
sec 20 


1 — y 4 — 2 xy 
4xy 3 + x 2 — 3 


1 + tan 26 


, (1 + tan 20 ) (sec 20 tan 20 • 2 ) — (sec 20 ) (sec 2 20 - 2 ) 2 sec 20 [(1 + tan 20 ) tan 20 — sec 2 20 ] 


(1 + tan 20) 2 


(1 + tan 20) 2 


2 sec 20 (tan 20 + tan 2 20 — sec 2 20 ) 2 sec 20 (tan 20 — 1 ) Fl , A „2 2 i 

= (1 + tan 20) 2 = (1 + tan 20) 2 ^ + t&n * = S ® C X J 

27. y = (1 - x- 1 )- 1 =* 

y' = — 1(1 — x _ 1 ) _ 2 [—(—lx -2 )] = —(1 — l/x) - 2 x -2 = — ((x — l)/x) - 2 x -2 = —(x — l ) -2 

29. sin(xy) = x 2 — y =>■ cos(xy)(xy' + y • 1) = 2x — y' => xcos(xy)y' + y' = 2x — y cos(xy) 

,, , . , . , 2 x — ycos(xy) 

y ]x cos(xy) + 1 ] = 2 x - y cos(xy) =>■ y = T CQS ^ xy ^ + 1 

31. y = cot(3x 2 + 5) =>■ y' = — csc 2 (3x 2 + 5)(6x) = — 6xcsc 2 (3x 2 + 5) 

33. y = v^ecos-v/x => 

y 1 = Vx [cos Vx^j + cos n/x ^\/x^ = %/x |^—sin Vx ^|x -1 ^ 2 ^ j + ( 


i-- 1 ' 2 ) 


|x 1//2 %/x sin \fx + cos Vx\ 


cos \fx — Vx sin \fx 

2 Vx 


35. y = tan 2 (sin0) = [tan(sin0 )] 2 => y' = 2[tan(sin0)] • sec 2 (sin0) • cos0 
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37. y = (x tanx ) 1 / 5 =>■ y' = \(x tana;) 4 / s (tanx + x sec 2 x) 

39. y = sin (tan \/l + x 3 ) =>• y' = cos(tan \/l + x a ) (sec 2 \/l + x 3 ) [3x 2 /(2 Vl + a ; 3 ) ] 

41. f(t) = v / 4fTl =4> /'(f) = ±(4f + 1 )“ 1/2 • 4 = 2(47 + 1 )" 1/2 =4> 
f"(t) = 2(-§)(47 + 1 )“ 3/2 • 4 = —4/(47 + 1) 3/2 , so /"(2) = -4/9 3/2 = 

43. x 6 + y 6 = 1 =>■ 6 x 5 + 6 y 5 y' = 0 =>■ y' = — x 5 /y 5 =>■ 

y 5 (5x 4 ) -x 5 (5y 4 y') _ 5x 4 y 4 [y - x(-x 5 /y 5 )] _ 5x 4 [(y 6 + x 6 )/y 5 ] 5x 4 

y “ (j / 5 ) 2 “ y w y 6 y 11 

secx secO 1 

45. Inn - = - = - = 1 

x—»o 1 — sin x 1 — sin 0 1 — 0 


47. y = 4 sin 2 x => y = 4 • 2 sin x cos x. At (-|, l), y ; = 8 • | = 2 \/3, so an equation of the tangent line 

is y — 1 = 2 %/3 (x — -|), or y = 2 \/3x + 1 — 7 r \/3/3. 

2 cosx 


49. y = v / m sir 


/ = |(l + 4sinx) 4 / 2 -4cosx = 


Vl + 4sinx 


At (0,1), y' = —= = 2, so an equation of the tangent line is y — 1 = 2(x — 0), or y = 2* + 1. 
V 1 


The slope of the normal line is — |, so an equation of the normal line isy — 1 = — ^ (x — 0), or y = — \x + 1. 


51. (a) /(x) = x \/5 — x =>■ 


/'(*) = * 


- (5 — a:) 1 / 2 (-l) 


+ \/5 — a: = 




+ \/5 — : 


2 ^ 5 ^~ 


—a; + 10 — 2a: _ 10 — 3a; 
2V5=x ~ ~ 2V5^x 


-x 2(5-x) 

2^5^x + 2sf5^x 


(b) At (1,2): /'(1) = |. 

So an equation of the tangent line is y — 2 = | (x — l)ory = | x + 

At (4,4): /'(4)-§ = -L 

So an equation of the tangent line is y — 4 = — l(x — 4) or y = —x + 8 . 


(c) 



-to 


(d) 



The graphs look reasonable, since f is positive where / has tangents with 
positive slope, and f is negative where / has tangents with negative slope. 


53. y = sinx + cosx =>■ y' = cosx — sinx = 0 4=> cosx = sinx and 0 < x < 2 - 7 T 4=> x = j or so the points 


are (f ,\/ 2 ) and (^,-^ 2 ). 


10 





102 □ CHAPTER 2 DERIVATIVES 


55. y = /(*) = ax 2 + bx + c =>■ f'(x) = 2ax + b. We know that /'(— 1) = 6 and /'(5) = —2, so —2a + 6 = 6 and 

10a + 6 = —2. Subtracting the first equation from the second gives 12a = —8 =>■ a = — |. Substituting — | for a in the 

first equation gives 6 = ^. Now /(1) = 4 =>■ 4 = a + 6 + c, soc = 4+ | — 4f=0 and hence, /(*) = —fa ; 2 + ^*. 


57. /(*) = (x — a)(x — b)(x — c) =>■ /'(*) = (x — b){x — c) + (x — a)(x — c) + (x — a)(x — b). 

f'{x) (x — b)(x — c) + (x — a)(x — c) + (x — a)(x — b) 111 
f(x) (x — a)(x — b)(x — c) x — a x — b x — c 

59. (a) h{x) = f(x) g(x) =+ h!(x) = f(x) g'fx) + g{x) fix) => 

h'[2) = /(2) </(2) + g(2) /'(2) = (3)(4) + (5)(-2) = 12 - 10 = 2 

(b) F(x) = f{g{x)) => F'{x) = f\g{x))g'{x) => F'(2) = f'(g(2)) g'(2) = /'(5)(4) = 11 • 4 = 44 

61. /(x) = x 2 ff(a:) =+ /'(x) = x 2 g\x) + s(x)( 2 x) = x[xg'{x) + 2g(x)} 

63. /(x) = [g(x)] 2 =+ f(x) = 2[g{x)\ ■ g’{x ) = 2 g{x)g'{x) 

f(x) = g(g(x)) =>■ f(x) = g'{g(x))g'(x) 

67. /(x) = g(sinx) =>■ f( x ) = </(sinx) • cos* 


69. h(x) 


fjx)gjx) 
fix) + g(x) 


h t ( , = if(x) + gjx)] [/(*) g’jx) + g(x) /'(*)) - fjx) g(x) [/'(*) + fl'(x)] 

[/(*) + 9(x)] 2 

= lfi x )} 2 g'jx) + /(*) gjx) fix) + fjx) gjx) g'jx) + [gjx)} 2 fjx) - fjx)g(x) /'(*) - fjx)gjx) g'(x) 

.fix) : g(x) 2 

f’(x) [gjx)] 2 + g'jx) [fjx)] 2 
[fix) + g(x)} 2 


71. Using the Chain Rule repeatedly, h(x) = /(gr(sin4*)) => 

h'fx) = f'ig{ sin4*)) ■ (gr(sin4*)) = /'(gr(sin4*)) • i/(sin4x) • (sin4*) = / , (gr(sin4*))gr'(sin4*)(cos4*)(4). 

73. (a) y = t 3 — 12 1 + 3 =>■ v{t) = y' = 3 1 2 — 12 =>■ aft) = v’ ft) = 6t 

(b) vft) = 3(f 2 — 4) > 0 when t > 2, so it moves upward when t > 2 and downward when 0 < t < 2. 

(c) Distance upward = y(3) — y(2) = — 6 — (—13) = 7, 

Distance downward = j/(0) — yf2) = 3 — (—13) = 16. Total distance = 7 + 16 = 23. 

(d) 20 (e) The particle is speeding up when v and a have the same sign, that is, 

when t > 2. The particle is slowing down when v and a have opposite 
signs; that is, when 0 < t < 2. 
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75. The linear density p is the rate of change of mass m with respect to length *. 

m = x ^1 + \fx ^ = x 4 - x 3 ^ 2 => p = dm/dx = 1 + | Vx, so the linear density when x = 4 is 1 + | \/4 = 4 kg/m. 

77. If x = edge length, then V = x 3 =>■ dV/dt = 3x 2 dx/dt = 10 =>■ dx/dt = 10/(3* 2 ) and S = 6* 2 =>■ 

dS/dt = (12*) dx/dt = 12x[10/(3x 2 )] = 40/*. When x = 30, dS/dt = §§ = § cm 2 /min. 


79. Given dh/dt = 5 and dx/dt = 15, find dz/dt. z 2 = x 2 + h 2 =>■ 

„ dz „ dx dh dz 1 , T ,„ 

2z — = 2x — + 2h. — =>■ — = -(15* + 5/i). Whenf = 3, 

dt dt dt. dt z K 

h = 45 + 3(5) = 60 and * = 15(3) = 45 =+ z = V45 2 + 60 2 = 75, 

d 2 1 

so f t = —[15(45) + 5(60)] = 13 ft/s. 



81. We are given d6/dt = —0.25 rad/h. tan 6 = 400/* =>■ 

dr. df) 

* = 400 cot 9 =$> — =-400 esc 2 6>—. When <9 = £, 

dt dt 6 

^ = —400(2) 2 (—0.25) = 400 ft/h. 

83. (a) /(*) = //T+ll* = (1 + 3 *) 1 / 3 =>■ /'(*) = (1 + 3x)~ 2 ^ 3 , so the linearization of / at a = 0 is 

L(x) = /(0) + /'(0)(* — 0) = l 1 / 3 + l~ 2 ^ 3 x = 1 + *. Thus, -§61 + 3* ss 1 + * =>■ 
v / T703 = ^/1 +3(0.01) « 1 + (0.01) = 1.01. 



(b) The linear approximation is v^l + 3* « 1 + *, so for the required accuracy 
we want tyl + 3x — 0.1 < l + *< //l + 3* + 0.1. From the graph, 
it appears that this is true when —0.235 < * < 0.401. 


1.5 



85. A = * 2 + |tt(|*)” = (l + f )* 2 =4- cL4 = (2 + ^xdx. When * = 60 

and dx = 0.1, cL4 = (2 + -|)60(0.1) = 12 + so the maximum error is 
approximately 12 + « 16.7 cm 2 . 



87. 


<yw+h-2 

iim -;- 

h~ o h 


d 

\fx 


= y *“ 3/4 

dx 


x = 16 

4 


4 (Vwy 


1 

32 
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89. lim 

x —>0 


v/l + tan x — \/l + sinx _ (vT + tan® — \/l + sinx) (Vl + tan* + Vl + sinx) 


= lim 

x —>0 


(VI + tan* + \/l + sin*) 


.. (1 + tanx) — (1 + sinx) 

= lim — -X- - — = lim 


sinx (1/cosx — 1) 


= lim 


0 x 3 (Vl + tanx + Vl + sinx) *-»o x 3 (\/l + tanx + V 1 + sinx) cosx 

sinx (1 — cosx) 1+cosx 

o x 3 (Vl + tanx + V1 + sinx) cosx 1 + cosx 


sm x ■ sin x 


= lim _ _ _ 

x— >o x 3 (vl + tanx + Vl + sinx) cosx (1 + cosx) 

= ( lim lim 


x 


0 (Vl + tanx + VT + sinx) cosx (1 + cosx) 


= r 


(VT+ VT) • i • (i + i) 4 


91. J-[/ ( 2x)]=x 2 


/'(2x) • 2 = x 2 =>■ /'(2x) = ^x 2 . Let t = 2x. Then f'(t) = | (^i) = 1 1 2 , so /'(x) = | 
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1. Let a be the ^-coordinate of Q. Since the derivative of y = 1 — x 2 is y = —2x, the slope at Q is —2a. But since the triangle 
is equilateral, AO/OC = y/3/1, so the slope at Q is —\/3. Therefore, we must have that —2a = —\/3 =>■ a = 

Thus, the point Q has coordinates ^ = (^> 2 ) and by symmetry, P has coordinates 



We must show that r (in the figure) is halfway between p and q, that is, 
r = (p + q)/ 2. For the parabola y = ax 2 + bx + c, the slope of the tangent line is 
given by y' = 2ax + b. An equation of the tangent line at x = p is 
y — ( ap 2 + bp + c) = (2 ap + b)(x — p). Solving for y gives us 
y = (2 ap + b)x — 2 ap 2 — bp + (ap 2 +bp + c) 


y = (2 ap + b)x + c — ap 2 


( 1 ) 


Similarly, an equation of the tangent line at x = q is 


( 2 ) 


y = (2 aq + b)x + c — aq 2 
We can eliminate y and solve for x by subtracting equation (1) from equation (2). 

[(2 aq + b) — (2 ap + b)]x — aq 2 + ap 2 = 0 

(2 aq — 2 ap)x = aq 2 — ap 2 
2 a(q — p)x = a(q 2 — p 2 ) 

= a(q + p)(q-p) = p + q 

2 a(q — p) 2 

Thus, the ^-coordinate of the point of intersection of the two tangent lines, namely r, is (p + q)/2. 

. ,, . e ,, , f(x) — f(a) ... secf —secx 

5. Using j (a) = hm —^we recognize the given expression, j(x) = hm-, 1 


t — x 


g'(x) with g(x) = sec*. Now /'(f) = g"( f), so we will find g"(x). 


g'(x) = secx tan* 


g"(x) = sec*sec 2 * + tan*sec*tan* = secx(sec 2 * + tan 2 *), so 


g"( f) = y/2 (Vf + l 2 ) = V2(2 + 1 ) = 3^2. 

d n 

7. We use mathematical induction. Let S n be the statement that —— (sin 4 * + cos 4 *) = 4 ” _1 cos(4* 4 - mr/2). 

dx n 


S\ is true because 


— (sin 4 * + cos 4 *) = 4 sin 3 * cos * — 4 cos 3 * sin * = 4 sin * cos * (sin 2 * — cos 2 *) * 
ax v / 


= —4 sin * cos x cos 2* = —2 sin 2* cos 2 = — sin 4* = sin(—4*) 

= cos(f — (—4*)) = cos(f + 4*) = 4 n_1 cos(4x + nf) when n = 1 


[continued] 
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Now assume <5/ is true, that is, —^ (sin 4 x + cos 4 x) = 4 fc 1 cos(4* + k- 1). Then 


dx k 

d k+1 , . 4 , 4 \ d 

, , sin a; + cos x) = — 
dx k+1 dx 


——-r (sin 4 x + cos 4 x) = — [ 4 k 1 cos(4x + fc5)l 
dx fcV ' da; L v 2/J 


= -4 fc - 4 sin(4* + fcf) • — (4* + fcf) = -4 fc sin(4x + Jfcf) 

= 4 fc sin(—4* - fcf) = 4 fc cos(f - (-4* - fef)) = 4 fc cos(4x + (fc + 1) f) 

which shows that Sk+i is true. 
d n 

Therefore, (sin 4 x + cos 4 x) = 4 n_1 cos(4x + n^) for every positive integer n, by mathematical induction. 
Another proof: First write 

sin 4 x + cos 4 x = (sin 2 x + cos 2 x) 2 — 2 sin 2 x cos 2 x = 1 — \ sin 2 2x = 1 — | (1 — cos4a:) = f + | cos4a: 

, d" , . 4 4 . d n (3 1 . \ 1 ._ / , 7T\ /. 7T\ 

Thenwehave——(sm a; + cos x) = —— -r H—cos4i = - ■ 4 cos 4* + n- =4 cos [4x + n— . 

dx n v ’ dx n \4 4 J 4 V 2 / V 2 / 

9. We must find a value xo such that the nonnal lines to the parabola y = x 2 at x = dzxo intersect at a point one unit from the 

points (±xo, ®o)• The nonnals to y = x 2 at x = ±xo have slopes — all< ^ P ass through (±xo, Xq) respectively, so the 

nonnals have the equations y — x§ = — —(x — xo) and y — Xq = —(x + xo). The common y-intercept is Xq + i. 

2 xo 2 xo 2 

We want to find the value of xo for which the distance from (0, Xq + |) to (xo, Xq) equals 1. The square of the distance is 

(xo — 0 ) 2 + [xq — (xq + I )] 2 = *0 + 3 = 1 xo = ±^. For these values of xo, the j/-intercept is x§ + \ = f, so 

the center of the circle is at ( 0 , |). 

Another solution: Let the center of the circle be (0, a). Then the equation of the circle is x 2 + (y — a) 2 = 1. 

Solving with the equation of the parabola, y = x 2 , we get x 2 + (x 2 — a) 2 = 1 4=> x 2 + x 4 — 2ox 2 + a 2 = 1 

x 4 + (1 — 2a)x 2 + a 2 — 1 = 0. The parabola and the circle will be tangent to each other when this quadratic equation in x 2 

has equal roots; that is, when the discriminant is 0. Thus, (1 — 2a ) 2 — 4(a 2 — 1) = 0 4=> 

1 — 4a + 4a 2 — 4a 2 + 4 = 0 4=> 4a = 5, so a = f. The center of the circle is (0, f). 

11. We can assume without loss of generality that 9 = 0 at time t = 0, so that 6 = 127rf rad. [The angular velocity of the wheel 
is 360 rpm = 360 • (27r rad)/(60 s) = 12 - 7 T rad/s.] Then the position of A as a function of time is 

V 


A = (40 cos 9 ,40 sin 9) = (40 cos 127rf , 40 sin 127rt), so sin a = 


40 sin 9 sin 9 1 . 

- = - = - sm 127rt. 

1.2 m 120 3 3 


dot 1 7f 

(a) Differentiating the expression for sin a, we get cos a ■ —— = — • 12i r • cos 127rt = 47r cos 0. When 6 = —, we have 

dt 3 3 


1 . Q V3 fVs\ /lT da 

sm a = - sm 9 = -, so cos a = i /1 — - — \ — and — 

3 6 V V 6 / 


4-7T COS ■ 


2tt 


4nV3 

12 “““ dt cos a 11/12 vTl 


: 6.56 rad/s. 
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(b) By the Law of Cosines, \AP\ 2 = |OA | 2 + \OP\ 2 -2\OA\ |OP|cos 6 » =>• 

120 2 = 40 2 + \OP\ 2 -2-40 \ OP\ cos 9 =>• \OP\ 2 - (80cos6>) \OP\ - 12,800 = 0 =>• 

| OP\ = \ (80 cos 9 ± i/6400 cos 2 9 + 51,200) = 40 cos 9 ± 40 V cos 2 9 + 8 = 40(cos 9 + \/8 + cos 2 9 ) cm 
[since \OP\ > 0]. As a check, note that \OP\ = 160 cm when 9 = 0 and \OP\ = 80 \/2 cm when 9 = 


(c) By part (b), the ^-coordinate of P is given by * = 40 (cos 9 + \/8 + cos 2 9 ), so 


dx dx d9 . . 2 cos 9 sin 9 

— = ——=401- sin 6 - 

dt d9 dt V 2 V8 + cos 2 9 


127T = — 4807rsin#( 1 + 


cos 9 


\/8 + cos 2 9 


cm/s. 


In particular, dx/dt = Ocm/swhen# = Oanddx/dt = —4807T cm/s when 9 = j. 


13. It seems from the figure that as P approaches the point (0, 2) from the right, xt —■ ► oo and |/t -> 2 + . As P approaches the 
point (3, 0) from the left, it appears that xt —> 3 + and {/* —> oo. So we guess that xt € (3, oo) and {/* € (2, oo). It is 
more difficult to estimate the range of values for xn and {/jv. We might perhaps guess that xn € (0, 3), 
andr/jv € (— oo, 0 ) or (— 2 , 0 ). 

In order to actually solve the problem, we implicitly differentiate the equation of the ellipse to find the equation of the 

x 2 t/ 2 2x 2v 4 x 

tangent line: + — = 1 =>■ — + — y' = 0, so y' = — - —. So at the point (xo,yo) on the ellipse, an equation of the 

y x y x y y 


4 xq , 


2 2 

tangent line is y — yo = — ^ — (x — xo) or 4 * 0 * + 9yoy = 4*o + 9j/o- This can be written as = 1- 

9 yo 9 4 9 4 

because (xo,yo) lies on the ellipse. So an equation of the tangent line is = 1. 

x 0 x T 9 

Therefore, the ^-intercept xt for the tangent line is given by —-— = 1 4=> Xt = —, and the {/-intercept yr is given 

y xo 

. VoVt , 4 

by —-— = 1 yr = —• 

4 yo 

So as Xo takes on all values in (0,3), Xt takes on all values in (3, oo), and as yo takes on all values in (0, 2), yr takes on 

1 9 yo 

all values in (2, oo). At the point (xo,yo) on the ellipse, the slope of the normal line is- 7 -r = — -—, and its 

y'(x 0 ,yo) 4*o 

9 Vo 9 Vo 

equation is y — yo = --— (* — *0 ) • So the *-intercept *jv for the normal line is given by 0 — yo = ~: — (*jv — *0 ) => 

Xo 4 xo 

4*o 5*o , , ■ ... 9 yo , 9yo 5yo 

Xn = -g- + *0 = -g-, and the {/-intercept y N is given by y N - yo = | — (0 - * 0 ) =» Vn =-+ yo = 

So as *0 takes on all values in (0,3), Xn takes on all values in (0, |), and as yo takes on all values in (0, 2), y N takes on 
all values in (— | , 0 ). 

15. (a) If the two lines L 1 and L 2 have slopes m 1 and m 2 and angles of 

inclination <j) 1 and <j> 2 , then mi = tan <j) 1 and m 2 = tan <f> 2 . The triangle 
in the figure shows that + a + (180° — 4> 2 ) = 180° and so 

a = <j> 2 — (j) 1 . Therefore, using the identity for tan(x — y), we have 

, , , , tan <p 2 - tan <f> 1 m 2 - mi 

tan a = tan(<A, — 0 ,) = ---f— and so tan a = -. 

y 1 + tan 0 2 tan <p 1 1 + mi m 2 
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(b) (i) The parabolas intersect when x 2 = (x — 2 ) 2 =>■ x = 1. If y = x 2 , then y' = 2x, so the slope of the tangent 

to y = x 2 at (1,1) is mi = 2(1) = 2. If y = (x — 2) 2 , then y' = 2(x — 2), so the slope of the tangent to 

y = (x — 2 ) 2 at (1,1) is in 2 = 2(1 — 2) = —2. Therefore, tana = ^ ^ and 

y v K ' l + m 1 m 2 1 + 2(—2) 3 

so a = tan -1 (|) « 53° [or 127°]. 

(ii) x 2 — y 2 = 3 and x 2 — 4x + y 2 + 3 = 0 intersect when x 2 — 4x + (x 2 — 3) + 3 = 0 +> 2a:(a; — 2) = 0 =>■ 

x = 0 or 2, but 0 is extraneous. If x = 2, then y = ±1. If x 2 — y 2 = 3 then 2* — 2 yy' = 0 =>• y' = x/y and 

2 — x 

x 2 — 4x + y 2 + 3 = 0 =>■ 2x — 4 + 2yy' = 0 =>■ y' =-—. At (2,1) the slopes are mi = 2 and 

V 

m 2 = 0, so tana = 1 ^~ 2 2 0 = —2 =>■ a « 117°. At (2, —1) the slopes are mi = —2 and m 2 = 0, 


so tan a = 0 ^ = 2 =>■ a « 63° [or 117°]. 

l + (-2)(0) 

17. Since ZROQ = ZOQP = 6, the triangle QOR is isosceles, so 

|<2-Rj = \RO\ = x. By the Law of Cosines, x 2 = x 2 + r 2 — 2 rx cos 6. Hence, 


2 rx cos 6 = r 2 , so x = 


2r cos 9 2 cos 8 

sin 9 = y/r), and hence x 


. Note that as y —> 0 + , 9 —> 0 + (since 


r r 

= —. Thus, as P is taken closer and closer 


2 cos 0 2 

to the x-axis, the point R approaches the midpoint of the radius AO. 

sin(a + 2x) — 2 sin(a + x) + sin a 
19. inn ----- 

x —>o x 2 

.. sin a cos 2 x + cos a sin 2 x — 2 sin a cos x — 2 cos a sin x + sin a 
= inn 


x —>0 


X* 


sma (cos 2x — 2 cos a; + 1 ) + cos a (sm 2 x — 2 sin a:) 

= inn ----^ 

x ->0 x 2 

, sin a (2 cos 2 x — 1 — 2 cos x + 1 ) + cos a (2 sin x cos x — 2 sin x) 

= lim---- 

x->0 X 

sin a (2 cos x) (cos x — 1 ) + cos a (2 sin x) (cos x — 1 ) 

x->0 X 2 

2 (cosx — l)[sino cosx + cosa sinxl(cosx + 1 ) 

= inn —:-—-----—- 1 

x->o x 2 (cosx + l) 

— 2 sin 2 x [sin(a + x)l „ 

= inn- k —— = —2 lim 


x^O x 2 (cosx+l) 


x —0 V X 


sinxV sin(a + x) 


cos x + 1 


= - 2 ( 1) 2 



sin(a + 0 ) 
cos 0 + 1 


— sin a 


21. y = x 4 — 2x 2 — x => y' = 4x 3 — 4x — 1. The equation of the tangent line at x = a is 

y — (a 4 — 2a 2 — a) = (4a 3 — 4a — l)(x — a) or y = (4a 3 — 4a — l)x + (—3a 4 + 2a 2 ) and similarly for x = b. So if at 
x = a and x = b we have the same tangent line, then 4a 3 — 4a — 1 = 46 3 — 46 — 1 and —3a 4 + 2a 2 = — 36 4 + 2b 2 . The first 
equation gives a 3 — 6 3 = a — 6 => (a — b)(a 2 + ab + b 2 ) = (a — b). Assuming a ^ b, we have 1 = a 2 + ab + b 2 . 

The second equation gives 3(a 4 — 6 4 ) = 2 (a 2 — b 2 ) => 3(a 2 — 6 2 )(a 2 + b 2 ) = 2 (a 2 — b 2 ) which is true if a = —6. 
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Substituting into 1 = a 2 + ab+ b 2 gives 1 = a 2 — a 2 + a 2 => a = ±1 so that a = 1 and b = — 1 or vice versa. Thus, 
the points ( 1 , — 2 ) and (— 1 , 0 ) have a common tangent line. 

As long as there are only two such points, we are done. So we show that these are in fact the only two such points. 
Suppose that o 2 — b 2 7 0. Then 3(a 2 — b 2 )(a 2 + b 2 ) = 2 (a 2 — b 2 ) gives 3(a 2 + 6 2 ) = 2 or a 2 + b 2 = |. 

2 1 1 12 

Thus, ab = (a 2 + ab + b 2 ) — (a 2 + b 2 ) = 1 — - = -, so b = —. Hence, a 2 + —-r = -, so 9a 4 + 1 = 6 a 2 =>■ 

33 3a 9a 2 3 


0 = 9a 4 - 6 a 2 + 1 = (3a 2 - l) 2 . So 3a 2 - 1 = 0 


,2 1 1 2 

r = —— = - = a , contradicting our assumption 
9a 2 3 


that a 2 7 b 2 . 

23. Because of the periodic nature of the lattice points, it sulhces to consider the points in the 5x2 grid shown. We can see that 
the minimum value of r occurs when there is a line with slope | which touches the circle centered at (3,1) and the circles 
centered at (0, 0) and (5, 2). 


O000 


© 0^0 O O 

( 3 . 1 ) 


slope = —2 


x + y — r‘ 



To find P, the point at which the line is tangent to the circle at (0,0), we simultaneously solve x 2 + y = r 2 and 


y = — §x =>■ x 2 + ^x 2 =r 2 => x 2 = ^ r 2 


= -j= r,y = — -j= r. To find Q, we either use symmetry or 


solve (x — 3 ) 2 + (y — l) 2 = r 2 and y — 1 = — § (x — 3). As above, we get x = 3 — r, y = 1 + r. Now the slope of 


„ 2 1+ v^9 r ( v4 r ) 1 + 7§ r v/29 + 10 r 2 

the line PQ is so mpn = — - 5 - 5 - = - 3 — = —=- = - => 

5 3 -^k r ~^k r 3 -^k r 3^29-4r 5 

5 729 + 50r = 6 729 — 8 r 4=> 58r = 729 4=> r = . So the minimum value of r for which any line with slope ■ 

intersects circles with radius r centered at the lattice points on the plane is r = ~ 0.093. 

? Bv similar triangles. — = — => r = —. The volume of the cone is 

^- 7 ~^ 5 16 16 




5 h\ 257T 3 dV 25n 2 dh 


V = | 7 r r h = kw — h = — —hr, so —— = -—h —. Now the rate of 

3 3 V 16 J 768 dt 256 dt 

change of the volume is also equal to the difference of what is being added 

(2 cm 3 /min) and what is oozing out ( kirrl , where irrl is the area of the cone and k 


is a proportionality constant). Thus, —■— = 2 — knrl. 


r ^ dV , , . . , dh 5(10) 25 ^ l 10 

Equating the two expressions lor —— and substituting h = 10, — = —0.3, r = -A — 1 = —, and , = — -t=> 

dt dt 16 8 728 T 16 



10 |00 
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V281, we get t|^(10) 2 (-0.3) = 2 - kit ^ | ^281 125fewV281 = 2 + ^52Z[. Solving for k gives us 

256 3757 r 

k = - - To maintain a certain height, the rate of oozing, kwrl , must equal the rate of the liquid being poured in; 

2507T v 281 

that is,“j~ = 0- Thus, the rate at which we should pour the liquid into the container is 


, , 256 + 375tt 25 5^281 256 + 375tt 3 . . 

knrl = - : - - 7r • — • —-— =--« 11.204 cm /mm 


250?r a/281 8 8 


128 



3 □ APPLICATIONS OF DIFFERENTIATION 


3.1 Maximum and Minimum Values 


1. A function / has an absolute minimum at x = c if /(c) is the smallest function value on the entire domain of /, whereas 
/ has a local minimum at c if /(c) is the smallest function value when x is near c. 


3. Absolute maximum at s, absolute minimum at r, local maximum at c, local minima at b and r, neither a maximum nor a 
minimum at a and d. 

5. Absolute maximum value is /(4) = 5; there is no absolute minimum value; local maximum values are /(4) = 5 and 
/(6) = 4; local minimum values are /(2) = 2 and /(1) = /(5) = 3. 


7. 


11 . 


Absolute minimum at 2, absolute maximum at 3, 9. Absolute maximum at 5, absolute minimum at 2, 

local minimum at 4 local maximum at 3, local minima at 2 and 4 







13. (a) Note: By the Extreme Value Theorem, 
/ must not be continuous; because if it 
were, it would attain an absolute 
minimum. 




Ill 
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15. f[x) = |(3x — 1), x < 3. Absolute maximum 
/(3) = 4; no local maximum. No absolute or local 
minimum. 



17. f(x) = 1/x, x > 1. Absolute maximum /(1) = 1; 
no local maximum. No absolute or local minimum. 



19. f(x) = sin®, 0 < x < 7r/2 . No absolute or local 
maximum. Absolute minimum /(0) = 0; no local 
minimum. 



21. /(*) = sin£, —7r/2 < x < ir/2. Absolute maximum 
f iff) = 1; no local maximum. Absolute minimum 
= — 1; no local minimum. 



23. f(x) = 1 + (* + If, -2 < x < 5. No absolute or local 
maximum. Absolute and local minimum /(—1) = 1. 


25. f(x) = 1 — sfx. Absolute maximum /(0) = 1; 
no local maximum. No absolute or local minimum. 




27. f(x) = 


1 — a; if0<a;<2 
2x - 4 if 2 < £ < 3 

Absolute maximum /(3) = 2; no local maximum. 
No absolute or local minimum. 



29. f(x) = 4 + 

/'(*)= o 


f'(x) = — X. 

=> x = |. This is the only critical number. 
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31. /(x) = 2x 3 — 3x 2 — 36a; => /'(x) = 6x 2 - 6x - 36 = 6(x 2 - x - 6) = 6(x + 2)(x - 3). 
f(x)= 0 4=> x =—2, 3. These are the only critical numbers. 

33. gr(i) = f 4 + t 3 + t 2 + 1 =>• g'(t) = 4 1 3 + 3 t 2 + 2 1 = t(At 2 4- 3t + 2). Using the quadratic formula, we see that 

4t 2 + 3f -f 2 = 0 has no real solution (its discriminant is negative), so g'{t) = 0 only if t = 0. Hence, the only critical number 
is 0. 


35. g(y) = 

g\y) = 


y -1 


y 2 - y +1 

{y 2 - y + i)(i) - (y - i)( 2 y - i) 
{y 2 - y + 1) 2 


y 2 - y +1 - (2 y 2 - 3y +1) 
(y 2 - y + 1) 2 


—j/ 2 + 2y 

{y 2 - y + 1) 2 


y(2 - y) 

(y 2 - 2 / + l) 2 ' 


g'{y) = 0 =>■ y = 0, 2. The expression y 2 — y + 1 is never equal to 0, so g'(y) exists for all real numbers. 

The critical numbers are 0 and 2. 


37. h(t) = t 3 / 4 - 27 1 / 4 =s> h’(t) = f f 1/4 - |f 3/4 = if 3 / 4 (3f 1 / 2 - 2) = 3 ^~ 2 . 

4 Vf 3 

h'(t) = 0 => 3\/i = 2 =>■ \Jt=\ => t = |. h/(f) does not exist at 7 = 0, so the critical numbers are 0 and | . 

39. F(x) = x 4/5 (x-4) 2 => 

F'(x) = x 4 /® • 2(x — 4) + (x — 4) 2 • fx- 1 /® = |x _1/5 (x — 4)[5 • x • 2 + (x — 4) • 4] 

_ (x — 4)(14x — 16) _ 2(x — 4)(7x — 8) 

5X 1 /® 5X 1 /® 

F'(x) =0 => x = 4, f.F'(O) does not exist. Thus, the three critical numbers are 0, |, and 4. 

41 . f(9) = 2 cos 6 + sin 2 8 => f'{9) = — 2sin# + 2sin# cos#. f'(8) = 0 =>■ 2sin# (cos# — 1 ) = 0 =>■ sin# = 0 

or cos 9 = 1 => 6 = nn [n an integer] or 9 = 2mr. The solutions 9 = nn include the solutions 8 = 2mv, so the critical 

numbers are 9 = nir. 


43. A graph of f'(x) = 1 H-— j s s j lowll There are 10 zeros 

~ x 2 — 6x + 10 

between —25 and 25 (one is approximately —0.05). /' exists 
everywhere, so / has 10 critical numbers. 


2 



45 . /(x) = 12 + 4x-x 2 , [0,5], /'(x)=4-2x = 0 x = 2. /(0) = 12, /(2) = 16, and /(5) = 7. 

So /(2) = 16 is the absolute maximum value and /(5) = 7 is the absolute minimum value. 

47 . /(x) = 2x 3 - 3x 2 - 12x + 1, [-2,3], /'(x) = 6x 2 - 6x - 12 = 6(x 2 - x - 2) = 6(x - 2)(x + 1) = 0 <S> 

x = 2, —1. /(—2) = —3, /(—1) = 8, /(2) = —19, and /(3) = —8. So /(—1) = 8 is the absolute maximum value and 

/(2) = —19 is the absolute minimum value. 




114 □ CHAPTER 3 APPLICATIONS OF DIFFERENTIATION 


49. f(x) = 3x 4 - 4x 3 - 12x 2 + 1, [-2,3]. f'(x) = 12x 3 - 12a: 2 - 24a: = 12x(x 2 - x - 2) = 12x{x + l)(x - 2) = 0 <4 

x = —1, 0, 2. /(—2) = 33, /(—1) = —4, /(0) = 1, /(2) = —31, and /(3) = 28. So /(—2) = 33 is the absolute maximum 
value and /(2) = —31 is the absolute minimum value. 

1 1 — 1 (T +- 1 ^ (T — 1 ^ 

51. fix) = x H—, [0.2,41. fix) = 1-- =--— = -- -i: -- = 0 ++ x — ±1, but x — — 1 is not in the given 

interval, [0.2,4], f'(x) does not exist when x = 0, but 0 is not in the given interval, so 1 is the only critical nuumber. 

/(0.2) = 5.2, /(1) = 2, and /(4) = 4.25. So /(0.2) = 5.2 is the absolute maximum value and /(1) = 2 is the absolute 
minimum value. 


53 . f(t) = [-1,2]. 

fit) = t ■ §(4 - 1 2 r i/2 (- 2 1) + (4 - 1 2 ) 1/2 • i = = ~ t2 +^_ t2) = ±=?£. 

f(t) = 0 =4 4 — 26 2 = 0 =4 t 2 = 2 =4 t = ±x/2, but t = —\f2 is not in the given interval, [—1, 2], 

f'(t) does not exist if 4 — t 2 = 0 =4 t = ±2, but —2 is not in the given interval. /(—1) = —x/3,/(\/2) = 2, and 

/(2) = 0. So /(\/2) = 2 is the absolute maximum value and /(—1) = — x/3 is the absolute minimum value. 

55 . f{t) = 2 cost + sin 21, [0, ir/2], 

fit) = —2 sin! + cos 2t • 2 = — 2 sin t. + 2(1 — 2 sin 2 t) = —2(2 sin 2 t + sin t — 1) = —2(2 sin 6 — l)(sini + 1). 
f'{t) = 0 = 4 - sini = f or sini = — 1 =4 6 = f. /(0) = 2, /(f) = V3 + \ \/3 = § \/3 ~ 2.60, and /(f) = 0. 

So /(f) = f \/3 is the absolute maximum value and /(f) = 0 is the absolute minimum value. 


57. /(a;) = a+(l - x)\ 0 < a: < 1, a > 0, 6 > 0. 

/'(a;) = x“ • 6(1 - xf-^-l) + (1 - x) b ■ ax a ~ 1 = x “^(l - a+'+x • 6(-l) + (1 - x) ■ a] 

= x a ^(l — x) 6_1 (a — ax — bx) 

At the endpoints, we have/(0) =/(l) = 0 [the minimum value of /]. In the interval (0,1), /'(x) = 0 44 x = ° 


a + b 


f 


a + b 


1 - 


a + b — a 


a + 6/ \ a + 6/ (a + 6)°\ a + 6 / (a + 6)“ (a + 6) 6 (a + 6) 


a a b b 


\a+b ’ 


So/ 

59. (a) 


a 


arb 


a a b‘ 


a + bj (a + 6) 

2.5 


a+6 


is the absolute maximum value. 



From the graph, it appears that the absolute maximum value is about 
/(—0.77) = 2.19, and the absolute minimum value is about /(0.77) = 1.81. 


1 


1.5 


1 




SECTION 3.1 MAXIMUM AND MINIMUM VALUES □ 115 


" 2 = x 2 (5x 2 
\5 / 3 


(b) f(x) = x 5 — x 3 + 2 => f'( x ) = 5x 4 — 3a ; 2 = * 2 (5x 2 — 3). So f'(x ) =0 =>• x = 0, ±y 5 . 


+2--I^Y 2 ,/2 + 2 fj , 2 

V 5 / — V V 5 y v V 5 / + uj v 5 + 5 V 5 + 


f-i)Vl + 2 = ^vf + 2 <. maxim um) 


and similarly, /(yf ) = “ y§ + 2 (minimum). 

61. (a) 0.4 From the graph, it appears that the absolute maximum value is about 

/(0.75) = 0.32, and the absolute minimum value is /(0) = /(l) = 0; 
that is, at both endpoints. 



(b) /(*) = xy/x — x 2 =>• f(x) = x- 


1 - 2 x 


2 \/x — x 2 


+ yjx — x 2 = 


(x — 2a; 2 ) + (2a; — 2a; 2 ) _ 3x — 4x 2 


So f'{x) = 0 =>■ 3x — 4a ; 2 = 0 => x(3 — 4x) = 0 =>■ x = 0 or f 


2 \/x — x 2 

3 


2 \/x — x 2 


/( 0 ) = /(l) = 0 (minimum), and /(f) = f y/§ - (f ) 2 = f ^ (maximum), 

mass 1000 


63. The density is defined as p = 


volume V (T) 


(in g/cnr). But a critical point of p will also be a critical point of V 


Tsince —— = — 1000V 2 -— and V is never 0l, and V is easier to differentiate than p. 

L dT dT J P 

V(T) = 999.87 — 0.06426T + 0.0085043T 2 — 0.0000679T 3 =>■ V'(T) = -0.06426 + 0.0170086T - 0.0002037T 5 

Setting this equal to 0 and using the quadratic formula to find T, we get 
-0.0170086 ± x/0.0170086 2 - 4 • 0.0002037 • 0.06426 


T = 


2(—0.0002037) 

in the region 0°C < T < 30°C, we check the density p at the endpoints and at 3.9665°C: p(0) 
1000 __ ,_ 1000 


3.9665°C or 79.5318°C. Since we are only interested 

1000 


P ^ 30 ^ 1 1003.7628 

about 3.9665°C. 


0.99625; p(3.9665) 


999.7447 


999.87 

1.000255. So water has its maximum density at 


1.00013; 


65. Let a = -0.000 032 37, b = 0.000 903 7, c = -0.008 956, d = 0.03629, e = -0.04458, and / = 0.4074. 

Then S (t) = at 5 + bt 4 + ct 3 + dt 2 + et + f and S' (t) = bat 4 + 461 3 + 3 ct 2 + 2 dt + e. 

We now apply the Closed Interval Method to the continuous function S on the interval 0 < t < 10. Since S' exists for all t, 
the only critical numbers of S occur when S'(t) = 0. We use a rootfinder on a CAS (or a graphing device) to find that 
S’(t) = 0 when li ~ 0.855, t -2 ~ 4.618, 63 ~ 7.292, and 64 ~ 9.570. The values of S at these critical numbers are 
S(ti) ~ 0.39, 5 ( 12 ) ~ 0.43645, S(t 3 ) ~ 0.427, and <S(f 4 ) ~ 0.43641. The values of S at the endpoints of the interval are 
S'(O) ~ 0.41 and S/IO) ~ 0.435. Comparing the six numbers, we see that sugar was most expensive at t 2 ~ 4.618 
(corresponding roughly to March 1998) and cheapest at li ~ 0.855 (June 1994). 
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67. (a) v(r) = k(ro — r)r 2 = kror 2 — kr 3 => v'(r) = 2kror — 3 kr 2 . v'(r) =0 =4- kr(2ro — 3 r) = 0 =4 

r = 0 or |ro (but 0 is not in the interval). Evaluating v at |ro, |ro, and ro, we get v(^ro) = \kr q, u(|ro) = ^kr o, 
and v(r o) = 0. Since ^ > |, v attains its maximum value at r = |ro. This supports the statement in the text. 

(b) From part (a), the maximum value of v is -^krQ. (c) 


69. /(x) = x 101 + x 51 + x + 1 = 4 - /'(x) = lOlx 100 + 51x so + 1 > 1 for all x, so f{x) = 0 has no solution. Thus, /(x) 

has no critical number, so /(x) can have no local maximum or minimum. 

71. If / has a local minimum at c, then g(x ) = — /(x) has a local maximum at c, so g'(c) = 0 by the case of Fermat’s Theorem 
proved in the text. Thus, f'(c) = —g'(c) = 0. 

3.2 The Mean Value Theorem 



1. /(x) = 5 — 12x + 3x 2 , [1, 3], Since / is a polynomial, it is continuous and differentiable on R, so it is continuous on [1, 3] 
and differentiable on (1,3). Also/(l) =—4 =/(3). /'(c) = 0 4^ —12 + 6c = 0 44 c = 2, which is in the open 

interval (1, 3), so c = 2 satisfies the conclusion of Rolle’s Theorem. 


3. /(x) = Vx- |x, [0,9], /, being the difference of a root function and a polynomial, is continuous and differentiable 

on [0, oo), so it is continuous on [0, 9] and differentiable on (0,9). Also, /(0) = 0 = /(9). /'(c) = 0 44 


2 ]fc 3 _ ° ^ 2 y/c — 3 44 


9 9 

c = -, which is in the open interval (0,9), so c = - satisfies the 
4 4 


conclusion of Rolle’s Theorem. 


5. /(x) = 1 — x 2 / 3 . /(—1) = 1 — (—1) 2//3 = 1 — 1 = 0 = /(1). /'(x) = —|x 1 ^ 3 , so /'(c) = 0 has no solution. This 

does not contradict Rolle’s Theorem, since /'(0) does not exist, and so / is not differentiable on (—1,1). 



9. /(x) = 2x 2 — 3x + 1, [0,2], /is continuous on [0, 2] and differentiable on (0, 2) since polynomials are continuous and 

differentiable on R. /'(c) = 7 — ^ 44 4c — 3 = ^4 — ^ - - = 1 44 4c = 4 44 c = 1, which 

J v ’ b- a 2-0 2 

is in (0, 2). 
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11. f(x) = y/x, [0,1], /is continuous on R and differentiable on (—oo, 0) U (0, oo), so / is continuous on [0,1] 


and differentiable on (0,1). /'(c) = 


f(b) ~ f{a) 


44 


/(l) - /(0) 


44 


0 


b - a " 3c 2 / 3 1 - 0 3c 2 / 3 1 

3c 2/3 = 1 44 c 2/3 = | 44 c 2 = (|) 3 = i 44 c = = ±^, but only ^ is in (0,1). 


44 


13. f{x) = ^, [0,4], /'(c) = 


/( 4 ) - /( 0 ) 

4-0 


44 


1 

2\/c 


2-0 


44 


^ = i 44 =1 44 c = 1. The secant line and the tangent line 

2 v c 2 

are parallel. 



/'Or) = -2 (x - 3)- 3 . /(4) - /(l) = /'(c)(4 - 1) 


l 2 (-2) 2 (c-3) 3 


15. f(x) = (x- 3)" 2 

^ = ——=4 (c — 3) 3 — —8 =4 c —3 = —2 =4 c = 1, which is not in the open interval (1, 4). This does not 
contradict the Mean Value Theorem since / is not continuous at x = 3. 

17. Let /(*) = 2x + cos x. Then /(—7r) = — 2-7T — 1 < 0 and /(0) = 1 > 0. Since / is the sum of the polynomial 2x and the 
trignometric function cos x, f is continuous and differentiable for all x. By the Intermediate Value Theorem, there is a number 
c in (—7r, 0) such that /(c) = 0. Thus, the given equation has at least one real root. If the equation has distinct real roots a and 
b with a < b, then /(a) = f(b) = 0. Since / is continuous on [a, 6] and differentiable on (a, 6), Rolle’s Theorem implies that 
there is a number r in (a, b) such that /'(r) = 0. But f'(r) =2 — sinr > 0 since sinr < 1. This contradiction shows that the 
given equation can’t have two distinct real roots, so it has exactly one root. 


19. Let /(*) = x 3 — 15x + c for x in [—2, 2], If / has two real roots a and b in [—2, 2], with a < b, then /(a) = f(b) = 0. Since 
the polynomial / is continuous on [a, 6] and differentiable on (a, b ), Rolle’s Theorem implies that there is a number r in (a, b) 
such that f(r) = 0. Now /'(r) = 3r 2 — 15. Since r is in (a, b), which is contained in [—2, 2], we have |r| <2, so r 2 < 4. 

It follows that 3 r 2 — 15 < 3 • 4 — 15 = —3 < 0. This contradicts f'(r) = 0, so the given equation can’t have two real roots 
in [—2, 2], Hence, it has at most one real root in [—2, 2], 

21. (a) Suppose that a cubic polynomial P(x) has roots ai < 02 < C13 < 04 , so P(a 1 ) = P(a 2 ) = P(a 3 ) = P(a 4 ). 

By Rolle’s Theorem there are numbers ci, C 2 , C 3 with 01 < ci < ( 12 , 02 < C 2 < 03 and 03 < C 3 < a 4 and 
P'(ci) = P'(c 2 ) = P'(c 3 ) = 0. Thus, the second-degree polynomial P'(x) has three distinct real roots, which is 
impossible. 

(b) We prove by induction that a polynomial of degree n has at most n real roots. This is certainly true for n = 1. Suppose 
that the result is true for all polynomials of degree n and let P(x) be a polynomial of degree n + 1. Suppose that P(x) has 
more than n + 1 real roots, say ai < (Z 2 < 03 < • • • < a n+ i < a„ + 2 . Then P(a 1 ) = P(a 2 ) = • • • = P(a n+ 2 ) = 0. 

By Rolle’s Theorem there are real numbers ci,..., c „+1 with 01 < ci < 02,..., a n +i < c „+1 < a „+2 and 
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P'(ci) = • • • = P'(c n + 1 ) = 0. Thus, the nth degree polynomial P'(x) has at least n + 1 roots. This contradiction shows 
that P(x ) has at most n + 1 real roots. 

23. By the Mean Value Theorem, /(4) — /(1) = /'(c)( 4 — 1) for some c € (1,4). But for every c € (1,4) we have 
/'(c) > 2. Putting /'(c) > 2 into the above equation and substituting /(l) = 10, we get 
/(4) = /(1) + /'(c)(4 — 1) = 10 + 3 /'(c) > 10 + 3 • 2 = 16. So the smallest possible value of /(4) is 16. 

25 . Suppose that such a function / exists. By the Mean Value Theorem there is a number 0 < c < 2 with 
f/ 2 ) — f(0) 5 

/'(c) = v ^' = —. But this is impossible since f(x) < 2 < | for all a;, so no such function can exist. 

27 . We use Exercise 26 with f(x) = VI + x, g(x) = 1 + and a = 0. Notice that /(0) = 1 = <?(0) and 

f{x) = — = < i = g\x) for * > 0. So by Exercise 26, f(b) < <?(6) =>■ Vl + 6 < 1 + \b for 6 > 0. 

Another method: Apply the Mean Value Theorem directly to either f(x) = 1 + — Vl + x or g(x) = Vl + x on [0,6]. 

29 . Let f(x) = sin x and let b < a. Then /(*) is continuous on [6, a] and differentiable on (6, a). By the Mean Value Theorem, 
there is a number c € (6, a ) with sina — sin6 = /(a) — f(b) = — b) = (cosc)(a — 6). Thus, 

|sina — sin&| < |cosc| |6 — o| < |o — 6|. If a < 6, then |sina — sin6| = |sin6 — sina| < |6 — a| = |a — 6|. If a = 6, both 
sides of the inequality are 0. 

31. For x > 0, f(x) = g{x), so /'(*) = g'{x). For x < 0, f'(x ) = (1/*)' = —1/a; 2 and g'(x) = (1 + 1/a;)' = —1/x 2 , so 
again f'(x) = g'(x). However, the domain of g(x) is not an interval [it is (— oo, 0) U (0, oo)] so we cannot conclude that 
/ — g is constant (in fact it is not). 

33. Let g(t ) and 6(f) be the position functions of the two runners and let /(f) = g(t) — 6(f). By hypothesis, 

/(0) = gr(0) — 6(0) = 0 and /(6) = g(b) — 6(6) = 0, where 6 is the finishing time. Then by the Mean Value Theorem, 

there is a time c, with 0 < c < 6, such that /'(c) = —q^- ® ut /(&) = /(0) = 0, so /'(c) = 0. Since 

/'(c) = g'(c) ^ 6'(c) = 0, we have g'(c ) = 6'(c). So at time c, both runners have the same speed g'(c) = h'(c). 

3.3 How Derivatives Affect the Shape of a Graph 

1. (a) / is increasing on (1,3) and (4,6). (b) / is decreasing on (0,1) and (3,4). 

(c) / is concave upward on (0, 2). (d) / is concave downward on (2,4) and (4, 6). 

(e) The point of inflection is (2, 3). 

3. (a) Use the Increasing/Decreasing (I/D) Test. (b) Use the Concavity Test. 

(c) At any value of x where the concavity changes, we have an inflection point at (x, f(x)). 

5. (a) Since f'(x) > 0 on (1, 5), / is increasing on this interval. Since /'(*) < 0 on (0,1) and (5,6), / is decreasing on these 
intervals. 
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Since f ( x ) = 0 at x = 1 and f changes from negative to positive there, / changes from decreasing to increasing and has 
a local minimum at x = 1. Since /'(*) = 0 at x = 5 and f changes from positive to negative there, / changes from 
increasing to decreasing and has a local maximum at x = 5. 

There is an IP at x = 3 because the graph of / changes from CD to CU there. There is an IP at x = 5 because the graph 
of / changes from CU to CD there. 

There is an IP at x = 2 and at x = 6 because /'(*) has a maximum value there, and so /"(*) changes from positive to 
negative there. There is an IP at x = 4 because f'(x) has a minimum value there and so f"(x) changes from negative to 
positive there. 

There is an inflection point at x = 1 because f"(x) changes from negative to positive there, and so the graph of / changes 
from concave downward to concave upward. There is an inflection point at x = 7 because f"{x) changes from positive to 
negative there, and so the graph of / changes from concave upward to concave downward. 

/(*) = 2x 3 + 3x 2 - 36* =4 f'(x) = 6x 2 + 6* - 36 = 6(x 2 + x - 6) = 6(x + 3)(x - 2). 

We don’t need to include the “6” in the chart to determine the sign of f(x). 


Interval 

x + 3 

x — 2 

/'(*) 

/ 

x <-3 

- 

- 

+ 

increasing on (— oo, —3) 

-3 <x <2 

+ 

- 

- 

decreasing on (—3, 2) 

x>2 

+ 

+ 

+ 

increasing on (2, oo) 


(b) / changes from increasing to decreasing at x = —3 and from decreasing to increasing at x = 2. Thus, /(—3) = 81 is a 
local maximum value and /(2) = —44 is a local minimum value. 

(c) f (x) = 6x 2 + 6® — 36 =4- f"{x) = 12* + 6. f"(x) = 0 at * = — f"{x) >0 44 x > —|, and 

f"(x) <0 44 x< —i. Thus, / is concave upward on (—§, oo) and concave downward on (—oo, —|). There is an 
inflection point at (— §,/(— |)) = (— §, ^). 

11. (a) f(x) = x A — 2x 2 +3 =4 /'(*) = 4x 3 — 4x = 4x{x 2 — l) = 4x(x + 1)(* — 1). 


Interval 

x+1 

X 

x — 1 

f'(x) 

f 

* < —1 

- 

- 

- 

- 

decreasing on (— oo, —1) 

— 1 < * < 0 

+ 

- 

- 

+ 

increasing on (—1, 0) 

0 < * < 1 

+ 

+ 

- 

- 

decreasing on (0,1) 

x > 1 

+ 

+ 

+ 

+ 

increasing on (1, oo) 


(b) / changes from increasing to decreasing at * = 0 and from decreasing to increasing at * = — 1 and x = 1. Thus, 

/(0) = 3 is a local maximum value and /(± 1) = 2 are local minimum values. 

(c) /"(*) = 12* 2 — 4 = 12(* 2 — |) = 12(x + l/x/3) (x — l/x/3). /"(*)> 0 44 * < —l/x/3 or x > l/x/3 and 
f"(x) < 0 44 —l/x/3 < x < l/x/3- Thus, / is concave upward on (—oo, —y/3/3) and [s/3/3, oo) and concave 
downward on (—\/3/3, V3/3). There are inflection points at (±\/3/3, ^). 


(b) 

7. (a) 

(b) 

(c) 

9. (a) 
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sin x 

13. (a) f(x) = sin® + cos®, 0 < * < 2n. f'(x) = cos * — sin a; = 0 => cos* = sin x =4> 1= - =4> 

cos* 

tan* = 1 =>■ * = j or ^p. Thus, f{x) >0 cos* — sin* > 0 cos* > sin* 0 < * < f or 

^p < * < 2tt and /'(*) <0 4^ cos* < sin* f < * < ^p. So / is increasing on (0, f) and (^, 27 t) and / 

is decreasing on 

(b) / changes from increasing to decreasing at * = j and from decreasing to increasing at * = ^p. Thus, /(f) = x/2 is a 
local maximum value and / (^p) = — \/2 is a local minimum value. 

(c) f" (*) = — sin * — cos * = 0 =>■ — sin * = cos * =>■ tan * = —1 =>■ *=^por^p. Divide the interval 

(0, 2tt) into subintervals with these numbers as endpoints and complete a second derivative chart. 


Interval 

f" (*) = — sin * — cos * 

Concavity 

(°>t) 

/ 3tt 7tt \ 
l 4 ’ 4 / 

/"(f) =-i<o 
/» = i > o 

/"(¥) = 5-W3<0 

downward 

upward 

downward 


There are inflection points at (2p, 0) and (^p, 0). 

15. /(*) = 1 + 3* 2 — 2* 3 =>■ /'(*) = 6* — 6* 2 = 6*(1 — *). 

First Derivative Test: /'(*)> 0 =>■ 0 < * < 1 and /'(*)< 0 =4> * < 0 or * > 1. Since f changes from negative 

to positive at * = 0, /(0) = 1 is a local minimum value; and since f changes from positive to negative at * = 1, /(l) = 2 is 
a local maximum value. 

Second Derivative Test: /"(*) = 6 — 12*. /'(*)= 0 -i=> * = 0,1. /"(0) = 6 > 0 =>■ /(0) = 1 is a local 

minimum value. /"(1) = —6 <0 =>• /(1) = 2 is a local maximum value. 

Preference: For this function, the two tests are equally easy. 

17./(*) = Vi-=* /'(*) = ^*- 1/2 - j*- 3/4 = j*- 3/4 (2* 1 / 4 ^ 1) = 

First Derivative Test: 2^/x — 1>0 =>■ *> pg, so /'(*)> 0 => * > pg and /'(*)< 0 =>■ 0 < * < 

Since f changes from negative to positive at*=Pg,/(pr) = i — 4 = — 4 is a local minimum value. 

13 13 

Second Derivative Test: fix) = — -* -3 ^ 2 + —x~ 7 ^ A = - -= H- r -=. 

4 16 4^ 16 ^j7 

/'(*) = 0 <=> x = jq. /"(pg) = —16 + 24 = 8 > 0 =>■ /(pg) = — j is a local minimum value. 

Preference: The First Derivative Test may be slightly easier to apply in this case. 

19. (a) By the Second Derivative Test, if /'(2) = 0 and /"(2) = —5 < 0, / has a local maximum at * = 2. 


(b) If f( 6) = 0, we know that / has a horizontal tangent at * = 6. Knowing that f"(6) = 0 does not provide any additional 
information since the Second Derivative Test fails. For example, the first and second derivatives of y = (x — 6) 4 , 
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y = — (x — 6) 4 , and y = (x — 6) 3 all equal zero for x = 6, but the first has a local minimum at x = 6, the second has a 
local maximum at x = 6, and the third has an inflection point at x = 6. 


21. /'(0) = /'(2) = /'(4) = 0 =>• horizontal tangents at x = 0, 2, 4. 

/'(*) > 0 if a; < 0 or 2 < a; < 4 =>■ /is increasing on (—oo, 0) and (2,4). 

/'(*)< 0 if 0 < x < 2 or x > 4 =>■ /is decreasing on (0, 2) and (4, oo). 

f"(x) > 0 if 1 < x < 3 =>■ /is concave upward on (1,3). 

/"(*) < 0 if x < 1 or x > 3 =>• /is concave downward on (—oo, 1) 

and (3, oo). There are inflection points when x = 1 and 3. 



23. /'(*) > 0 if |*| < 2 /is increasing on (—2, 2). 

/'(*) < 0 if |x| > 2 =>■ /is decreasing on (—oo, —2) 
and(2,oo). /'(—2) = 0 =>■ horizontal tangent at 

x = — 2. lim |/'(a;) I = oo =>■ there is a vertical 

asymptote or vertical tangent (cusp) at a; = 2. f"(x) > 0 if x ^ 2 



=> /is concave upward on (—oo, 2) and (2, oo). 


25. The function must be always decreasing (since the first derivative is always 
negative) and concave downward (since the second derivative is always 
negative). 

27. (a) / is increasing where f is positive, that is, on (0, 2), (4, 6), and (8, oo); and decreasing where f is negative, that is, on 
(2,4) and (6, 8). 

(b) / has local maxima where f changes from positive to negative, at x = 2 and at x = 6, and local minima where f changes 
from negative to positive, at x = 4 and at x = 8. 

(c) / is concave upward (CU) where f is increasing, that is, on (3,6) and (6, oo), and concave downward (CD) where /' is 
decreasing, that is, on (0, 3). 

(d) There is a point of inflection where / changes from (e) 

being CD to being CU, that is, at x = 3. 




29. (a) /(*) = a: 3 - 12* + 2 => f'(x) = 3x 2 - 12 = 3{x 2 - 4) = 3(a: + 2)(x - 2). /'(*)> 0 <S> x<-2orx>2 

and f(x) < 0 — 2 < x < 2. So / is increasing on (—oo, —2) and (2, oo) and / is decreasing on (—2, 2). 
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(b) / changes from increasing to decreasing at x = —2, so /(—2) = 18 is a local maximum value. / changes from decreasing 
to increasing at x = 2, so /(2) = —14 is a local minimum value. 


(c) f"(x) = 6*. f"(x) = 0 44 a: = 0. f"(x)> 0 

on (0, oo) and f"{x) < 0 on (— oo, 0). So / is 
concave upward on (0, oo) and / is concave downward 
on (— oo, 0). There is an inflection point at (0, 2). 



31. (a) f(x) = 2 + 2x 2 — x 4 =4- f'(x) = 4x — 4a; 3 = 4a: (1 — x 2 ) = 4a: (1 + x)(l — x). f'(x ) >0 44 x < — 1 or 

0 < x < 1 and f'(x) < 0 44 — 1 < x < 0 or x > 1. So / is increasing on (— oo, —1) and (0,1) and / is decreasing 
on (—1, 0) and (1, oo). 

(b) / changes from increasing to decreasing at x = — 1 and x = 1, so /(—1) = 3 and /(1) = 3 are local maximum values. 
/ changes from decreasing to increasing at x = 0, so /(0) = 2 is a local minimum value. 

(c) f"(x) =4- 12a; 2 =4(1 -3a; 2 ). f"(x) = 0 44 1 - 3a; 2 = 0 44 

x 2 — | 44 x = ±l/x/3. f"{x) > 0 on (— l/v/3, l/v^) and f"(x) < 0 

on (—oo,—l/x/3) and (l/\/3,oo). So / is concave upward on 
(—1/V3, l/x/3) and / is concave downward on (—oo, —1/\/3) and 
(1/V3, oo). /(il/x/3) = 2+| — | = ^- There are points of inflection 
at (±1/^3, f). 



33. (a) h{x) = (x + l) 5 - 5a: - 2 => h'(x) = 5(x + l) 4 - 5. h\x) = 0 <S> 5(a; + l) 4 = 5 <S> (x + l) 4 = 1 
(a; + l) 2 = l a; + l = lora; + l = —1 x = 0orx = —2. h'(x) > 0 4^ x < — 2 or x > 0 and 

h'(x) <0 44 — 2 < x < 0. So h is increasing on (—oo, —2) and (0, oo) and h is decreasing on (—2,0). 

(b) h(— 2) = 7 is a local maximum value and h( 0) = — 1 is a local minimum value. 

(c) h"(x) = 20(x + l) 3 = 0 44 x = — 1. h"(x) > 0 44 x>— land 

h"(x)< 0 44 x < — 1, so h is CU on (—1, oo) and h is CD on (—oo, — 1). 

There is a point of inflection at (—1, h(— 1)) = (—1,3). 



35. (a) F(x) = a;\/6 — x =4 

F'(x) = x ■ 4(6 — x) _1//2 (— 1) + (6 — x) 1//2 (l) = |(6 — x)~ 1/,2 [—x + 2(6 — x)\ = 

2v6 — x 

F'(x)> 0 44 —3x + 12 > 0 44 x < 4 and F'(*) < 0 44 4 < a; < 6. So F is increasing on (—oo, 4) and F is 

decreasing on (4, 6). 
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(b) F changes from increasing to decreasing at x = 4, so F( 4) = 4\/2 is a local maximum value. There is no local minimum 
value. 

(c) F'(x) = -§(z-4)(6-a;)- 1/2 =4> (d) y t (4,4^) 

F"(x) = - |[(x-4)(-i(6-x)- 3 / 2 (-l))+(6-x)- 1 / 2 (l)] / \ 

- 'I 4 ) + 2(6 = / 1 

~ 7 ° 4 6 X 

F"[x) < 0 on (—oo, 6), so F is CD on (—oo, 6). There is no inflection point. / 

37. (a) C(x) = x 1/3 {x + 4) = x 4/3 + 4x 1/3 =4- C\x ) = §:r 1/3 + f z“ 2/3 = |x“ 2/3 (x + 1) = ^^ . C'{x) > 0 if 

— l<a;<0orx>0 and C'{x) < 0 for x < — 1, so C is increasing on (—1, oo) and C is decreasing on (—oo, —1). 


(b) C(— 1) = —3 is a local minimum value. 

(c) C"(x) = lx - 2 / 3 - f*- 5 / 3 = lx~^(x - 2) = . 

9 \Jx° 

C" (x) < 0 for 0 < x < 2 and C" (x) > 0 for x < 0 and x > 2, so C is 
concave downward on (0, 2) and concave upward on (— oo, 0) and (2, oo). 
There are inflection points at (0, 0) and (2,6 \/2 ) « (2, 7.56). 


' ( 2 , 6 ^ 2 ) 


-4\ 0 


(-1,-3) I 


39. (a) /(#) = 2cos 9 + cos 2 9, 0 < 9 < 2n =4- /'(#) = — 2 sin# + 2 cos# (— sin#) = — 2sin# (1 + cos#). 

f'{0) = 0 44 9 = 0, 7 r, and 27r. f'(9) > 0 44 7r < 6 < 2n and f'(0) < 0 44 0 < 6 < tt. So / is increasing 

on (n, 2n) and / is decreasing on (0,7r). 

(b) f(ir) = — 1 is a local minimum value. 

(c) f'(9) = — 2 sin 9 (1 + cos 9) =4- 

f" (9 ) = —2 sin 9 (— sin 9) + (1 + cos#)(— 2 cos 9) = 2 sin 2 9 — 2 cos 9 — 2 cos 2 9 

= 2(1 — cos 2 9) — 2 cos 9 — 2 cos 2 9 = —4 cos 2 9 — 2 cos 9 + 2 

= — 2(2 cos 2 9 + cos 9 — 1 ) = — 2(2 cos 9 — l)(cos 9 + 1 ) 

Since —2(cos 9 + 1) < 0 [for 9 7r], f"(9) >0 =4- 2 cos 9 — 1 < 0 =4 cos# < ^ =4 ^ < 9 < ^ and 

/"(#) <0 =4 cos# >| =4 0<#<-|or^<#< 27r. So / is CU on (-|, and / is CD on (0, f) and 

(^, 27t). There are points of inflection at (§, /(f)) = (f, §) and = (x’l)- 



41. The nonnegative factors (x + l) 2 and (x — 6) 4 do not affect the sign of f(x) = (x + l) 2 (a; — 3) 5 (a; — 6) 4 . 
So/'(a:)>0 =4 (x — 3) 5 > 0 =4 x— 3>0 =4 x> 3. Thus, / is increasing on the interval (3, oo). 
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43. (a) 



From the graph, we get an estimate of/(l) « 1.41 as a local maximum 
value, and no local minimum value. 

x 4-1 , 1 — x 


/(*) = 


/'(*) = 


-2 


V^TT ' J v ' (x 2 + 1) 3/2 " 

f'(x) = 0 44 x = 1. /(I) = ^ = x/2 is the exact value. 


(b) From the graph in part (a), / increases most rapidly somewhere between x = — | and ® = — |. To find the exact value, 
we need to find the maximum value of which we can do by finding the critical numbers of /'. 

f" (x) = —- 1 =0 44 x = ——r—- x = ^ corresponds to the minimum value of /'. 

v ’ ( x 2 + 1) 5/2 4 4 

The maximum value of /' occurs at x = 3 ~ ~ —0.28. 

45. /(®) = cos® + \ cos2® =4 f'{x) = — sin® — sin2® 


f" (®) = — cos ® — 2 cos 2® 


(a) 



2n 


(b) 



277 


From the graph of /, it seems that / is CD on (0,1), CU on (1, 2.5), CD on 
(2.5, 3.7), CU on (3.7, 5.3), and CD on (5.3, 27r). The points of inflection 
appear to be at (1, 0.4), (2.5, —0.6), (3.7, —0.6), and (5.3, 0.4). 

From the graph of f" (and zooming in near the zeros), it seems that / is CD 
on (0,0.94), CU on (0.94, 2.57), CD on (2.57, 3.71), CU on (3.71, 5.35), 
and CD on (5.35, 27r). Refined estimates of the inflection points are 
(0.94, 0.44), (2.57, -0.63), (3.71, -0.63), and (5.35, 0.44). 


47. f(x) = 


® 4 + ® 3 + 1 


In Maple, we define / and then use the command 


V® 2 + x + 1 

plot (diff (diff (f,x) ,x) , x=-2 . . 2 ) ;. In Mathematica, we define / 
and then use Plot [Dt [Dt [ f, x] , x] , {x, - 2 , 2 } ]. We see that f" > 0 for 
® < —0.6 and ® > 0.0 [« 0.03] and f" < 0 for —0.6 < ® < 0.0. So / is CU 
on (— oo, —0.6) and (0.0, oo) and CD on (—0.6,0.0). 



49. (a) The rate of increase of the population is initially very small, then gets larger until it reaches a maximum at about 
t = 8 hours, and decreases toward 0 as the population begins to level off. 

(b) The rate of increase has its maximum value at t — 8 hours. 

(c) The population function is concave upward on (0,8) and concave downward on (8,18). 

(d) At t = 8, the population is about 350, so the inflection point is about (8, 350). 
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51. Most students learn more in the third hour of studying than in the eighth hour, so 7\'(3) — A'(2) is larger than K(8) — K(7). 
In other words, as you begin studying for a test, the rate of knowledge gain is large and then starts to taper off, so K'(t) 
decreases and the graph of K is concave downward. 

53. f(x) = ax 3 + bx 2 + cx + d =>■ f'(x) = 3a ® 2 + 2 bx + c. 

We are given that /(1) = 0 and /(— 2) = 3, so /( 1) = a + b + c + d = 0 and 
/(—2) = —8a + 46 — 2c + d = 3. Also f'( 1) = 3a + 26 + c = 0 and 
/'(— 2) = 12a — 46 + c = 0 by Fermat’s Theorem. Solving these four equations, we get 
a = |, 6 = |, c = — |, d = f, so the function is f(x) = | ( 2® 3 + 3® 2 — 12® + 7). 

55. (a) /(®) = x 3 + ax 2 +bx => /'(®) = 3 ® 2 + 2a® + 6 . / has the local minimum value — |\/3 at ® = l/\/3, so 

/'( 75 ) = ° l + -|a + 6 = 0 ( 1 ) and /(-i=) =-§^3 => |^3 + ±a + § v^b = — | n/3 ( 2 ). 

Rewrite the system of equations as 

§73 a + 6 = -1 (3) 

| a + |v / 36 = —1\/3 (4) 

and then multiplying (4) by — 2\/3 gives us the system 

1^3 a + 6 = -1 

-§^3 a - 2 b = 2 

Adding the equations gives us —6 = 1 => 6 = — 1. Substituting —1 for 6 into (3) gives us 

|\/3a— 1 = — 1 => |v / 3a = 0 a = 0. Thus, /(®) = ® 3 — ®. 

(b) To find the smallest slope, we want to find the minimum of the slope function, f, so we’ll find the critical 

numbers of/'. /(®) = ® 3 — ® => /'(®) = 3 ® 2 — 1 => f"(x) = 6 ®. /"(®) = 0 ® = 0. 

At ® = 0, y = 0, f'{x) = — 1, and f" changes from negative to positive. Thus, we have a minimum for f and 
y — 0 = — 1 (® — 0 ), or y = —®, is the tangent line that has the smallest slope. 

57. y = ® sin ® => y' = ® cos ® + sin ® y" = —x sin ® + 2 cos ®. y" = 0 2 cos ® = ® sin ® [which is y] => 

(2cos ®) 2 = (®sin ®) 2 4cos 2 ® = ® 2 sin 2 ® => 4cos 2 ® = ® 2 (1 — cos 2 ®) 4cos 2 ® + ® 2 cos 2 ® = ® 2 => 

cos 2 ®(4 + ® 2 ) = ® 2 4cos 2 ®(® 2 + 4) = 4 ® 2 y 2 (® 2 + 4) = 4 ® 2 since y = 2cos® when y" = 0. 



59. (a) Since / and g are positive, increasing, and CU on / with f" and g" never equal to 0, we have / > 0, f > 0, f" > 0, 

9 > 0, g’ > 0 , g" > 0 on 7. Then (fg)' = f'g + fg' => (/<?)" = f"g + 2/' 'g' + fg" > f"g + fg" > 0 on / => 

fg is CU on I. 

(b) In part (a), if / and g are both decreasing instead of increasing, then /' < 0 and g' < 0 on /, so we still have 2/'</ > 0 


on I. Thus, (fg)" = f'g + 2 f'g' + fg" > f'g + fg" > 0 on / => fg is CU on I as in part (a). 
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(c) Suppose / is increasing and g is decreasing [with / and g positive and CU], Then /' > 0 and g' < 0 on 7, so 2 f'g' < 0 
on 7 and the argument in parts (a) and (b) fails. 

Example 1. 7 = (0, oo), f(x) = x 3 , g(x) = 1/x. Then ( fg)(x ) = x 2 , so (/<?)'(x) = 2x and 

( fg)"( x ) = 2 > 0 on 7. Thus, fg is CU on 7. 

Example 2. 7 = (0, oo), /(x) = Ax -Jx, g{x) = 1/x. Then ( fg)(x ) = 4 y/x, so ( fg)'{x ) = 2 / yfx and 

( fg)"(x ) = — 1/x/x® < 0 on 7. Thus, fg is CD on 7. 

Example 3. 7 = (0, oo), /(x) = x 2 , g(x) = 1/x. Thus, ( fg)(x ) = x, so fg is linear on 7. 


61. /(x) = tanx — x =>■ /'(x) = sec 2 x—l>0for0<x<-| since sec 2 x > 1 for 0 < x < -|. So / is increasing 
on (0, f). Thus, /(x) > /(0) = 0 for 0 < x < -| =>■ tanx — x > 0 =>■ tanx > x for 0 < x < \. 


63. Let the cubic function be /(x) = ax 3 + bx 2 + cx + d, =>■ f'(x) = 3 ax 2 + 26x + c =>■ /"(x) = 6 ox + 2b. 

So / is CU when 6 ax + 26 > 0 -o- x > —6/(3a), CD when x < — 6/(3a), and so the only point of inflection occurs 
when x = — 6 / (3a). If the graph has three x-intercepts xi, X 2 and X 3 , then the expression for /(x) must factor as 
f(x) = a(x — xi)(x — X 2 )(x — X 3 ). Multiplying these factors together gives us 

/(x) = a[x 3 - (xi + X2 + X3)x 2 + (X1X2 + X1X3 + X2X3)x — X1X2X3] 

Equating the coefficients of the x 2 -terms for the two forms of / gives us 6 = —a(xi + X2 + X3). Hence, the x-coordinate of 


. . r . „ .. . 6 —a(xi + X2 + x 3 ) X1+X2+X3 

the point ol inflection is-=---- = -. 

3a 3a 3 

65. By hypothesis g = f is differentiable on an open interval containing c. Since (c, /(c)) is a point of inflection, the concavity 
changes at x = c, so f"(x) changes signs at x = c. Hence, by the First Derivative Test, f has a local extremum at x = c. 
Thus, by Fermat’s Theorem /"(c) = 0. 


67. Using the fact that |x| = x/x 2 , we have that g(x) = x |x| = x x/a? => g' (x) = x/x 2 + x/x 2 = 2 x/x 2 = 2 |x| => 

g"(x) = 2x(x 2 ) ^ < 0 for x < 0 and g"(x) > 0 for x > 0, so (0, 0) is an inflection point. But g"( 0) does not 

|x| 

exist. 

69. Suppose that / is differentiable on an interval 7 and f'(x) > 0 for all x in 7 except x = c. To show that / is increasing on 7, 
let xi, X 2 be two numbers in 7 with xi < X 2 . 

Case 1 Xi < X 2 < c. Let J be the interval {x € 7 | x < c}. By applying the Increasing/Decreasing Test to / 
on J, we see that / is increasing on J, so f(x 1 ) < /(x 2 ). 

Case 2 c < x 1 < X 2 . Apply the Increasing/Decreasing Test to / on K = {x G 7 | x > c}. 

Case 3 xi < X 2 = c. Apply the proof of the Increasing/Decreasing Test, using the Mean Value Theorem (MVT) 
on the interval [xi, X 2 ] and noting that the MVT does not require / to be differentiable at the endpoints 
of [xi,x 2 ]. 
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Case 4 c = x i < * 2 . Same proof as in Case 3. 

Case 5 xi < c < * 2 . By Cases 3 and 4, / is increasing on [*i, c] and on [c, * 2 ], so /(* 1 ) < /(c) < /(* 2 ). 

In all cases, we have shown that f(x 1 ) < f(x 2 ). Since xi, X 2 were any numbers in I with x\ < X 2 , we have shown that / is 
increasing on /. 


71. (a) /(*) = x 4 sin — =>■ /'(*) = x 4 cos — ( —\r ] + sin — (4a: 3 ) = 4a; 3 sin — — x 2 cos 
x x \ x 2 ) x x x 

g(x) = x 4 ^2 + sin = 2x 4 + f(x) =>■ </(*) = 8* 3 + /'(*). 

h(x) = x 4 ^—2 + sin = —2 * 4 4 - f(x) =>■ h'(x) = — 8* 3 + f'{x). 


f(x) - f(Q) x sin - 0 

It is given that /(0) = 0, so /'(0) = lim - ^ ^ = lim -—- 

x >0 X U ® >0 X 


O 1 

= lim x sin —. Since 

z ->0 x 


— | a? 3 1 < x 3 sin — < |x 3 | and lim |* 3 | =0, we see that /'(0) = 0 by the Squeeze Theorem. Also, 
g'( 0 ) = 8 ( 0) 3 + /'( 0 ) = 0 and h'( 0 ) = — 8 ( 0) 3 + /'( 0 ) = 0 , so 0 is a critical number of /, g, and h. 

For X 2 n = —— [n a nonzero integer], sin —= sin 2 n 7 T = 0 and cos —= cos 2nn = 1, so f'(x 2 n) = — < 0. 

2niT X2n X2n 

For X 2 n+i = 7 —— ~ ~r , sin —-— = sin(2n + l) 7 r = 0 and cos —-— = cos(2 n + l) 7 r = —1, so 
(2n + 1 ) 7 T * 2 ,i+l * 2 n+l 

/'(* 2 n+i) = * 2 , 1+1 > 0. Thus, /' changes sign infinitely often on both sides of 0. 

Next, g'(x 2 n ) = 8 * 2,1 + /'(* 2 , 1 ) = 8 * 3 „ - x\ n = *L( 8 * 2 n - 1) < 0 for * 2 ™ < |, but 

g 1 (* 2 , 1 + 1 ) = 8 * 3 „+i + *L+i = *L+i (8 * 2 „+i + 1 ) > 0 for * 2 , 1+1 > -f, so g’ changes sign infinitely often on both 

sides of 0 . 

Last, h'(x 2 n) = -8*2,1 + f{x 2 n) = -8x 3 ,, - *2n = -xL (8 x 2 ,i + 1) < 0 for * 2 ,i > -§ and 
h'(x 2 n+i) = — 8*|n+i + *2„+i = x|„ + i (— 8*2™+i + 1 ) > 0 for *2n+i < g, so h! changes sign infinitely often on both 
sides of 0 . 

(b) /( 0 ) = 0 and since sin — and hence * 4 sin — is both positive and negative inifinitely often on both sides of 0 , and 
arbitrarily close to 0 , / has neither a local maximum nor a local minimum at 0 . 

Since 2 + sin — > 1, g(x) = x 4 (2 + sin > 0 for x 7 ^ 0, so p(0) = 0 is a local minimum. 


Since —2 + sin — < —1, h(x ) = * 4 1 —2 + sin — 


< 0 for * 7 ^ 0 , so h( 0 ) = 0 is a local maximum. 
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3.4 Limits at Infinity; Horizontal Asymptotes 


1. (a) As x becomes large, the values of /(x) approach 5. 

(b) As x becomes large negative, the values of /(x) approach 3. 

3. (a) lim f(x) = —2 (b) lim f(x) = 2 (c) lim f(x) = oo 

X —tOO X —t — OO X —>1 


(d) lim /(x) = -oo 

X — 


(e) Vertical: x = 1, x = 3; horizontal: y = —2, y = 2 


5. If/(x) = x 2 /2 a: , then a calculator gives /(0) = 0, /(1) = 0.5, /(2) = 1, /(3) = 1.125, /(4) = 1, /(5) = 0.78125, 
/(6) = 0.5625, /(7) = 0.3828125, /(8) = 0.25, /(9) = 0.158203125, /(10) = 0.09765625, /(20) ss 0.00038147, 
/(50) « 2.2204 x 10“ 12 , /(100) se 7.8886 x 10“ 27 . 

It appears that lim (x 2 /2 x ) = 0. 

x — too ' ' 


3x 2 — x + 4 ( 3 x 2 —x + 4 )/ x 2 

2x 2 + 5x - 8 ~ (2x 2 + 5x — 8)/x 2 

lim (3 — 1/x + 4/x 2 ) 

x —too 

lim (2 + 5/x — 8/x 2 ) 

x—too 

lim 3— lim (1/x) + lim (4/x 2 ) 

_ x —too x —>oo a:—too 

lim 2 + lim (5/x) — lim (8/x 2 ) 

x —too a;—too x —too 

3 — lim (1/x) + 4 lim (1/x 2 ) 

X —too X —too 

2 + 5 lim (1/x) — 8 lim (1/x 2 ) 

X —too X —too 

3 - 0 + 4(0) 

“ 2+ 5(0)-8(0) 


[divide both the numerator and denominator by x 2 
(the highest power of x that appears in the denominator)] 

[Limit Law 5] 


[Limit Laws 1 and 2] 


[Limit Laws 7 and 3] 

[Theorem 5 of Section 1. 8 ] 


9. 


lim 

X —too 


3x — 2 
2 x + 1 


( 2 x + l)/x 


lim 

X —too 


3 — 2/x 
2 + 1 /x 


lim 3 — 2 lim 1/x 

X —too X —too 

lim 2 + lim 1 /x 

X —too X —too 


3 - 2(0) 

2 + 0 


3 

2 


11 . 


lim 

X —t — oo 


x — 2 
x 2 + 1 


(x — 2 )/x 2 
*- 4-00 (X 2 + l)/x 2 


lim 

x —t — oo 


1 /x - 2 /x 2 
1 + 1 /x 2 


lim 1 /x — 2 lim 1 /x 2 

X —t — oo X —t —oo 

lim 1 + lim 1 /x 2 

x —t —oo X —t —oo 


0 - 2(0) 

1 + 0 


13. 


lim 

t —too 


sft + t 2 
2t — t 2 


lim (St + t 2 )/t 2 

( 2 t — t 2 )/t 2 


lim 

t —too 


l/t 3/2 + 1 
2/t — 1 


0 + 1 

0-1 


-1 


15. lim 


( 2 x 2 + l ) 2 


*—*oo (x — l) 2 (x 2 + x) 


= lim 


( 2 x 2 + l ) 2 /* 4 
[(x — l) 2 (x 2 + x)]/x 4 

(2 + 1 /x 2 ) 2 


= lim 


[( 2 x 2 + l)/x 2 


= lim 


*—►00 [(x 2 — 2 x + l)/x 2 ][(x 2 + x)/x 2 ] 

(2 + 0) 2 


*^00 (1 — 2 /x + l/x 2 )(l + 1 /x) (1 — 0 + 0)(1 + 0 ) 


= 4 
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17. li m 


\/9a 


= lim 


79 /^ 7 /x 3 _ 7(9x6 - x)/x« 


°o x 3 +1 x^oo (x 3 + l)/x 3 lim (1 + 1 /x 3 ) 

x —>oo 

lim a/9-1 /x 5 . / lim 9 - lim (l/* 5 ) 

_ :r—>-oo _ V x ^°° x—hx) 


lim 1 + lim ( 1 /x 3 ) 


1 + 0 


[since x 3 = vx® for x > 0 ] 


= 79^0 = 3 


x—>oo x —»oo 


,— - . (79x 2 + x — 3x) (79x 2 + x + 3x) (79x 2 + x)~ — (3x ) 2 

19. lim (79x 2 + x - 3x) = lim M = lim ^ 


\/9x 2 + x + 3x 

(9x 2 + x) — 9x 2 
= lim — - = lim 


*°° 79x 2 + x + 3x 


x 1 /x 

V9x 2 + x + 3x x^oo a/9x 2 + x + 3x 1/x 

x/x ,. 1 


= lim — -- - 

V9x 2 /x 2 + x/x 2 + 3x/x 


= lim —,_ 

y/9 + 1/x + 3 79 + 3 3 + 3 6 


21. lim (Vx 2 + ax — \/x 2 + bx ) = lim 


( 7 x 2 + ax — Vx 2 + bx ) ( 7 x 2 + ax + 7 x 2 + 6 x) 


Vx 2 + ax + Vx 2 + 6 x 


.. (x 2 + ox) — (x 2 + bx) .. 

= lim — — - = lim 


[(a — 6 )x]/x 


= lim 


°° Vx 2 + ax + Vx 2 + bx ( 7 x 2 + ax + 7 x 2 + 6 x) /Tx 2 

a — & a — 6 a — 6 


Vl + a/x + Vl + 71 + 0 + 71 + 0 2 


„ .. x 4 — 3x 2 +x .. (x 4 — 3x 2 + x)/x 3 

23. lim — - - = lim - 

x *00 x 3 — x + 2 x >00 (x 3 — x + 2 )/x 3 


divide by the highest power 
of x in the denominator 


.. x — 3/x + 1/x 2 
= ^ 1 - 1/ X 2 +2/ x3 =0 ° 


since the numerator increases without bound and the denominator approaches 1 as x —> 00 . 


25. lim (x 4 +x 5 )= lim x 5 (/+ 1) [factor out the largest power of x] =—00 because x 5 — > —00 and 1/x + 1 — » 1 
as x —» —oo. 

Or: lim (x 4 + x 5 ) = lim x 4 (1 + x) = — 00 . 

X —> — OO ' ' X —> — OO 


27. lim ( x — 7x ) = lim 7x ( 7x — 1) = 00 since 7x —» 00 and 7x — 1 —» 00 as x — * 00 . 

X —»oo \ / X —>00 \ / 


29. If t = —, then lim xsin — = lim - sint — lim — i. 

X x —>00 x t—► 0 + t t—> 0 + t 


31. (a) -100 


0 


From the graph of /(x) = \/x 2 + x + 1 + x, we 
estimate the value of lim /(x) to be —0.5. 


(b) 


X 

fix ) 

-10,000 

-100,000 

-1,000,000 

-0.4999625 

-0.4999962 

-0.4999996 


From the table, we estimate the limit to be —0.5. 


X —> — 00 
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(c) lim (Vx 2 + x+l + x) = lim ( Vx 2 + a; + 1 + x) \ + 1 1 X ] = lim + '' + ^ — 

x^ — oo L Vx 2 + X + 1 — x\ X^-OO sjx 2 + X + 1 — X 

= lim (x + WM _ = lim 1+ (!/*) _ 

x^-oo ^ x 2 + X + 1 - x) {l/x) x^-ca - ^ 1 + (1/x) + (l/* 2 ) - 1 

- 1 + 0 _ _1 
“ -VI+ 0 + 0- 1 “ 2 


Note that for x < 0, we have Vx 2 = |x| = —x, so when we divide the radical by x, with x < 0, we get 
— \J x 2 + x + 1 =-tL= \Jx 2 + x + 1 = — -Vl + (1/a:) + (1/x 2 ). 


x var 

2x + 1 2 + - lim (2 + - 

33. lim -= lim , x 9 = lim - ^ = -)- 

x — >00 X — 2 x —foo X Z x —>00 1 z / 2 

- i- -lim ( 1- 

X X x —>00 y X 


lim 2 + lim — 

x —>00 X —FOO X 

2 

lim 1 — lim — 

x —>00 x —foo X 


= --- —2, so y = 2 is a horizontal asymptote. 

The denominator * — 2 is zero when x = 2 and the numerator is not zero, so we 
2 X + 1 

investigate y = f(x) = -— as x approaches 2. lim f(x) = —00 because as 

x — 2 x-> 2 ~ 

x —> 2~ the numerator is positive and the denominator approaches 0 through 
negative values. Similarly, lim f(x) = 00 . Thus, x = 2 is a vertical asymptote. 

x—*2+ 

The graph confirms our work. 



35 . hm = pm 

x —foo X z + X — 2 x—>oc 


2x + x — 1 

xv. 2 


2 + — -— lim (2 + — - 

1 xv. ~2 X—FOO \ X X z 

= lim -r-TT- = - 7 - 


rj 11111 -j x\ / 

x 2 + x — 2 x^oo 1 2 / 1 2 

-x- 1 H- 9 hm 1 H-- 

X 2 XX x —>00 \ x x 2 


lim 2 + lim — — lim 

x —foo x —foo X x —foo X z 


2 + 0-0 


.+ lim 1-2 lim X 1 + 0-2(0) 


= 2, so y = 2 is a horizontal asymptote. 


lim 1 + lim-2 lim — 

x —foo x —foo X x —foo X Z 


t( ^ 2cc 2 + x — 1 (2® - l)(x + 1) f( . ^ 

u = t(x) = —x-— = +--+--+, so hm t(x) = 00 , 

y ’ x 2 +x-2 (x + 2)(* — 1) x^~ 2 - Jy ’ 

lim f(x) = — 00 , lim f(x) = — 00 , and lim f(x) = 00 . Thus, x = — 2 

X —F — 2+ X F 1 x— f1 + 

and x = 1 are vertical asymptotes. The graph confirms our work. 



a: 3 -a: x(x 2 - 1) *(* + l)(a: - 1) x(x + 1) . . 

37 - » = /(*) = a: 2 — 6a: + 5 = (a: -!)(,- 5) = (s-!)(*-5) = fm x * h 

The graph of g is the same as the graph of / with the exception of a hole in the _ i 

x 2 -(- x 30 

graph of / at x = 1. By long division, g(x) = -= x + 6 H-. 

x — 5 x — 5 

As x —> ± 00 , g(x) —> ± 00 , so there is no horizontal asymptote. The denominator -20- 

of g is zero when x = 5. lim g(x) = —00 and lim g(x) = 00 , so x = 5 is a V 

33 —f 5 — X —F 5 + 



vertical asymptote. The graph confirms our work. 
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39. From the graph, it appears y = 1 is a horizontal asymptote. 


lim 

X —»00 


3a : 3 + 500a: 2 

x 3 + 500a: 2 + 100a: + 2000 


3a : 3 + 500x 2 

x 3 3+(500/x) 

* x 3 + 500a: 2 + 100a; + 2000 _ 1 + (500/x) + (100/a: 2 ) + (2000/x 3 ) 

x 3 


3 + 0 

1 + 0 + 0 + 0 


so y = 3 is a horizontal asymptote. 


The discrepancy can be explained by the choice of the viewing window. Try 
[—100,000, 100,000] by [—1,4] to get a graph that lends credibility to our 
calculation that y = 3 is a horizontal asymptote. 

41. Let’s look for a rational function. 


2 



(1) lim /(*) = 0 =>• degree of numerator < degree of denominator 

x —>ioo 

(2) lim /(x) = — oo =>■ there is a factor of x 2 in the denominator (not just x, since that would produce a sign 

x —.0 

change at x = 0), and the function is negative near x = 0. 

(3) lim /(x) = oo and lim /(x) = — oo =>• vertical asymptote at x = 3; there is a factor of (x — 3) in the 

x^3~ x—*3+ 

denominator. 

(4) /(2) = 0 =>■ 2 is an x-intercept; there is at least one factor of (x — 2) in the numerator. 


Combining all of this information and putting in a negative sign to give us the desired left- and right-hand limits gives us 
2 — 

f{x) = — : —— -r as one possibility. 

X [X O ) 

43. (a) We must first find the function /. Since / has a vertical asymptote x = 4 and x-intercept x = 1, x — 4 is a factor of the 

denominator and x — 1 is a factor of the numerator. There is a removable discontinuity at x = —1, so x — (—1) = x + 1 is 

Cl(x — llfiC -|- l) 

a factor of both the numerator and denominator. Thus, f now looks like this: f(x) = ~r - r-, - r-, where a is still to 

w (x — 4)(x + 1) 

i j . .. ,, , .. a(x—l)(x + l) .. a(x — 1 ) a (—1 — 1 ) 2 2 

be determined. Then lim tlx) = lim —--+-+= lim —--— = —---+- = -a, so -a = 2, and 

1 x * i (x — 4)(x + 1) x > i x — 4 (-1-4) 5 5 

5 ( 2 ,_ l)(x + 1 ) 

a = 5. Thus /(x) = -r -— j- - —- is a ratio of quadratic functions satisfying all the given conditions and 

(x 4) (x + 1) 


m = 


5 (~ 1 )( 1 ) 5 

(—4)(1) 4- 


(b) lim /(x) = 5 lim 


x — 1 


= 5 lim 


(x 2 /x 2 ) - ( 1 /x 2 ) 


= 5 . 1 .°„ = 5(1) = 5 


x *00 x 2 — 3x — 4 x *00 (x 2 /x 2 ) — (3x/x 2 ) — (4/x 2 ) 1 — 0 — 0 
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1 — X 

45. y = ^ - has domain (—oo, —1) U (—1, oo). 

.. 1 - x l/x - 1 0-1 . . 

hm -- = hm —4-- = --- — —1, so y — —1 is a HA. 

i-*±oo 1 + X x—>±oc l/x +1 0+1 

The line x = — 1 is a VA. 
yl= (! + *)(-!)-(!-*)(!) 


(1 + x) 2 (1 + x) 2 

(—oo, — 1 ) and (— 1 , oo) are intervals of decrease. 


< 0 for x 7 ^ 1. Thus, 



—2(1 + x] 4 

y" = —2 ---2+ = — -- 7 T < 0 for x < —1 and y" > 0 for x > —1, so the curve is CD on (—oo, —1) and CU on 

y [(1+x) 2 ] 2 (1 + x) 3 y V ’ ’ 

(—1, oo). Since x = —1 is not in the domain, there is no IP. 


47. 


lim 

x —>-±oo 


X 

X 2 + 1 


lim 

x —>±oo 


l/x 

1 + l/x 2 


0 

1 + 0 


0 , so y = 0 is a 


horizontal asymptote. 

, x 2 +1 - x{2x) 1 - x 2 , 

V= {X 2 + 1)2 = = 0 when* = ±1 and y > 0 ^ 

x 2 < 1 +> — 1 < x < 1 , so y is increasing on (— 1 , 1 ) and decreasing 

on (—oo, — 1 ) and ( 1 , oo). 



„ _ (1 + z 2 ) 2 (—2x) - (1 - x 2 ) 2 (x 2 + 1)2* 
( 1+* 2 ) 4 


>o x > v/3 or — v/3 < x < 0, so y is CU on 

(1 + x 2 Y 


(v/3, oo) and (— \/3,0) and CD on (—oo, — \/3) and (0,\/3)' 


49. y = f{x) = x 4 — x 6 = * 4 (1 — * 2 ) = x 4 (l + x)(l — *). The y-intercept is 
/(0) = 0. The x-intercepts are 0, —1, and 1 [found by solving /(x) = 0 for x]. 
Since x 4 > 0 for x 7 ^ 0, / doesn’t change sign at x = 0. The function does change 
sign at x = —1 and x = 1. As x —> ± 00 , /(x) = x 4 (l — x 2 ) approaches —00 
because x 4 —> 00 and (1 — x 2 ) —> — 00 . 



51. y = /(x) = (3 — x)(l + x) 2 (l — x) 4 . The j/-intercept is /( 0) = 3(1) 2 (1 ) 4 = 3. 
The x-intercepts are 3,-1, and 1. There is a sign change at 3, but not at —1 and 1. 
When x is large positive, 3 — x is negative and the other factors are positive, so 
lim /(x) = — 00 . When x is large negative, 3 — x is positive, so 

X —>00 

lim /(x) = 00 . 

x —► — OO 
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53. First we plot the points which are known to be on the graph: (2, —1) and 
(0, 0). We can also draw a short line segment of slope 0 at x = 2, since 
we are given that /'(2) = 0. Now we know that f'(x) < 0 (that is, the 
function is decreasing) on ( 0 , 2), and that /"( x) < 0 on ( 0 , 1 ) and 
f"{x) > 0 on (1, 2). So we must join the points (0, 0) and (2, —1) in 
such a way that the curve is concave down on (0,1) and concave up on (1,2). The curve must be concave up and increasing 
on (2,4) and concave down and increasing toward y = 1 on (4, oo). Now we just need to reflect the curve in the y-axis, since 
we are given that / is an even function [the condition that f(—x) = f(x) for all x], 

55. We are given that /(1) = /'(1) = 0. So we can draw a short horizontal line at the point (1,0) to represent this situation. We 
are given that x = 0 and x = 2 are vertical asymptotes, with lim f(x) = — oo, lim f(x) = oo and lim f(x) = —oo, so 

*0 x—*2+ x—»2~ 

we can draw the parts of the curve which approach these asymptotes. 

On the interval (—oo, 0), the graph is concave down, and f(x) —> oo as 
x —> — oo. Between the asymptotes the graph is concave down. On the 
interval ( 2 , oo) the graph is concave up, and f(x) —> 0 as x —> oo, so 
y = 0 is a horizontal asymptote. The diagram shows one possible function 
satisfying all of the given conditions. 

1 sin x 1 

57. (a) Since —1 < sinx < 1 for all x, -< - < — for x > 0. As * —> oo, —1/x —+ 0 and l/x —* 0, so by the Squeeze 

xxx 

Theorem, ( sinx)/x —+ 0. Thus, lim Sm3 ' = 0. 

x—»oo X 

(b) From part (a), the horizontal asymptote is y = 0. The function 

y = (sin x)/x crosses the horizontal asymptote whenever sin x = 0 ; 
that is, at x = im for every integer n. Thus, the graph crosses the 
asymptote an infinite number of times. 

-0.5 

59. (a) Divide the numerator and the denominator by the highest power of x in Q(x). 

(a) If deg P < deg Q, then the numerator —> 0 but the denominator doesn’t. So lim [P(x) /Q{x)\ = 0. 

x —>oo 

(b) If deg P > deg Q, then the numerator —» ±oo but the denominator doesn’t, so lim [P(x) / Q(x)] = ±oo 

x —>oo 

(depending on the ratio of the leading coefficients of P and Q). 

4r — 1 / 1 \ At 2 A- 3 r / ’A \ 

61. lim - = lim (4-) =4 and lim ——^—- = lim ( 4 H— ) =4. Therefore, by the Squeeze Theorem, 

x—>oo X x—*oo y X J x—too X 2, x—*oo y X J 

lim f(x) = 4. 

x —»oo 
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Sr 2 4- 1 

63. Let g(x) = —5 - - and f(x) = | g(x) — 1.5|. Note that 

2 x ~\~ x 4— 1 

lim g(x) = | and lim f(x) = 0. We are interested in finding the 

x —>oo x —400 

x-value at which /(x) < 0.05. From the graph, we find that x « 14.804, 
so we choose N = 15 (or any larger number). 



65. For e = 0.5, we need to find N such that 


\/4x 2 + 1 


x + 1 


-(- 2 ) 


< 0.5 44 


yj 4x 2 -|- 1 

—2.5 < - - — < —1.5 whenever x < N. We graph the three parts of this 

inequality on the same screen, and see that the inequality holds for x < — 6 . So we 
choose N = —6 (or any smaller number). 

■\J 4^2 j 

For £ = 0.1, we need —2.1 < - < —1.9 whenever x < N. From the 

x + 1 _ 

graph, it seems that this inequality holds for x < —22. So we choose N = —22 
(or any smaller number). 

67. (a) 1/x 2 < 0.0001 <S> x 2 > 1/0.0001 = 10 000 4* x > 100 (x > 0) 

(b) If £ > 0 is given, then 1/x 2 < e x 2 >l/e 4^ x > \j\fe. Let N = l/\fs£. 



1.5 



Then x > N 


x > 




4-0 


= 1 < £, so lim 1 = 0 . 

X 2 1=00 x 2 


69. For x < 0, |l/x — 0| = — 1/x. If e > 0 is given, then — 1/x < £ 44 x < — 1/e. 

Take IV = — 1/e. Then x < N =4 x < — 1/e =4 |(l/x) — 0| = —1/x < e, so lim (l/x)=0. 

X —4 — oo 


71. Suppose that lim /(x) = L. Then for every e > 0 there is a corresponding positive number N such that |/(x) — L\ < £ 

X —400 

whenever x > N. If t = 1/x, then x > N 44 0 < 1 /x < 1 /N 44 0 < t < 1/N. Thus, for every e > 0 there is a 

corresponding 5 > 0 (namely 1/N) such that \f(l/t) — L\ < £ whenever 0 < t < 5. This proves that 
lim f(l/t) = L = lim /(x). 

t=0+ a—>oo 

Now suppose that lim /(x) = L. Then for every e > 0 there is a corresponding negative number N such that 

X —4 — 00 

| f(x) — L\ < £ whenever x < N. If t = 1/x, then x < N 44 1/TV < 1/x < 0 44 1/N < t < 0. Thus, for every 
£ > 0 there is a corresponding 5 > 0 (namely —1/N) such that \f(l/t) — L\ < £ whenever — 5 < t < 0. This proves that 
lim f(l/t) = L= lim /(x). 

t—>0~ x —4 — oo 
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3.5 Summary of Curve Sketching 

1. y = f{x) = x 3 — 12x 2 + 36® = ®(® 2 — 12® + 36) = ®(® — 6) 2 A. / is a polynomial, so 

B. ®-intercepts are 0 and 6 , y-intercept = /(0) = 0 C. No symmetry D. No asymptote 

E. /'(®) = 3 ® 2 - 24®+ 36 = 3 (® 2 - 8 ® + 12) = 3(® - 2)(®-6) < 0 +> H. 

2 < ® < 6 , so / is decreasing on ( 2 , 6 ) and increasing on (—oo, 2 ) and ( 6 , oo). 

F. Local maximum value /(2) = 32, local minimum value /( 6 ) = 0 

G. /"(®) = 6 ® — 24 = 6 (® — 4) > 0 +> ® > 4, so / is CU on (4, oo) and 
CD on (-oo,4). IP at (4,16) 

3. y = f(x) = x 4 — 4® = ®(® 3 — 4) A. D = R B. ®-intercepts are 0 and \fi, H. 

y-intercept = /(0) = 0 C. No symmetry D. No asymptote 

E. /'(®) = 4 ® 3 — 4 = 4 (® 3 — 1) = 4(® — 1 )(® 2 + ® + 1) > 0 +> x > 1, so 
/ is increasing on (1, oo) and decreasing on (—oo, 1). F. Local minimum value 
/(1) = —3, no local maximum G. f"{x) = 12 ® 2 > 0 for all ®, so / is CU on 
(—oo, oo). No IP 

5. y = /(®) = ®(® — 4 ) 3 A. D = R B. ®-intercepts are 0 and 4, y-intercept /(0) = 0 C. No symmetry 

D. No asymptote H. 

E. /'(®) = ® • 3(® — 4 ) 2 + (® — 4 ) 3 • 1 = (® — 4) 2 [3® + (® — 4)] 

= (® — 4) 2 (4® — 4) = 4(® — 1)(® — 4 ) 2 > 0 +> 

x > 1 , so / is increasing on ( 1 , oo) and decreasing on (—oo, 1 ). 

F. Local minimum value /(1) = —27, no local maximum value 

G. f"(x) = 4[(® - 1) • 2(® - 4) + (® - 4 ) 2 • 1] = 4(® - 4)[2(® - 1) + (® - 4)] 

= 4(® — 4)(3® — 6 ) = 12(® — 4)(® — 2) < 0 +> 

2 < ® < 4, so / is CD on (2,4) and CU on (—oo, 2) and (4, oo). IPs at (2, —16) and (4,0) 

7. y = f(x) = |® 5 — |® 3 + 16® = ®(|® 4 — |® 2 + 16) A. D = R B. ®-intercept 0, y-intercept = /(0) = 0 

C. /(—®) = —/(®), so / is odd; the curve is symmetric about the origin. D. No asymptote 

E. /'(®) = ® 4 — 8® 2 + 16 = (® 2 — 4 ) 2 = (® + 2) 2 (® — 2 ) 2 > 0 for all ® H. 

except ±2, so / is increasing on R. F. There is no local maximum or 
minimum value. 

G. f"(x ) = 4 ® 3 — 16® = 4 ®(® 2 — 4) = 4®(® + 2)(® — 2) > 0 +> 

—2 < ® < 0 or ® > 2, so / is CU on (—2, 0) and (2, oo), and / is CD on 
(—oo, -2) and (0, 2). IP at (-2, ), (0,0), and (2, ^) 
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9. y = /(x) = x/(x — 1) A. D = {x \ x ^ 1} = (—oo, 1) U (1, oo) B. x-intercept = 0, y-intercept = /(0) = 0 
C. No symmetry D. lim 


■»±oo X — 1 


X XX 

= 1, so y = 1 is a HA. lim - - = —oo, lim —= oo, so x = 1 is a VA. 


x — 1 


*1+ x — 1 


< 0 for x 1, so / is 


(x — l) 2 (x — l) 2 

decreasing on (—oo, 1) and (1, oo). F. No extreme values 


G. /"(X) = 


Or - l ) 3 

CD on (-oo,l). No IP 

11 . y = f(x) = 


> 0 -O- x > 1, so / is CU on (1, oo) and 



x(l — x) 


for i/l. There is a hole in the graph at (1,1). 


2 —3x + x 2 (1 —x)(2 —x) 2 — x 
A. D = {x | x 1,2} = (—oo, 1) U (1,2) U (2, oo) B. x-intercept = 0, y-intercept = /(0) =0 C. No symmetry 

X XX 

D. lim —-= — 1, so y = — 1 is a HA. lim —-= oo, lim —-= —oo, so x = 2 is a VA. 

x—>±oo 2 — x x — * 2 ~ 2 — x £—>- 2 + 2 — x 

E . f (x) = <2-»)< 1) -4- 1) = > 0 [„ ^ !,2], » ;is 

increasing on (—00,1), (1, 2), and (2, 00). F. No extrema 
G. f'{x) = 2(2 — x) -2 =* 


/"(x) = -4(2-x)- 3 (-l) = 


> 0 x < 2, so / is CU on 



(2 - x) 3 

(—00,1) and (1, 2), and / is CD on (2, 00). No IP 

13. y = /(x) = l/(x 2 — 9) A. D = {x | x 7^ ±3} = (—00, —3) U (—3, 3) U (3, 00) B. ^-intercept = /(0) = — no 


x-intercept C. /(—x) = /(x) => /is even; the curve is symmetric about the y- axis. D. lim 


= 0, so y = 0 


is a HA. lim —-— = —00, lim —5-— = 00, lim — -— = 00, lim —5-— = —00, so x = 3 and x = —3 


*3- x 2 — 9 


areVA. E. /'(x) =— 


*3+ x 2 — 9 


.-3- x 2 — 9 


.-3+ x 2 — 9 


2x 


>0 x < 0 (x / —3) so / is increasing on (—00, —3) and (—3, 0) and 


(x 2 — 9) 

decreasing on (0,3) and (3, 00). F. Local maximum value /(0) = — |. 

—2(x 2 — 9) 2 + (2x)2(x 2 — 9)(2x) 6(x 2 +3)^ n 

G. V = -—-- = 7 o-7TTT > U ^ 


(x 2 - 9) 4 


(x 2 — 9) 3 



x 2 >9 x > 3 or x < —3, so / is CU on (—00, —3) and (3, 00) and 
CD on (-3,3). No IP 

15. y = f(x) = x/(x 2 +9) A. D = R B. y-intercept: /(0) = 0; x-intercept: /(x) = 0 x = 0 

C. /(—x) = —/(x), so / is odd and the curve is symmetric about the origin. D. lim [x/(x 2 +9)] = 0, so y = 0 is a 

X —>±00 


HA; no VA E. /'(x) = 


(x 2 + 9)(1) - x(2x) _ 9 - x 2 _ (3 + x)(3 - x) 


(x 2 + 9) 2 


(x 2 + 9) 2 (x 2 + 9) 2 


>0 4^ — 3 < x < 3, so / is increasing 
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on (—3,3) and decreasing on (—oo, —3) and (3, oo). F. Local minimum value /(—3) = — local maximum 
value /(3) = f 

„ (x 2 +9) 2 (-2x)-(9-x 2 )-2(x 2 +9)(2x) (2x)(x 2 + 9) [-(x 2 + 9) - 2(9 - x 2 )} 

[(x 2 + 9) 2 ] 2 (x 2 4- 9) 4 

- 2x } x = 0 44 x = 0, ±V27 = ±3 Vs H. y\ 

(x 2 + 9) 3 

f"(x)> 0 44 — 3 V3 < a; < 0 or x > 3 %/3, so / is CU on (—3 %/3,0) / I) — 

and (3 \/3, oo) , and CD on (—oo, —3 V3 ) and (0,3 V3 ). There are three -1'- * 

inflection points: (0,0) and (±3 \/3, ± ^ V3 ). 
x — 1 

17. y = /(x) = —— A. D = {x | x ^ 0} = (—oo, 0) U (0, oo) B. No y-intercept; x-intercept: /(x) = 0 44 x = 1 

X 

x — 1 x — 1 

C. No symmetry D. lim —= 0, so y = 0 is a HA. lim —= —oo, so x = 0 is a VA. 

x—»±oo X 2 x—>0 X 2 

„ r// \ X 2 ■ 1 — (x ^ 1) ■ 2x —x 2 +2x — (x — 2) „ , J.,, , 

E. / (x) = - 1 2 \ 2 — - = -4- = ——“> so /(x) > 0 44 0 < x < 2 and / (x) <0 44 

l X I XX 

x < 0 or x > 2. Thus, / is increasing on (0,2) and decreasing on (—oo, 0) H. >' 

h 1 ) ( 3 1 ) 

and (2, oo). F. No local minimum, local maximum value /(2) = \ '4/ V ’9 / 

- 0 /| * 

_ , , _ x 3 • (— 1) — [—(a; — 2)] • 3x 2 _ 2x 3 — 6x 2 _ 2(x — 3) 

f (x) ~ JVy 2 ~ V " ^ ' \ 

f"(x) is negative on (—oo, 0) and (0,3) and positive on (3, oo), so / is CD \ 

on (—oo, 0) and (0, 3) and CU on (3, oo). IP at (3, |) | 

x 2 (x 2 + 3) — 3 3 . „ _ „ „ 


y< 

( 2 S ( 3 -l) 




19 v = f( x ) = x2 = ( x2 + 3 ) _ - = i _ 

V HX) x 2 + 3 x 2 + 3 


A. D = R B. y-intercept: /(0) = 0; 


a ' x 2 + 3 x 2 + 3 x 2 + 3 r ^ ' ’ 

x-intercepts: /(x) = 0 44 x = 0 C. /(—x) = /(x), so / is even; the graph is symmetric about the y- axis. 

x 2 _2r fix 

D. lim V—n = 1, so y = 1 is a HA. No VA. E. Using the Reciprocal Rule, /'(x) = —3 • —-=—■ 
x—>ioo x 2 H - 3 v ' (x 2 + 3) 2 (x 2 +3) 2 

f(x) > 0 44 x > 0 and f(x) < 0 44 x < 0, so / is decreasing on (—oo, 0) and increasing on (0, oo). 

F. Local minimum value /(0) = 0, no local maximum. 

r t" (T \ _ (* 2 + 3 ) 2 - 6 - 6 x- 2 (x 2 + 3 )- 2 x 

G ‘ f [X) ~ -[(x 2 + 3) 2 ] 2 - " _' _•' ' 


_ 6(x 2 + 3)[(x 2 + 3) -4x 2 ] _ 6(3 - 3x 2 ) _ -18(x + l)(x - 1) 
(x 2 + 3) 4 (x 2 + 3) 3 (x 2 + 3) 3 

f"(x) is negative on (—oo, —1) and (1, oo) and positive on (—1,1), 

so / is CD on (—oo, —1) and (1, oo) and CU on (—1,1). IP at (±1, |) 



y = i 


/ 


(0.0) -r 


21. y = f(x) = (x — 3)Vx = x 3 ' 2 — 3X 1 / 2 A. D = [0, oo) B. x-intercepts: 0, 3; ^-intercept = /(0) =0 C. No 

symmetry D. No asymptote E. f{x) = fx 1 ^ 2 — §x _1//2 = |x _1 ^ 2 (x — 1) = ^ > 0 44 x > 1, 

2 y x 
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so / is increasing on (1, oo) and decreasing on (0,1). 

F. Local minimum value /(1) = —2, no local maximum value 

G. f"(x) = fx~ 1/2 + fx~ 3/2 = fx~ 3/2 (x + 1) = 3( 4 ^ 2 1) > 0 for a; > 0, 
so / is CU on (0, oo). No IP 



23. y = f(x ) = y/x 2 + x — 2 = y/ (x + 2)(x — 1) A. D = {x \ (x + 2)(x — 1) > 0} = (—oo, —2] U [1, oo) 

B. y-intercept: none; ^-intercepts: —2 and 1 C. No symmetry D. No asymptote 

O rr> I 1 

E. f (pc) = \(pc 2 + x — 2)~ 1 ' 2 {2x + 1) = — , " = , f'(x ) = 0 if x = — but — \ is not in the domain. 

2 \ x — 1~ x 2 

/'(x) > 0 =>■ x > — \ and /'(x) < 0 =>■ x < — so (considering the domain) / is increasing on (1, oo) and 

/ is decreasing on (—oo, —2). F. No local extrema 

2(x 2 +x- 2) 1/2 (2) - (2x + 1) • 2 • §(x 2 + x - 2)“ 1/2 (2x + 1) 


G. /"(x) = 


(2 y/x 2 +x-2) 

(x 2 + x — 2) -1 / 2 [4(x 2 + x — 2) — (4a; 2 + 4a; + 1)] 


-9 


4(x 2 + x — 2) 
< 0 


4(x 2 + x — 2) 3 / 2 
so / is CD on (—oo, —2) and (1, oo). No IP 



25. y = f(x) = x/y/x 2 + 1 A. D = R B. y-intercept: /(0) = 0; x-intercepts: f{x) = 0 
C. /(—x) = —f(x), so / is odd; the graph is symmetric about the origin. 

x ,. x/x _ .. x/x 


x = 0 


D. lim /(x) = lim 
and 

lim f(x) = lim 
1 


..... _ = lim ' — = lim _ 

x *°° y/x 2 -p 1 x ^°° y/x 2 + l/x x ^°° y/x^ + l/y/x 2 


x —► — OO 


x/x .. x/x 

, _ —* , — = lim - —r~ 

Vx 2 + 1 y/x 1 + 1/a; a! ^ _00 yjx 2 + l/( - 


= lim 


a; -* 00 a/T + 1 /a ; 2 \/T +~0 


= lim 


= 1 


l2 \ x—*—oo + 1/a; 2 


—vT +~0 


No VA. 


y/x 2 + 1 — . 


= — 1 so y = ±1 are HA. 


2a; 


E- /'(*) = 


2 Va: 2 + 1 _ a: 2 + 1 - a: 2 


[(x 2 + l) 1 / 2 ] 2 

F. No extreme values 

G. f"(x) = -f(x 2 + l)- 5/2 • 2x = 


(x 2 + 1) 3/2 (x 2 + 1) 


3/2 


> 0 for all x, so / is increasing on R. 


—3x 


-, so /"(x) > 0 for x < 0 


(x 2 +l) 6 /2’ 

and f"(x) < 0 for x > 0. Thus, / is CU on (—oo, 0) and CD on (0, oo). 
IP at (0,0) 
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27. y = /(x) = \/l — x 2 lx A. D = {x | x| < 1, x ^ 0} = [—1,0) U (0,1] B. x-intercepts ±1, no y-intercept 


C. /(— x) = —f(x), so the curve is symmetric about (0, 0). D. lim + ^ 


= oo, lim 

x —>0 — 




= —oo, 


so x = 0 is a VA. E. /'(x) = 


(—x 2 /Vl — x 2 ) — vT" 


1 


< 0 , so / is decreasing 


on (—1,0) and (0,1). F. No extreme values 


G. f"(x) = 


2 — 3x 2 


>0 44 — 1 < x < — \ \ or 0 < x < </§, 


x 3 (l — x 2 ) 3/2 

/ is CU on ^—1, — y^| \ and ^0, ^/f ) and CD on o'j and lV 


IPat (±^.±73) 



29. y = /(x) = x — 3x 1/,s A. D = R B. y-intercept: /(0) = 0; x-intercepts: /(x) = 0 


= 3X 1 / 3 


x 3 = 27x 


x 3 — 27x = 0 


x(x 2 - 27) = 0 


= 0, ±3 \/3 C. /(—x) = —/(x), so / is odd; 


the graph is symmetric about the origin. 


D. No asymptote E. f{x) = 1 — x 2 / 3 = 1-i— = 


r 2 / 3 - 1 


x 2 / 3 x 2 / 3 

/'(x) > 0 when |x| > 1 and f'(x) < 0 when 0 < |x| < 1 , so / is increasing on (— 00 , — 1 ) and ( 1 , 00 ), and 
decreasing on (—1, 0 ) and ( 0 ,1) [hence decreasing on (—1,1) since / is 
continuous on (—1,1)]. F. Local maximum value /(—1) = 2, local minimum 
value /(1) = —2 G. f"{x) = fx -5 / 3 < 0 when x < 0 and f"{x) > 0 
when x > 0, so / is CD on (— 00 , 0) and CU on (0, 00 ). IP at (0, 0) 



31 . y = f(x) = \fx 2 — 1 A. D = R B. y-intercept: /(0) = — 1; x-intercepts: /(x) = 0 44 x 2 — 1 = 0 44 
x = ±1 C. /(—x) = /(x), so the curve is symmetric about the y- axis. D. No asymptote 

2x 


E. /'(x) = |(x 2 - l)- 2 / 3 (2x) = 


/'(x) > 0 44 x > 0 and/'(x) < 0 44 x < 0, so / is 


3 ^/(x 2 - l) 2 ' 

increasing on (0, 00 ) and decreasing on (— 00 ,0). F. Local minimum value /(0) = — 1 

^ 2 (x 2 - 1 ) 2 / 3 ( 1 ) -x- §(x 2 - 1 )- 1 / 3 ( 2 x) 

1 [X> 3 ' [(x 2 - I ) 2 / 3 ] 2 

2 (x 2 -1)~ 1/3 [3(x 2 -1)-4x 2 ] 2(x 2 + 3) 

- 9 ' [x 2 I ) 4 / 3 “ 9(x 2 - I ) 5 / 3 

f"(x) > 0 44 — 1 < x < 1 and f"(x)< 0 44 x < — 1 or x > 1, so 

/ is CU on (—1,1) and / is CD on (— 00 , —1) and (1, 00 ). IP at (±1, 0) 



33. y = f(x) = sin 3 x A. D = R B. x-intercepts: /(x) = 0 44 x = rm, n an integer; y-intercept = /(0) = 0 

C. /(—x) = —/(x), so / is odd and the curve is symmetric about the origin. Also, /(x + 27r) = /(x), so / is periodic 
with period 2 - 7 T, and we determine E-G for 0 < x < it. Since / is odd, we can reflect the graph of / on [0, 7 r] about the 
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origin to obtain the graph of / on [— n, 7r], and then since / has period 2n, we can extend the graph of / for all real numbers. 
D. No asymptote E. /'(x) = 3 sin 2 x cos x > 0 <*=> cos x > 0 and sin x ^ 0 <*=> 0 < x < f, so / is increasing on 

(0, f) and / is decreasing on (f, 7r). F. Local maximum value /(f) =1 [local minimum value/(—f) = — l] 

G. f" (x) = 3 sin 2 x(— sin x) + 3 cos x(2 sin x cos x) = 3 sin x (2 cos 2 x — sin 2 x) 

= 3 sin x [2(1 — sin 2 x) — sin 2 x] = 3 sin x(2 — 3 sin 2 x) > 0 -O- 

sinx > 0 and sin 2 x<| -O- 0 <x< 7 r and 0 < sinx < y§ 0 < x < sin -1 ^/| |^let a = sin _1 ^| j or 

7 r — a < x < 7 T, so / is CU on (0, a) and (ir — a, ir), and / is CD on (a, n — a). There are inflection points at x = 0, n, a, 
and x = 7 r — a. 




35. y = f(x) = xtanx, — f < x < f A. D = (—f, f) B. Intercepts are 0 C. /(—x) = /(x), so the curve is 
symmetric about the u-axis. D. lim x tan x = oo and lim x tan x = oo, sox= ? and x = — f are VA. 

X—►(7I-/2) - x—► — (7 t/2) + 


E. f{x) = tanx + xsec 2 x>0 0 < x < f , so / increases on (0, f ) 

and decreases on (— f , 0). F. Absolute and local minimum value /(0) = 0. 

G. y" = 2 sec 2 x + 2x tan x sec 2 x > 0 for — f <x< f, so / is 

H. 

* 

II 

1 


j 

* 

II 

CUon (-f, f). No IP 



0 


X 


37. j/ = /(x) = f x — sinx, 0 < x < 37 r A. D = (0,37 t) B. No y-intercept. The x-intercept, approximately 1.9, can be 


found using Newton’s Method. C. No symmetry D. No asymptote E. /'(x) = f — cos x > 0 <*=> cosx < f -*=>■ 
f<x<ffor/f<x< 37 T, so / is increasing on (f, ) and (ff, 37 r) and decreasing on ( 0 , f) and (ff, ff) • 

F. Local minimum value / (f) = f — ^, local maximum value 

/(Le) = local minimum value /(ff) = 

G. f"(x) = sin x>0 - 1 => 0<x<7ror27r<x< 37 r, so / is CU on 

(0, 7 r) and (27r, 37 t) and CD on ( 7 T, 27t). IPs at (- 7 T, f) and (2ir, n) 



39. y = f{x) = 


1 + COS X 


when 

cos x # i sin x 


1 —cosx sinx (1 — cosx) 1 —cosx 


1 + cos x 1 — cos x 


= CSC x — cot X 


A. The domain of / is the set of all real numbers except odd integer multiples of 7 r; that is, all reals except (2 n + l)n, where 
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n is an integer. B. y-intercept: /(0) = 0; ^-intercepts: * = 2mr, n an integer. C. f(—x) = —/(*), so / is an odd 
function; the graph is symmetric about the origin and has period 2 - 7 T. D. When n is an odd integer, 
lim f(x) = oo and lim f(x) = — oo, so x = nn is a VA for each odd integer n. No HA. 

x —>(n7r) — x —► (ri7r) _ ^ 


E. /'(*) 


(1 + cos*) • cos* — sin*(— sin*) 
(1 + cos *) 2 


1 + cos * 
(1 + cos *) 2 


--. f (*) > 0 for all * except odd multiples of 

1 “j COS oc 


7 r, so / is increasing on {{2k — l)n, {2k + l) 7 r) for each integer k. F. No extreme values 


_ , sm* 

G. / (*) = 7 --T 77 >0 =4 sm* > 0 =4 

w (1 +cos *) 2 

* € {2kn, {2k + l) 7 r) and f"{x) < 0 on {{2k — l)- 7 r, 2kv) for each 
integer k. f is CU on (2fc7r, {2k + 1)-*) and CD on {{2k — l) 7 r, 2kn) 
for each integer k. f has IPs at (2fc7r, 0) for each integer k. 



41. m = f{v) = 


m o 


\/l — v 2 /c 2 


. The m-intercept is /(0) = mo- There are no *-intercepts. lim f(v) = oo, so v = c is a VA. 


/» = —|m 0 (l ^ * 2 /c 2 )- 3/2 (-2*/c 2 ) = 


m qv 


mov 


rriocv 


c 2 ( 1 - v 2 /c 2 ) 3 / 2 c 2 (c 2 - v 2 ) 3/2 (c 2 - v 2 ) 3 / 2 

c 3 

increasing on (0, c). There are no local extreme values. 

(c 2 - v 2 ) 3/2 {m 0 c) - m 0 cv ■ f (c 2 - v 2 ) 1/2 (-2v) 

J ( V ) - [( c 2 _ v 2)3/2]2 

m 0 c(c 2 — v 2 ) 1/2 [(c 2 — v 2 ) + 3v 2 ] moc(c 2 + 2v 2 ) 

- (c 2 - v 2 ) 3 _ (c 2 - v 2 ) 5 / 2 > U ’ 

so / is CU on (0, c). There are no inflection points. 


> 0 , so / is 



43. y 


W 4 WL 3 
_ r 4 J- r 4 

24 El 12EV 


WL 2 
24 El" 


—W 

2AEI 


* 2 (* — L ) 2 


c* 2 (* — L ) 2 


W 

24 El 


* 2 (* 2 — 2 L * + L 2 ) 


where c = 


W 

24 £7 


is a negative constant and 0 < * < L. We sketch 



/(*) = c* 2 (* - L ) 2 for c = - 1 . /(0) = /(L) = 0. 

/'(*) = c* 2 [2(* — L)] + (* — L) 2 {2cx) = 2c*(* — L)[* + (* — L)] = 2c*(* — L){2x — L). So for 0 < * < L, 
/'(*) >0 4^ *(* — L){ 2* — L) < 0 [since c < 0] 44 L/2 < x < L and /'(*) <0 44 0 < * < L/2. 
Thus, / is increasing on (L/2, L) and decreasing on (0, L/2), and there is a local and absolute 
minimum at the point (L/2, /(L/2)) = (L/2, cL 4 /16). /'(*) = 2c[*(* — L)(2* — L)] =4 
/"(*) = 2c[l(* — L)( 2* — L) + *(1)(2* — L) + *(* — L)(2)] = 2c(6 * 2 — 6 L* + L 2 ) = 0 44 

* = 6L ^ 12L2 =\L±^-L, and these are the *-coordinates of the two inflection points. 
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45. y 


x 2 + 1 

X + 1 ’ 


Long division gives us: 


x — 1 

x + 1 1 x 2 +1 
x 2 + x 


— x + 1 

— x — 1 


2 

Thus, y = /(x) = -—= x — 1 H-and /(x) — (x — 1) = ——- 

y ' x + 1 x+1 JK J ' x + 1 

So the line y = x — 1 is a slant asymptote (SA). 


— 2 -=- [for x 0 ] —> 0 as x —> ±oo. 

1 H— 
x 


47. y 


4x 3 - 2x 2 + 5 
2x 2 + x — 3 


Long division gives us: 


2 x — 2 

2x 2 + x — 314x 3 — 2x 2 +5 

4x 3 + 2x 2 — 6 x 

— 4x 2 + 6 x + 5 

— 4x 2 — 2x + 6 


8 x • 


Thus, y = f(x) = 
[for x 7 ^ 0 ] 


4x 3 - 2x 2 + 5 


= 2 x — 2 + 


2x 2 + x — 3 2x 2 + x — 3 

0 as x —► ±oo. So the line y = 2x — 2 is a SA. 


8X 1 and /(x) - ( 2 x - 2 ) = 8 ' X ' 1 


x_xf 


2x 2 + x — 3 2 + — _— 

x x 2 


49. y = f(x) = - -- = x + 1 + -- - A. D = (— oo, 1) U (1, oo) B. x-intercept: /(x) = 0 x = 0; 

y-intercept: /(0) = 0 C. No symmetry D. lim /(x) = — oo and lim /(x) = oo, so x = 1 is a VA. 

X —>1 — X —>1 + 


lim [/(x) - (x + 1 )] = lim --- 

i—>±oo x —»±oo x 1 

1 _ (x- l ) 2 - 


= 0, so the line y = x + 1 is a SA. 


2 x _ x(x — 2 ) 


> 0 for 


E - f ^ 1 (x — l ) 2 (x — l ) 2 (x- 1) 2 (x — l ) 2 

x < 0 or x > 2 , so / is increasing on (—oo, 0 ) and ( 2 , oo), and / is decreasing 
on (0,1) and (1,2). F. Local maximum value/(0) = 0, local minimum value 


/(2) = 4 G. f" (x) = 
is CD on (—oo, 1). No IP 


(x - l ) 3 


> 0 for x > 1, so / is CU on (1, oo) and f 



x 3 + 4 4 

51. y = f(x) = -^— = x H— ^ A. D = (— oo, 0) U (0, oo) B. x-intercept: f(x) = 0 


C. No symmetry D. lim/(x) = oo, so x = 0 is a VA. lim [/(x) — x] = lim — 

x —>0 x —>±oo x —>±oo 


x = — v^4; no y-intercept 
= 0, so y = x is a SA. 
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E. f'(x) = 1- 5 - = —— 5 — > 0 for x <0 or x > 2, so f is increasing on 

x J x 

(—oo,0) and (2, oo), and / is decreasing on (0, 2). F. Local minimum value 

24 

/(2) = 3, no local maximum value G. f"(x) = — > 0 for x ^ 0, so / is CU 
on (—oo, 0) and (0,oo).NoIP 



2r 3 -l- x 2 - 4 - 1 — 2x 

53. y = f(x ) =-j-;- = 2x + 1 H— 0 A. D = R B. ^-intercept: /(0) = 1; x-intercept: f(x) = 0 =+ 

X | -L X | X 

0 = 2a; 3 + x 2 + 1 = (x + l)(2a; 2 — x + 1) =>• x = — 1 C. No symmetry D. No VA 

__ 2 / 3 ^ 

lim [f(x) — ( 2x + 1)] = lim —-- = lim -- = 0, so the line y = 2x + 1 is a slant asymptote. 

oc ^it00 x ►ill00 X I X ^ —I— 00 X | X /X 

, n (x 2 + 1)(—2) - (—2x)(2x) _ 2(x 4 + 2x 2 + 1) - 2x 2 - 2 + 4x 2 _ 2x 4 + 6a; 2 _ 2x 2 (a; 2 + 3) 

E ' f {X) ~ + (x 2 + l) 2 " (x 2 + l) 2 " (x 2 + l) 2 ~ (x 2 + l) 2 

so f'(x) > 0 if x ^ 0. Thus, / is increasing on (— 00 , 0) and (0, 00 ). Since / is continuous at 0, / is increasing on R. 
F. No extreme values 

,,, , _ (x 2 + l) 2 • (8:r 3 + 12a:) - (2.x 4 + 6a: 2 ) • 2(x 2 + l)(2x) 

1 [X ’ ~ [{x 2 + 1)2] 2 


_ 4x(x 2 + l)[(a ; 2 + l)(2x 2 + 3) — 2x 4 — 6x 2 ] _ 4x(—x 2 + 3) 

(x 2 + l ) 4 (x 2 + l ) 3 

so f"(x) > 0 for x < — \/3 and 0 < x < \/3, and f"(x) < 0 for 

— 73 < x < 0 and x > 73. / is CU on (— 00 , — 75) and (0, 75), 

and CD on (— 75, 0) and (75, 00 ). There are three IPs: (0,1), 

(-75,-§75+l) « (-1.73,-1.60), and 

(75, §73 + 1 ) « (1.73,3.60). 



55. y = f(x) = \/4x 2 + 9 


/'(*) = 


4x 


/"(*) = 


V4 * 2 + 9 

\/4x 2 + 9 • 4 — 4x ■ 4x/\/4x 2 + 9 4(4a ; 2 + 9) — 16a; 2 


36 


-. /is defined on (— 00 , 00 ). 


4a ; 2 + 9 (4a ; 2 + 9 ) 3 / 2 (4a ; 2 + 9) 3 / 2 ' 

f(—x) = f(x), so / is even, which means its graph is symmetric about the y- axis. The y-intercept is /(0) = 3. There are no 
x-intercepts since f(x) > 0 for all x. 

(V4a ; 2 + 9 - 2 a;) (V4x 2 + 9 + 2x) 


lim ( \/4x 2 + 9 — 2a:) = lim 


\/4x 2 + 9 + 2a; 


.. (4a ; 2 + 9) — 4x 2 

= hm — -= lim 


9 


y/4x 2 + 9 + 2a; y/ 4 x 2 _|_ g _|_ 2x 

9 


= 0 


and, similarly, lim ( \/4x 2 + 9 + 2a;) = lim —= 

X —> — 00 ' ' X —► —OO a/4, 


:X 2 + 9 — 2x 


= 0 , 



so y = ±2x are slant asymptotes. / is decreasing on (— 00 ,0) and increasing on (0, 00 ) with local minimum /(0) = 3. 
f"(x) > 0 for all x, so / is CU on R. 



144 □ CHAPTER 3 APPLICATIONS OF DIFFERENTIATION 


57. — 77 = 1 => y — ±-\/x 2 — cl 2 - Now 

a z b z a 


V \ b rs -2 b ] b V ( r~2 -2 \ - CL 2 +x b -a 2 

lim — \Jx z — a z - x — - • lirn [y/x z — a z — x) ■ - = -- = - • lim = --= 0, 

x >, °° |_ a a J a x^oo ^/ x 2_ a 2j tX a x^oo ^ x 2 — a 2 + x 


which shows that y — — #is a slant asymptote. Similarly, 
a 


lim- Jx 2 — a 2 — [- x ) =-- lim 


x—*oo a, 


a x^oo y / x 2 — a 2 4 - X 


= 0, so y = - x is a slant asymptote. 


x 4 + 1 x 4 1 

59 . lim \f(x) — x 3 1 = lim -- — = lim — = 0, so the graph of / is asymptotic to that of y = x 3 . 

x —>-±oo L J x —>-±oo X X x —>-±oo X 

A. D = {a; | x 7 ^ 0} B. No intercept C. / is symmetric about the origin. D. lim (*’ + ;') = — 00 and 


0 + V x 


lim ( x 3 H— ) = 00 , so x = 0 is a vertical asymptote, and as shown above, the graph of / is asymptotic to that of y = x 3 


E. f'{x) = 3x 2 — 1/x 2 >0 -1=> x 4 > | -1=> |a;| > Tp=, so / is increasing on ^— 00 , and ^-^=, 00 ^ and 


decreasing on 


-jp, 0 J and ( 0, -j^= I. F. Local maximum value 
v3 / V v3/ 


/ = — 4 • 3 5 ^ 4 , local minimum value =4-3 B / 4 

G. f"{x) = 6x + 2/x 3 >0 -1=> x > 0, so / is CU on (0, 00 ) and CD 
on (— 00 ,0). No IP 


-2 0 2 -v 


3.6 Graphing with Calculus and Calculators 
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From the graphs of we estimate that f < 0 and that / is decreasing on (—oo, 0.92) and (2.5, 2.58), and that f > 0 and / 
is increasing on (0.92, 2.5) and (2.58, oo) with local minimum values /(0.92) ~ —5.12 and /(2.58) « 3.998 and local 
maximum value /(2.5) = 4. The graphs of f make it clear that / has a maximum and a minimum near x = 2.5, shown more 
clearly in the fourth graph. 

From the graph of f", we estimate that f" > 0 and that / is CU on 50 

(—oo, 1.46) and (2.54, oo), and that f" < 0 and / is CD on (1.46, 2.54). 

There are inflection points at about (1.46, —1.40) and (2.54, 3.999). 

0 4 

-20 



3. f(x) = x 6 - 10.T 5 - 400a: 4 + 2500a: 3 =>■ f'(x) = 6x 5 - 50a: 4 - 1600a: 3 + 7500x 2 =>• 
f"(x) = 30a: 4 - 200a : 3 - 4800a: 2 + 1500a: 


10 , 000,000 



-100,000 


60,000 




-245,000 


From the graph of we estimate that / is decreasing on (—oo, —15), increasing on (—15,4.40), decreasing 

on (4.40,18.93), and increasing on (18.93, oo), with local minimum values of /(—15) & —9,700,000 and 

/(18.93) « —12,700,000 and local maximum value /(4.40) « 53,800. From the graph of /", we estimate that / is CU on 

(—oo, —11.34), CD on (—11.34,0), CU on (0, 2.92), CD on (2.92,15.08), and CU on (15.08, oo). There is an inflection 

point at (0, 0) and at about (-11.34, -6,250,000), (2.92, 31,800), and (15.08, -8,150,000). 

f^= X 3 + X 2 + 1 =* fW = ~ {x3+x 2 + 1) 2 => f W = - (a: 3 + a: 2 + l) 3 - 





[continued] 
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From the graph of /, we see that there is a VA at x ~ —1.47. From the graph of f, we estimate that / is increasing on 
(—oo, —1.47), increasing on (—1.47, 0.66), and decreasing on (0.66, oo), with local maximum value /(0.66) « 0.38. 

From the graph of /", we estimate that / is CU on (— oo, —1.47), CD on (—1.47, —0.49), CU on (—0.49,0), CD on 
(0,1.10), and CU on (1.10, oo). There is an inflection point at (0, 0) and at about (—0.49, —0.44) and (1.10,0.31). 

7. f(x) = 6sinx + cot*, — n < x < n => f'{x) = 6cosx —csc 2 x => f"(x) = — 6 sin a: + 2 esc 2 x cot* 


8 6 20 



-8 -10 -20 


From the graph of /, we see that there are VAs at x = 0 and x = ± 7 r. / is an odd function, so its graph is symmetric about 

the origin. From the graph of f, we estimate that / is decreasing on (— 7 r, —1.40), increasing on (—1.40, —0.44), decreasing 
on (—0.44, 0), decreasing on (0, 0.44), increasing on (0.44,1.40), and decreasing on (1.40,7r), with local minimum values 
/(—1.40) —6.09 and /(0.44) m 4.68, and local maximum values /(—0.44) —4.68 and /(1.40) « 6.09. 

From the graph of f", we estimate that / is CU on (— 7 r, —0.77), CD on (—0.77, 0), CU on (0, 0.77), and CD on 
(0.77, 7 r). There are IPs at about (-0.77, -5.22) and (0.77, 5.22). 



From the graphs, it appears that / increases on (—15.8, —0.2) and decreases on (—oo, —15.8), (—0.2, 0), and (0, oo); that / 
has a local minimum value of /(—15.8) « 0.97 and a local maximum value of /(—0.2) « 72; that / is CD on (—oo, —24) 
and (—0.25,0) and is CU on (—24, —0.25) and (0, oo); and that / has IPs at (—24, 0.97) and (—0.25, 60). 

To find the exact values, note that/' = 0 x=— ^ ^ V256 12 _ [«—0.19 and—15.81]. 

/' is positive (/ is increasing) on (—8 — x/61, —8 + x/61) and /' is negative (/ is decreasing) on (—oo, —8 — V6l), 

(—8 + %/6T, 0), and (0, oo). /" = 0 => x = ~ 24 ± ^ 76 ~ 24 = -12 ± ^138 [« -0.25 and -23.75], /"is 

positive (/ is CU) on (—12 — \/l38, —12 + x/138) and (0, oo) and /" is negative (/ is CD) on (—oo, —12 — x/138) 
and (-12 + ^138, 0). 
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fix) = has VA at x = 0 and at x = 1 since lim fix) = — oo, 

Jy ’ x 4 (x — 1 ) ’ 

lim f(x) = —oo and lim /(x) = oo. 

x —> 1 — x —*•! + 


/(*) = 


x + 4 (x — 3 ) 2 

x _ x 2 

x 4 

^ ■ (x - 1 ) 

X 6 


dividing numerator 1 (1 -|-4/x)(l 3/.X ) 2 


and denominator by tc 3 


*(* — 1 ) 


as x —> ±oo, so / is asymptotic to the a>axis. 

Since / is undefined at x = 0, it has no y-intercept. f(x) = 0 => (* + 4) (a: — 3) 2 = 0 => x = —4 or a; = 3, so / has 

x-mtercepts —4 and 3. Note, however, that the graph of / is only tangent to the x-axis and does not cross it at x = 3, since / is 
positive as x —> 3~ and as x —> 3 + . 

500 





From these graphs, it appears that / has three maximum values and one minimum value. The maximum values are 
approximately /(—5.6) = 0.0182, /(0.82) = —281.5 and /(5.2) = 0.0145 and we know (since the graph is tangent to the 
x-axis at x = 3) that the minimum value is /(3) = 0. 

, x 2 (x + l ) 3 , x(x + l) 2 (x 3 + 18x 2 - 44x - 16) 

a/W= (»-W-4)« =*■ tW = -~ - ()-2)»(.-4). - L 


/ 


\/^ 


J 






— 

-10 



k ' J 


From the graphs of f, it seems that the critical points which indicate extrema occur at x « —20, —0.3, and 2.5, as estimated 
in Example 3. (There is another critical point at x = —1, but the sign of f does not change there.) We differentiate again, 

.. „ (x + l)(x e + 36x 5 + 6 x 4 - 628x 3 + 684x 2 + 672x + 64) 


obtaining f"{x) = 2 - 


(x — 2) 4 (x — 4 ) 6 





[continued] 













148 □ CHAPTER 3 APPLICATIONS OF DIFFERENTIATION 


From the graphs of /", it appears that / is CU oil (—35.3, —5.0), (—1, —0.5), (—0.1, 2), (2,4) and (4, oo) and CD 
on (—oo, —35.3), (—5.0, —1) and (—0.5, —0.1). We check back on the graphs of / to find the {/-coordinates of the 
inflection points, and find that these points are approximately (—35.3, —0.015), (—5.0, —0.005), (—1,0), (—0.5, 0.00001), 
and (-0.1, 0.0000066). 


15. /(*) 


x 3 + 5x 2 + 1 
x 4 + x 3 — x 2 + 2' 


From a CAS, f'(x) 


—x(x 5 + 10x 4 + 6x 3 + 4a/ 2 — 3a; — 22) 

(. x 4 + x 3 -x 2 + 2) 2 alld 


f"(x) 


2(x 9 + 15a: 8 + 18a; 7 + 21x 6 - 9a; 5 - 135a: 4 - 76a: 3 + 21a: 2 + 6a; + 22) 
(x 4 + x 3 — x 2 + 2) 3 


8 1 




The first graph of / shows that y = 0 is a HA. As x —> oo, f(x) —» 0 through positive values. As x —> —oo, it is not clear if 
f(x) —> 0 through positive or negative values. The second graph of / shows that / has an a:-intercept near —5, and will have a 
local minimum and inflection point to the left of —5. 




From the two graphs of f, we see that f has four zeros. We conclude that / is decreasing on (—oo, —9.41), increasing on 
(—9.41, —1.29), decreasing on (—1.29, 0), increasing on (0,1.05), and decreasing on (1.05, oo). We have local minimum 
values /(—9.41) ss —0.056 and /(0) = 0.5, and local maximum values /(—1.29) ss 7.49 and /(1.05) » 2.35. 


o.oot 

6 


-o 

From the two graphs of f", we see that f" has five zeros. We conclude that / is CD on (—oo, —13.81), CU on 
(-13.81, -1.55), CD on (-1.55, -1.03), CU on (-1.03,0.60), CD on (0.60,1.48), and CU on (1.48, oo). There are five 
inflection points: (-13.81,-0.05), (-1.55,5.64), (-1.03,5.39), (0.60,1.52), and (1.48,1.93). 
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17. y = /(*) = y/x + 5 sin x, x < 20. 

„ _ . _ , 5 cos x + 1 , „ 10 cos x + 25 sin 2 x + 10* sin * + 26 

From a CAS, y = - = and y = ---—-r-r--. 

2 y/x + 5 sin * 4(* + 5 sm *) 3 / 2 

We’ll start with a graph of g[x) = x + 5 sin x. Note that /(*) = yjg(x) is only defined if g{x) > 0. g(x) = 0 4=> x = 0 

or* « -4.91, -4.10, 4.10, and 4.91. Thus, the domain of f is [-4.91,-4.10] U [0,4.10] U [4.91,20], 




[V 

> 



1_ 

\ 

< 

iH 


From the expression for y', we see that y' = 0 4=> 5 cos * + 1 = 0 =>■ *i= cos 1 (— i) « 1.77 and 

*2 = 27T — *i ~ —4.51 (not in the domain of /). The leftmost zero of f is *i — 27r ~ —4.51. Moving to the right, the 
zeros of /' are *i, *i + 27T, *2 + 27r, *1 + 4tt, and *2 + 4 - 7 T. Thus, / is increasing 011 (—4.91, —4.51), decreasing on 
(—4.51, —4.10), increasing on (0,1.77), decreasing on (1.77,4.10), increasing on (4.91, 8.06), decreasing on (8.06,10.79), 
increasing on (10.79,14.34), decreasing on (14.34,17.08), and increasing on (17.08, 20). The local maximum values are 
/(—4.51) « 0.62, /(1.77) « 2.58, /(8.06) « 3.60, and /(14.34) w 4.39. The local minimum values are /(10.79) « 2.43 


and /(17.08) w 3.49. 

/ is CD on (-4.91, -4.10), (0,4.10), (4.91,9.60), CU on (9.60,12.25), 
CD on (12.25,15.81), CU on (15.81,18.65), and CD on (18.65, 20). There are 
inflection points at (9.60, 2.95), (12.25,3.27), (15.81, 3.91), and (18.65,4.20). 




From the graph of /(*) = sin(* + sin 3*) in the viewing rectangle [0, 7r] by [—1.2,1.2], it looks like / has two maxima 
and two minima. If we calculate and graph f(x) = [cos(* + sin 3*)] (1 + 3 cos 3*) on [0, 2n], we see that the graph of f 
appears to be almost tangent to the *-axis at about * = 0.7. The graph of 

f" = — [sin(* + sin3*)] (1 + 3cos3 *) 2 + cos(* + sin3*) (—9 sin3*) 
is even more interesting near this *-value: it seems to just touch the *-axis. 


[continued] 
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If we zoom in on this place on the graph of f", we see that f" actually does cross the axis twice near x = 0.65, 
indicating a change in concavity for a very short interval. If we look at the graph of f on the same interval, we see that it 
changes sign three times near x = 0.65, indicating that what we had thought was a broad extremum at about x = 0.7 actually 
consists of three extrema (two maxima and a minimum). These maximum values are roughly /(0.59) = 1 and /(0.68) = 1, 
and the minimum value is roughly /(0.64) = 0.99996. There are also a maximum value of about /(1.96) = 1 and minimum 
values of about /(1.46) = 0.49 and /(2.73) = —0.51. The points of inflection on (0,7r) are about (0.61, 0.99998), 

(0.66,0.99998), (1.17,0.72), (1.75,0.77), and (2.28,0.34). On (tt, 2tt), they are about (4.01, -0.34), (4.54, -0.77), 
(5.11, —0.72), (5.62, —0.99998), and (5.67, —0.99998). There are also IP at (0, 0) and ( 7 r, 0). Note that the function is odd 
and periodic with period 2 - 7 T, and it is also rotationally symmetric about all points of the form ((2 n + l) 7 r, 0), n an integer. 
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r 4 (2r 2 4- Sr) 

f"(x) = ‘ 3 „ -—, SO f"{x) =0 =4 x = ±s/-Zc/2 [only for c < 0], f" changes sign at ± 1 /-3c/2, so / is 

|*| (x 2 +Cj 3 / 2 

CU on oo, —3c/2 ^ and 3c/2, oo^, and / is CD on ^—^/—2>c/2, — c^j and (^—c, -\/—3c/2 ^. There are 

IPs at ^±-\/—3c/2, -\/3c 2 /4 ^. The more negative c becomes, the farther the IPs move from the origin. The only transitional 
value is c = 0 . 

23. Note that c = 0 is a transitional value at which the graph consists of the x-axis. Also, we can see that if we substitute —c for c, 


the function /(x) = 


1 + c 2 x 2 


will be reflected in the x-axis, so we investigate only positive values of c (except c = — 1 , as a 


demonstration of this reflective property). Also, / is an odd function, lim /(x) = 0, so y = 0 is a horizontal asymptote 

x —>ioo 


for all c. We calculate f'(x) 


(1 + c 2 x 2 )c — cx(2c 2 x) 
(1 + c 2 x 2 ) 2 


c(c 2 x 2 — 1) 
(1 + c 2 x 2 ) 2 ' 


/'(*) = 0 


44 c 2 x 2 -1 = 0 


44 


x = ±l/c. So there is an absolute maximum value of/(1/c) = | and an absolute minimum value of/(—1/c) = — |. 

These extrema have the same value regardless of c, but the maximum points move closer to the y-axis as c increases. 

. _ (— 2c 3 x)(1 + c 2 x 2 ) 2 - (—c 3 x 2 + c) [2(1 + c 2 x 2 )(2c 2 x)] 

; [X> " (l + c 2 x 2 ) 4 

_ (—2c 3 x)(1 + c 2 x 2 ) + (c 3 * 2 — c)(4c 2 x) _ 2c 3 x(c 2 x 2 — 3) 

(l + c 2 x 2 ) 3 (l + c 2 x 2 ) 3 

f"(x) = 0 44 x = 0 or ix/3/c, so there are inflection points at ( 0 , 0 ) and 

-0.6 

at (±x/3/c, ±\/3/4). Again, the j/-coordinate of the inflection points does not depend on c, but as c increases, both inflection 
points approach the y- axis. 


0.6 



25. /(x) = cx + sinx =4 /'(x)=c + cosx =4 /"(x) = — sinx 

/(—x) = —/(x), so / is an odd function and its graph is symmetric with respect to the origin. 

/(x) = 0 44 sin x = —cx, so 0 is always an x-intercept. 

f'[x) = 0 44 cos x = — c, so there is no critical number when |c| > 1. If |c| < 1, then there are infinitely 

many critical numbers. If Xi is the unique solution of cos x = —c in the interval [0, n], then the critical numbers are 2 n 7 r ± Xi, 
where n ranges over the integers. (Special cases: When c = — 1, xi =0; when c = 0, x = and when c = 1, xi = 7 r.) 

f"(x) < 0 44 sinx > 0, so / is CD on intervals of the form (2m:, (2 n + 1)tt). / is CU on intervals of the form 
((2 ii — 1)7 r, 2m:). The inflection points of / are the points (m:, mrc ), where n is an integer. 

If c > 1, then f'(x) > 0 for all x, so / is increasing and has no extremum. If c < —1, then f'(x) < 0 for all x, so / is 

decreasing and has no extremum. If |c| < 1, then f'(x) > 0 44 cosx > — c 44 x is in an interval of the form 

(2m: — xi, 2m: + xi) for some integer n. These are the intervals on which / is increasing. Similarly, we 
find that / is decreasing on the intervals of the form (2m: + xi, 2 (n + 1 )t: — xi). Thus, / has local maxima at the points 
2m: + xi, where / has the values c(2n7t + Xi) + sinxi = c(2nn + Xi) + — c 2 , and / has local minima at the points 

2nn — xi, where we have /(2mr — xi) = c(2m: — xi) — sinxi = c(2mr — xi) — %/1 — c 2 . 


[continued] 
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The transitional values of c are —1 and 1. The inflection points move vertically, but not horizontally, when c changes. 
When |c| > 1, there is no extremum. For |c| < 1, the maxima are spaced 
2tv apart horizontally, as are the minima. The horizontal spacing between 
maxima and adjacent minima is regular (and equals tv) when c = 0 , but 
the horizontal space between a local maximum and the nearest local 
minimum shrinks as |c| approaches 1 . 

—10 c = —3 c = — 1 



c = 4 


27. (a) /(*) = cx 4 — 2x 2 + 1. For c = 0, f{x) = —2x 2 + 1, a parabola whose vertex, (0,1), is the absolute maximum. For 

c > 0, f{x) = cx 4 — 2x 2 + 1 opens upward with two minimum points. As c —> 0, the minimum points spread apart and 
move downward; they are below the a>axis for 0 < c < 1 and above for c > 1. For c < 0, the graph opens downward, and 
has an absolute maximum at x = 0 and no local minimum. 

(b) f'(x) = 4c * 3 — 4x = 4 cx(x 2 — 1/c) [c ^ 0]. If c < 0 , 0 is the only critical number. 
f"(x) = 12c * 2 — 4, so /"(0) = —4 and there is a local maximum at 
(0, /(0)) = (0,1), which lies on y = 1 — x 2 . If c > 0, the critical 
numbers are 0 and ±1/ \/c. As before, there is a local maximum at 
( 0 , /( 0 )) = ( 0 ,1), which lies on y = 1 — x 2 . 
f" ^±1 / Vc ^ = 12 — 4 = 8 > 0 , so there is a local minimum at 

x = ±1 /y/c. Here / ^±1 /Vc'j = c( 1/c 2 ) — 2/c + 1 = — 1/c + 1. 

^±1 /Vc, — 1 /c + l^j lies on y = 1 — x 2 since 1 — (±1/Vc 


But 



3.7 Optimization Problems 


First Number 

Second Number 

Product 

1 

22 

22 

2 

21 

42 

3 

20 

60 

4 

19 

76 

5 

18 

90 

6 

17 

102 

7 

16 

112 

8 

15 

120 

9 

14 

126 

10 

13 

130 

11 

12 

132 


We needn’t consider pairs where the first number is larger 
than the second, since we can just interchange the numbers 
in such cases. The answer appears to be 11 and 12, but we 
have considered only integers in the table. 
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(b) Call the two numbers * and y. Then x + y = 23, so y = 23 — x. Call the product P. Then 

P = xy = x(23 — x) = 23* — x 2 , so we wish to maximize the function P(x) = 23* — x 2 . Since P'{x) = 23 — 2x, 
we see that P'{x) = 0 44 x = ^ = 11.5. Thus, the maximum value of P is _P(11.5) = (11.5) 2 = 132.25 and it 
occurs when x = y = 11.5. 

Or: Note that P"(x) = —2 < 0 for all x, so P is everywhere concave downward and the local maximum at x = 11.5 
must be an absolute maximum. 

, , TOO , . . . j*/ \ 100 . , 100 x 2 — 100 _ , 

3. The two numbers are x and-, where x > 0. Minimize fix) = x H-. t (x) = 1 - tt = -o-■ The critical 

x x x 2 x 1 

number is x = 10. Since /'(*) < 0 for 0 < x < 10 and f'(x) > 0 for x > 10, there is an absolute minimum at x = 10. 
The numbers are 10 and 10. 


5 . Let the vertical distance be given by v(x) = (x + 2) — x 2 , —l<x<2. 
v'(x) = l — 2x = 0 44 x = v{— 1) = 0, v(l) = |, and v{2) = 0, so 

there is an absolute maximum at x = |. The maximum distance is 

*(§) = § + *-* = s- 

7. If the rectangle has dimensions x and y, then its perimeter is 2x + 2y = 100 m, so y = 50 — x. Thus, the area is 
A = xy = *(50 — *). We wish to maximize the function A(x) = *(50 — *) = 50* — x 2 , where 0 < * < 50. Since 
A'{x) = 50 — 2* = —2(* — 25), A'(x) > 0 for 0 < * < 25 and A'(x) < 0 for 25 < * < 50. Thus, A has an absolute 
maximum at * = 25, and j 4(25) = 25 2 = 625 m 2 . The dimensions of the rectangle that maximize its area are x = y = 25 m. 
(The rectangle is a square.) 



9. We need to maximize Y for N > 0. Y(N) = 


kN 

1 + N 2 


>•'<«> - il + ZN^ m = tfew - > o " < * - n*> < o 

for N > 1. Thus, Y has an absolute maximum of Y(l) = \k at N = 1. 

11 . (a) 


50 


100 


250 


120 


125 


75 


The areas of the three figures are 12,500, 12,500, and 9000 ft 2 . There appears to be a maximum area of at least 12,500 ft 2 . 


(b) Let x denote the length of each of two sides and three dividers. 

Let y denote the length of the other two sides. * 

(c) Area A = length x width = y ■ x 

(d) Length of fencing = 750 =4> 5* + 2y = 750 

(e) 5* + 2 y = 750 =>■ y = 375 - §* => A{x) = (375 -§*)* = 375* - §x 2 
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(f) A'(x) = 375 — 5x = 0 => x = 75. Since A"(x) = —5 < 0 there is an absolute maximum when x = 75. Then 
y = = 187.5. The largest area is 75(^p) = 14,062.5 ft 2 . These values of x and y are between the values in the first 

and second figures in part (a). Our original estimate was low. 


13. I | I xy = 1.5 x 10 6 , so y = 1.5 x 10 6 /*. Minimize the amount of fencing, which is 

3x + 2y = 3x + 2(1.5 x 10 6 /*) = 3* + 3 x 10 6 /* = F(x). 

F'(x) = 3 — 3 x 10 6 /* 2 = 3(x 2 — 10 6 )/* 2 . The critical number is x = 10 3 and 
y F'(x) < 0 for 0 < x < 10 3 and F'(x) > 0 if x > 10 3 , so the absolute minimum 

occurs when x = 10 3 and y = 1.5 x 10 3 . 

The field should be 1000 feet by 1500 feet with the middle fence parallel to the short side of the field. 


15. Let 6 be the length of the base of the box and h the height. The surface area is 1200 = b 2 + 4hb => h = (1200 — 6 2 )/(46). 
The volume is IT = b 2 h = 6 2 (1200 — 6 2 )/46 = 3006 — 6 3 /4 => 17'(6) = 300 - f 6 2 . 

V'(b) = 0 =>■ 300 =| 6 2 => 6 2 = 400 => 6 = V400 = 20. Since 17'(6) > 0 for 0 < 6 < 20 and V'(b) < 0 for 

6 > 20, there is an absolute maximum when 6 = 20 by the First Derivative Test for Absolute Extreme Values (see page 253). 
If 6 = 20, then h = (1200 — 20 2 )/(4 • 20) = 10, so the largest possible volume is b 2 h — (20) 2 (10) = 4000 cm 3 . 


17. 



10 = (2w)(w)h = 2w 2 h, so h = 5/w 2 . The cost is 
C{w) = 10 ( 2 w 2 ) + 6 [ 2(2 wh) + 2 hw\ + 6 ( 2 w 2 ) 
= 32w 2 + 36 wh = 32w 2 + 180/w 


C’(w) = 64w - 180/w 2 = 4(16w 3 - 45)/w 2 


is the critical number. C'{w) < 0 for 0 < w < 


C'(w) > 0 for w > yif.Tfie minimum cost is = 32(2.8125) 2/3 + 180/^2.8125 « $191.28. 



19. The distance d from the origin (0,0) to a point (*, 2x + 3) on the line is given by d = \J{x — 0 ) 2 + (2x + 3 — 0 ) 2 and the 
square of the distance is S = d 2 = x 2 + (2x + 3) 2 . S' = 2x + 2{2x + 3)2 = 10* + 12 and S' = 0 4^ x = — |. Now 
S" = 10 > 0, so we know that S has a minimum at * = — |. Thus, the y -value is 2(— |) + 3= § and the point is (— |, |) 



From the figure, we see that there are two points that are farthest away from 
A(l, 0). The distance d from A to an arbitrary point P(x, y) on the ellipse is 
d = y/{x— l ) 2 + (y — 0) 2 and the square of the distance is 
S' = d 2 = x 2 — 2x + 1 + y 2 = x 2 — 2x + 1 + (4 — 4x 2 ) = —3 * 2 — 2x + 5. 
S' = — 6 * — 2 and S' = 0 => x = — |. Now S" = — 6 < 0, so we know 
that S has a maximum at * = —|. Since —1 < * < 1, S(— 1) = 4, 


S(—|) = Tp, and S(l) = 0, we see that the maximum distance is y ^. The corresponding y-values are 
y = 4 — 4(— |) 2 = = ±| y/2 « ±1.89. The points are (—1,±| \/2). 
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The area of the rectangle is (2a;) (2 y) = 4xy. Also r 2 = x 2 + y 2 so 
y = y/r 2 — x 2 , so the area is A(x ) = 4a; y/r 2 — x 2 . Now 


A'(a;) = 4 y/r 2 — x 2 


y/r 2 — x 2 


r 2 — 2a; 2 

= 4 - . The critical number is 


\/r 2 — x 2 


x = ~^r. Clearly this gives a maximum. 


V = 




-j=r = x, which tells us that the rectangle is a square. The dimensions are 2x = y/2r 


and 2y = y/2r. 



The height h of the equilateral triangle with sides of length L is ^ L, 
since h 2 + (L/2 ) 2 = L 2 =>■ h 2 = L 2 - \L 2 = §L 2 =>■ 


/q . . . . n J-J - ’ 

h = ¥f-L. Using similar triangles, ——— 1 
y/?> x = ^L — y => y= 2 Y-L — \/3x 



y/3 =>• 


=> y — (L 2x). 


The area of the inscribed rectangle is A(x) = (2 x)y = y/3 x(L — 2x) = y/3 Lx — 2y/3x 2 , where 0 < x < L/2. Now 
0 = A'(a;) = y/3 L — 4 y/3x =>• x = y/3L/{4 \/3) = L/4. Since A(0) = A(L/2) = 0, the maximum occurs when 
x = L/4, and y = = ^L, so the dimensions are L/2 and ^L. 


27. 



r + x 


The area of the triangle is 

A(x) = |(2 t)(r + x) = t(r + x) = y/r 2 — x 2 (r + x). Then 


0 = A'(x) = r 


-2x 


2 \/r 2 — x 2 


+ y/r 2 — x 2 + x 


—2x 


2 \/r 2 — x 2 


x + rx 


y/r 2 — 


+ y/r 


x 


x + rx 


y/r 2 


= V~r 


2 i 2 2 

x +rx = r — x 


- ar 


0 = 2a; 2 + rx — r 2 = (2x — r)(x + r) 


x = or x = —r. Now A(r) = 0 = A(— r) => the maximum occurs where x = \r, so the triangle has 


height r + \r = |r and base 2 yjr 2 — (ir)“ = 2 yj |r 2 = y/3 r. 



The cylinder has volume V = ny 2 (2x). Also x 2 + y 2 = r 2 =>■ y 2 = r 2 — x 2 , so 
V(x) = 7 r(r 2 — x 2 )(2x) = 2n(r 2 x — x 3 ), where 0 < x < r. 

V'(x) = 2n (r 2 — 3a; 2 ) =0 =>■ x = r/y/ 3. Now V(0) = V (r) = 0, so there is a 
maximum when x = r/y/3 and V(r/y/3') = ir(r 2 — r 2 /3)(2r/v / 3) = 4nr 3 / (3\/3). 
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The cylinder has surface area 

2(area of the base) + (lateral surface area) = 27r(radius) 2 + 27r(radius)(height) 

= 2ny 2 + 2ny(2x) 

Now x 2 + y 2 = r 2 => y 2 = r 2 — x 2 =>- y = \/r 2 — x 2 , so the surface area is 


S(x) = 2ir(r 2 — x 2 ) + 4nx \/r 2 — x 2 , 0 < x < 
= 2nr 2 — 2irx 2 + 47 r(x \/r 2 — x 2 ) 

S'(x) = 0 — 47 ix + 4 -k^x • |(r 2 — x 2 )~ 1 ^ 2 (—2x) + (r 2 — x 2 ) 1 / 2 • lj 

. T x 2 /-I-, - 5 -] — x \/r 2 — x 2 — x 2 + r 2 - 

= 47 t —x - , + \/r — x \ = 47 t •- - 


—x \Jr 2 — x 2 — x 2 + r 2 — x 2 


S'(x) = Q =S> x \/r 2 — x 2 = r 2 — 2x 2 (*) =>- (xVr 2 — x 2 f = (r 2 — 2x 2 ) 2 => 

x 2 (r 2 — x 2 ) = r 4 — 4r 2 x 2 + 4x 4 => r 2 x 2 — x 4 = r 4 — 4r 2 x 2 + 4x 4 =>■ 5x 4 — 5r 2 x 2 + r 4 = 0. 

This is a quadratic equation in x 2 . By the quadratic formula, x 2 = 5± l ^ r 2 , but we reject the root with the + sign since it 

doesn’t satisfy (*). [The right side is negative and the left side is positive.] So x = A/ r - Since S'(O) — S(r) = 0, the 


maximum surface area occurs at the critical number and x 2 = 5 1( f^ r 2 =>■ y 2 = r 2 — a lt / a r 2 = — 

the surface area is 

O-tt (S + Vs\„2 I . /I+/5 / S+Vs„2 _ _™2 L . 5+V5 , a y / ( 5 -% / 5)( 5 +% / 5) ] _ ,[ 5^5 2^20 


.2 _ 2 _ 5- VS 2 _ 5+ v/5 2 

' 10 10 


y/(5-%^)(5+V5) 1 2 [ 5+^5 , 2V1 

" r 10 ' [ 5 “ r 5 


^{^y+4«J^y/^r 2 = *r 2 2 - 


_ .,2 5 + 75 + 2-2^5 _ 

— /(/ 5 — 


' =m .2[6+Jh/ll =7rr 2(l + T5) 



-T- 

6 

i 

-4- 

y 


X 


x + 8 


xj/ = 384 =>■ y = 384/x. Total area is 
+x) = (8 + x)(12 + 384/x) = 12(40 + x + 256/x), so 
A'(x) = 12(1 — 256/x 2 ) = 0 =>■ x = 16. There is an absolute minimum 
when x = 16 since t4'(x) < 0 for 0 < x < 16 and A'(x) > 0 for x > 16. 
When x = 16, y = 384/16 = 24, so the dimensions are 24 cm and 36 cm. 


10-jc 
\'3 /10 — x\ 


□i " 


Let x be the length of the wire used for the square. The total area is 
,, . /x\ 2 1 / 10 — x\ \/3 /10 — x\ 


., ^ fx\ 2 1 /l0-x\ v/3 /10 — 

+2 —hr hr 


= fgX 2 + |f (10 - x) 2 , 0 < x < 10 


A'(x) = |x—|f(10-x) = 0 4* t|x+^x-^= 0 x= i ^ s 

Now +0) = (|f) 100 « 4.81, A(10) = ^ = 6.25 and 7^2^) « 2.72, so 

(a) The maximum area occurs when x = 10 m, and all the wire is used for the square. 

(b) The minimum area occurs when x = 40 +- « 4.35 m. 

v ’ 9 + 4V3 
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37. 



The volume is V = nr 2 h and the surface area is 


S(r) = nr 2 + 2irrh = nr 2 + 2nr ( 


/ V \ 2 2V 

—^ I = nr 2 H-. 


V 7 r r z 


2V 


S'(r) = 2irr -r- =0 =>■ 2irr 3 = 2V => r = \ — cm. 


This gives an absolute minimum since S'(r) < 0 for 0 < r < \ — and S'(r) > 0 for r > \ — 


When r = —,h= = 


V 


nr 2 Tr(y/Tr) 2 / 3 V 7r 


= \ — cm. 


39. 


41. 



h 2 +r 2 = R 2 



V = \r 2 h = § {R 2 -h 2 )h= § {R 2 h-h i ). 

V'(h ) = |-(R 2 — 3 h 2 ) = 0 when h = R. This gives an absolute maximum, since 
V'(h) > 0 for 0 < h < R and V'(h) < 0 for h > =R. The maximum volume is 

v (t= 3 r ) = f (t5^ 3 - 575^ 3 ) = &3* r3 - 

By similar triangles, — = — - ; (1). The volume of the inner cone is V = k^T 2 h, 

R r * 

Hr 

so we’ll solve (1) for h. —— = H — h =>■ 

R 

, TT Hr HR-Hr H, n . 
h = H --R=—S—=R {R - r} (1) - 


TT ff TT H 

Thus, V(r) = -r 2 • -(R-r) = —-(tfr 2 - r 3 ) 
o R SR 


q-T fj qq IJ 

v» = m (2Rr ~ 3r2) = tr r(2i? " 3r) ' 

V'{r) = 0 => r = 0 or 2R = 3r => r = § R and from (2), h = ^ (R - |E) = ^ (|J?) = \H. 


R' 


V (r) changes from positive to negative at r = | R, so the inner cone has a maximum volume of 

V = | nr 2 h= ^ 7 r(| ^ • ^■kR 2 H, which is approximately 15% of the volume of the larger cone. 


43. P(R) = 


E 2 R 

(.R + r ) 2 


P\R) = 


(R + r) 2 ■ E 2 - E 2 R ■ 2{R + r) _ (R 2 + 2Rr + r 2 )E 2 - 2E 2 R 2 - 2E 2 Rr 


[(-R + i 


(R + i 


E 2 r 2 - E 2 R 2 _ E 2 (r 2 - R 2 ) _ E 2 {r + R){r - R) _ E 2 (r - R) 


(R- 


[R + r)* 


(R + i 


(R + r ) 3 


P’(R) = 0 


R = r 


P(r) = 


E 2 r 


E 2 r E 2 


_|_ y'j 1 ^ 4y^ 4r 

The expression for P'(R) shows that P'(R) > 0 for R < r and P'(R) < 0 for R > r. Thus, the maximum value of the 
power is E 2 / (4r), and this occurs when R = r. 

45. S = 6 sh — | s 2 cot 9 + 3s 2 ^ esc 9 
dS 


(a) — = | s 2 esc 2 9 — 3s 2 esc 9 cot 9 or | s 2 esc 9 (esc 9 — \/3 cot 0). 
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(b) 4? = 0 when esc 0 — y/3 cot 0 = 0 =>■ r — \/3 C ° S f =0 =>■ cos 0 = -7=. The First Derivative Test shows 


d 0 


sin 0 


Vs' 


that the minimum surface area occurs when 0 = cos 1 


55°. 



If cos 0 = -j=, then cot 0 = -^= and esc 0 = so the surface area is 
5= 6 s/i - |s 2 ^ + 3s 2 ^^ = 6 sh - 575 s 2 + J 75« 2 

= 6s/l +275 s2 = 6s ( /l+ 5V5 S ) 


47. Here T(a;) = ^ + 25 + , 0 < a; < 5 =+ T'(x) = 


- - = 0 4V 8 * = 6 V * 2 + 25 4=> 


6 8 “ “ 6 Vx 2 + 25 8 

16a; 2 = 9(a ; 2 + 25) 4=> x = 7)=. But ^ > 5, so T has no critical number. Since T( 0) « 1.46 and T(5) « 1.18, he 

should row directly to B. 


49. There are (6 — x) km over land and \/x 2 + 4 km under the river. 

We need to minimize the cost C (measured in $100,000) of the pipeline. 

C(x) = (6 - x)(4) + (Vx 2 + 4) ( 8 ) =+ 

C\x) = -4 + 8 • ±(a; 2 + 4)~ 1 / 2 (2x) = -4 + -^=§==. 

Q rp 

C'(x) = 0 =>■ 4 = =4- \/x 2 + 4 = 2x =>■ x 2 +4 = 4x 2 

sjx 2 + 4 


refinery 


r+F-^-+——+ 

! 

>Jx 2 + 4 \ 


2 

h-6-1 

t 

OH 


storage tanks 


4 = 3a ; 2 


x = 2/v / 3 [0 < x < 6 ]. Compare the costs for x = 0, 2/v / 3, and 6 . (7(0) = 24 + 16 = 40, 

C(2/v / 3) = 24 — 8/\/3 + 32/v / 3 = 24 + 24/%/3 « 37.9, and (7(6) = 0 + 8 \/40 ~ 50.6. So the minimum cost is about 
$3.79 million when P is 6 — 2/\/3 « 4.85 km east of the refinery. 


51. 


3 k 


k 

10-H 


3(10 - xf = x 3 => ^3(10-a;) =x 


10 ^3= ( 1 + v^3)a; 


10 y/3 
~~ 1 + ^3 


The total illumination is I(x) = — + —— -r^-, 0 < x < 10. Then 

x 2 (10 — x) 2 

/,(x) = ^ + (To^F = 0 ^ 6fc(10 — a;) 3 = 2kx 3 => 

=> 10^3- ^3a; = a; => 10 ^3 = x + x => 

: 5.9 ft. This gives a minimum since /"(*) > 0 for 0 < x < 10. 



Every line segment in the first quadrant passing through (a, b) with endpoints on the x- 
and y -axes satisfies an equation of the form y — b = m(x — a), where m < 0. By setting 
x = 0 and then y = 0, we find its endpoints, +1(0, b — am) and B (a — ^, 0). The 

distance d from A to B is given by d = \J[(a — — 0 ] 2 + [0 — (b — am)] 2 . 
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It follows that the square of the length of the line segment, as a function of m, is given by 

S(m) = (a —— ^ + (am — b) 2 = a 2 — + a 2 m 2 — 2abm + b 2 . Thus, 

\ m J m 

S'(m) = — e ~~^x + 2 a 2 m — 2ab = (abm — b 2 + a 2 m A — abm 3 ) 

m A m A m. 

2 2 

= — -\b(am — b) + am 3 (am — 6)1 = 22 (om — 6 ) (6 + am 3 ) 
m A m A 


Thus, S'(m ) = 0 44 m = b/a or m = —\/K Since b/a > 0 and m < 0, m must equal — Since —^ < 0, we see 


that S'(m) < 0 for m < — and S'(m) > 0 for m > — Thus, S has its absolute minimum value when m = — 
That value is 

S(-VI)= (a + b^J +(^a^ a -bj =(a+^)\(V^b + bf 


= a 2 + 2a A ' 3 b 2 ' 3 + a 2 / 3 6 4 / 3 + a A ' 3 b 2 / 3 + 2a 2 ' 3 b 4 ' 3 + b 2 = a 2 + 3a A l 3 b 2 ' 3 + 3a 2 / 3 6 4 / 3 + b 2 
The last expression is of the form x 3 + 3x 2 y + 3 xy 2 + y 3 [= (x + y) 3 ] with x = a 2 ^ 3 and y = b 2 ^ 3 , 
so we can write it as ( a 2 ^ 3 + b 2 / 3 ) 3 and the shortest such line segment has length \/S = (a 2 ^ 3 + & 2 / 3 ) 3 / 2 . 


55. y = — =4- y' = -so an equation of the tangent line at the point (a, 3 ) is 

y — — = — t(x — a), or y = —-^x + —. The u-intercept [* = 0] is 6/a. The 
a a 2 a A a 

a>intercept [y = 0] is 2a. The distance d of the line segment that has endpoints at the 
intercepts is d = (2a — 0 ) 2 + (0 — 6 /a) 2 . Let S = d 2 , so 5 = 4a 2 + ^ =4- 

72 72 

S’ = 8 a - 77 . S' = 0 44 —77 = 8 a 44 a 4 = 9 44 a 2 = 3 =4 a = \/3. 

a 6 a 3 



S" = 8 H-— > 0, so there is an absolute minimum at a = \/3. Thus, S = 4(3) + ^ = 12 + 12 = 24 and 

hence, d = \/24 = 2 %/ 6 . 


57. (a) If c(x) = 

x 

xC' (x) — C(x) 


, then, by the Quotient Rule, we have c' (x) 
= 0 and this gives C'(x) = - = c(x) 


xC'(x) - C(x) ,, , , 

=--—. Now c (x) = 0 when 

ar 

Therefore, the marginal cost equals the average cost. 


(b) (i) C(x) = 16,000 + 200a: + 4x 3/2 , (7(1000) = 16,000 + 200,000 + 40,000 n/Io « 216,000 + 126,491, so 

(7(1000) « $342,491. c(x) = C(x)/x = 16, °°° + 200 + 4* 1/2 , c(1000) « $342.49/unit. C'(x) = 200 + 6 * 1/2 , 
C"(1000) = 200 + 60 VW « $389.74/unit. 

(ii) We must have C'(x) = c(x) 44 200 + 6 a ; 1 / 2 = 1^252 + 200 + 4a ; 1 / 2 44 2a ; 3 / 2 = 16,000 44 

X 

x = (8,000 ) 2 / 3 = 400 units. To check that this is a minimum, we calculate 


c'(x) 


16,000 + 2. _ _ 2 _ ^ 3/2 _ gQQQ^ xhi S is negative for x < (8000) 2 / 3 = 400, zero at x = 400, 

x VI 1 


P |cr 
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and positive for x > 400, so c is decreasing on (0, 400) and increasing on (400, oo). Thus, c has an absolute minimum 
at x = 400. [Note: c"(x) is not positive for all x > 0.] 

(iii) The minimum average cost is c(400) = 40 + 200 + 80 = $320/unit. 

59. (a) We are given that the demand function p is linear and p(27,000) = 10, p(33,000) = 8 , so the slope is 
27 ooo° ~ 3 8 3 ooo = ^Woo 311 d 311 ec l u ation of the line is y — 10 = (— 3^50 )(* — 27,000) => 

y = p(x) = — 3 ^ 50 * + 19 = 19 — (z/3000). 

(b) The revenue is R(x) = xp(x) = 19z — (z 2 /3000) =>■ R'(x) = 19 — (z/1500) = 0 when x = 28,500. Since 

R"{x) = —1/1500 < 0, the maximum revenue occurs when x = 28,500 =>■ the price is p(28,500) = $9.50. 

61. (a) As in Example 6, we see that the demand function p is linear. We are given that p( 1000) = 450 and deduce that 
p(1100) = 440, since a $10 reduction in price increases sales by 100 per week. The slope for p is 7 
so an equation is p — 450 = — ^ (x — 1000) or p{x) = — j^x + 550. 

(b) R{x) = xp(x) = + 550z. R'(x) = -±x + 550 = 0 when x = 5(550) = 2750. 

p(2750) = 275, so the rebate should be 450 — 275 = $175. 

(c) C(x) = 68,000 + 150z => P(x) = R{x) - C(x) = -^z 2 + 550z - 68,000 - 150z = -^z 2 + 400z - 68,000, 

P'{x) = — |z + 400 = 0 when z = 2000. p(2000) = 350. Therefore, the rebate to maximize profits should be 

450 - 350 = $100. 
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d 


The total time is 


T(x) 


(time from A to C) + (time from C to B ) 

Va 2 + x 2 + a/ 6 2 + (d- x ) 2 0 < x < 

VI V2 


T'(x) 


x d — x 

vi Va 2 + x 2 V 2 \Jb 2 + {d — x ) 2 


sin 61 sin 02 

Vl V2 


The minimum occurs when T'(x) = 0 


sin 0 i sin 02 
Vl V2 


[Note: T"(x) > 0] 



y 2 = x 2 + z 2 , but triangles CDE and BCA are similar, so 

z/8 = x/ (4 y/x — 4) => z = 2x/\/x — 4. Thus, we minimize 

f(x) = y 2 = x 2 + 4x 2 /(x — 4) = x 3 /(x — 4), 4 < x < 8 . 

. (x — 4)(3x 2 ) — x 3 x 2 [3(x —4)—x] 2x 2 (x — 6 ) 

; W “ (x - 4 ) 2 “ (x - 4 ) 2 " (x - 4 ) 2 " ° 

when x = 6 . /'(x) < 0 when x < 6 , f'(x) > 0 when x > 6 , so the minimum 
occurs when x = 6 in. 


71. 



Let f(t) = tan0 = 


2 1 


1 + 3 f 2 


It suffices to maximize tan 0. Now 

3 1 . , tan ib + tan 0 t + tan 0 „ 

— = tanf-ip + 0) = --So 

1 1 — tan %j) tan 0 1 — t tan 0 

36(1 — t tan 0) = t + tan 0 => 26 = (1 + 36 2 ) tan0 => tan0 = 


26 


1 + 36 2 ' 


fit) = 


2(1 + 36 2 )- 26(66) 2(l - 36 2 ) 

(1 + 36 2 ) 2 “ (1 + 36 2 ) 2 


= 0 <S> 1 — 36 2 = 0 


t = j since 6 > 0. Now /'( 6 ) > 0 for 0 < 6 < and f'(t) < 0 for 6 > -^=, so / has an absolute maximum when 6 = 


and tan 0 = 


2(1/V3) 


1 + 3(1 A/3 f ^3 

v/3 = tan(V> + f) =4> V’=f- 


= — -j= => 0 = f • Substituting for 6 and 0 in 36 = tan (ip + 0) gives us 



In the small triangle with sides a and c and hypotenuse W, sin 0 = and 

c d 

cos 0 = —. In the triangle with sides b and d and hypotenuse L, sin 0 = — and 
W L/ 

cos 0 = —. Thus, a = W sin 0, c = W cos 9, d = L sin 0, and 6 = L cos 0, so the 

jL/ 

area of the circumscribed rectangle is 


[continued] 
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A(9 ) = (a + b)(c + d) = {W sin# + £ cos 9){W cos 9 + £ sin#) 

= W 2 sin 9 cos 9 + WL sin 2 9 + L W cos 2 9 + L 2 sin 9 cos 9 
= LW sin 2 9 + LW cos 2 9 + (£ 2 + W 2 ) sin 9 cos 9 

= LW (sin 2 9 + cos 2 9) + (£ 2 + W 2 ) • ± ■ 2 sin 9 cos 9 = LW + \ (L 2 + W 2 ) sin 29, 0 < 9 < § 
This expression shows, without calculus, that the maximum value of A{9) occurs when sin 29 = 1 4=> 2# = f =>■ 

9 = f. So the maximum area is A(f) = LW + \{L 2 + W 2 ) = ±(£ 2 +2LW + W 2 ) = \(L + W) 2 . 


75. (a) 



sjx 2 + 25 


If k = energy/km over land, then energy/km over water = 1.4fc. 

So the total energy is E = lAk \/25 + x 2 + k( 13 — x), 0 < x < 13, 
lAkx 


B x C 13—x 


D 


, dE 

and so —— = 

ax 


(25 + x 


2 A/2 


- k. 


Set — = 0: 1.4fca; = fc(25 + * 2 ) 1/2 1.96* 2 = * 2 + 25 0.96a: 2 = 25 => x = -A= w 5.1. 

dx ' V^96 

Testing against the value of E at the endpoints: E( 0) = 1.4fc(5) + 13fc = 20fc, £1(5.1) w 17.9fc, £1(13) « 19.5fc. 
Thus, to minimize energy, the bird should fly to a point about 5.1 km from B. 


(b) If W/L is large, the bird would fly to a point C that is closer to B than to D to minimize the energy used flying over water. 

If W/L is small, the bird would fly to a point C that is closer to D than to B to minimize the distance of the flight. 

_ ^ , . dE Wx T W \/25 + x 2 . 

E = W\/ 25 + x 2 + £(13 — x) => = , : — £ = 0 when — =-. By the same sort of 

' dx ^25 + x 2 £ x 

argument as in part (a), this ratio will give the minimal expenditure of energy if the bird heads for the point x km from B. 


(c) For flight direct to D, x = 13, so from part (b), W/L = ^ 25 1 g 13 « 1.07. There is no value of W/L for which the bird 
should fly directly to B. But note that lim (W/L) = oo, so if the point at which E is a minimum is close to B, then 

x —* 0 + 

W/L is large. 

(d) Assuming that the birds instinctively choose the path that minimizes the energy expenditure, we can use the equation for 

dE/dx = 0 from part (a) with 1.4fc = c,x = 4, and k = 1: c(4) = 1 • (25 + 4 2 ) 1 / 2 => c= x/41/4 « 1.6. 


3.8 Newton's Method 

The tangent line at x = 1 intersects the a>axis at x ~ 2.3, so 
X 2 ~ 2.3. The tangent line at x = 2.3 intersects the ic-axis at 
x « 3, so X 3 « 3.0. 


(b) *i=5 would not be a better first approximation than xi = 1 since the tangent line is nearly horizontal. In fact, the second 
approximation for xi = 5 appears to be to the left of x = 1. 
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3. Since the tangent line y = 9 — 2a; is tangent to the curve y = f(x) at the point (2, 5), we have x\ = 2, f(x i) = 5, and 
f'(x i) = —2 [the slope of the tangent line]. Thus, by Equation 2, 


X 2 = X\ 


fix i) _ _5_ 
fix i) -2 


9 

2 


Note that geometrically | represents the ^-intercept of the tangent line y = 9 — 2x. 


5. The initial approximations xi = o, b, and c will work, resulting in a second approximation closer to the origin, and lead to the 
root of the equation f(x) = 0, namely, x = 0. The initial approximation xi = d will not work because it will result in 
successive approximations farther and farther from the origin. 



7. f(x) = x 5 — x — 1 =>■ f'(x) = 5x 4 — 1, so x n+ i = x„ — 


5x 4 - 1 


-. Now x\ = 1 




9. f(x) = x 3 + x + 3 
Now xi = — 1 => 


f'{x) = 3x 2 + 1, SO Xn+l = X n 


X n “H Xn “H 3 

3x% + 1 


X2 


(—l ) 3 + (—1) + 3 _ -1-1 + 3 _ 1 

3(—1 ) 2 + 1 ^ 3+1 4 


-1.25. 


Newton’s method follows the tangent line at (—1,1) down to its intersection with 


the a>axis at (—1.25, 0), giving the second approximation X 2 = —1.25. 



-4 


11. To approximate x = +20 (so that x 5 = 20), we can take f(x) = x 5 — 20. So f'(x) = 5x 4 , and thus, 
x 5 — 20 

x„+i = x n -—t—. Since v^32 = 2 and 32 is reasonably close to 20, we’ll use x\ = 2. We need to find approximations 

5xi 

until they agree to eight decimal places, xi = 2 => X 2 = 1.85, *3 « 1.82148614, x± w 1.82056514, 

£5 sa 1.82056420 « xq. So \^20 ss 1.82056420, to eight decimal places. 

Here is a quick and easy method for finding the iterations for Newton’s method on a programmable calculator. 

(The screens shown are from the TI-84 Plus, but the method is similar on other calculators.) Assign f(x) = x 5 — 20 
to Yi, and f(x) = 5a ; 4 to Y 2 . Now store xi = 2 in X and then enter X — Y 1 /Y 2 —> X to get X 2 = 1.85. By successively 
pressing the ENTER key, you get the approximations X 3 , xa, .... 


[continued] 
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2 


Mod Plod Plod 

X-V 1 /V 2 +X 


WiBX"5-20 

1.85 


W 2 05X^4 

1.821486137 


W3 = 

1.820565136 


Wh = 

1.820564203 


nV5 = 

1.820564203 


Wfi = 

W? = 


In Derive, load the utility file SOLVE. Enter NEWTON (x~5-20,x, 2) and then APPROXIMATE to get 
[2, 1.85, 1.82148614, 1.82056514, 1.82056420]. You can request a specific iteration by adding a fourth argument. For 
example, NEWTON (x“5-20, x, 2,2) gives [2,1.85, 1.82148614], 

In Maple, make the assignments f := s —>i"5 - 20;, g := x —> x — /(s)/D(/)(s);, and x := 2.;. Repeatedly execute 
the command s := <?(s); to generate successive approximations. 

In Mathematica, make the assignments f[x_] := s'5 — 20, g[x_] := x — f[x]/f'[x], and x = 2. Repeatedly execute the 
command x = g[x] to generate successive approximations. 


13. /(s) = x 4 — 2x 3 + 5x 2 — 6 =>• f'{x) = 4x 3 — 6 x 2 + 10s =>■ s^+i = x„ — 


X„ — 2x„ + 5Xn — 6 


We need to find 


\x\ — 6 *^ + lOx,, 

approximations until they agree to six decimal places. We’ll let xi equal the midpoint of the given interval, [1,2]. 

xi = 1.5 => X 2 = 1.2625, X 3 fa 1.218808, x± 1.217563, xs 1.217562 fa x&. So the root is 1.217562 to six decimal 

places. 


15 . sina; = x 2 , so f(x) = sins — x 2 => f'(x ) = coss — 2x => 

sin x n — x 2 „ , _ , . . . . 2 ■ 

s n +i = x n --. From the figure, the positive root ol sm x — x is 

COS X n — 2 X n 

near 1. xi = 1 =F x -2 ~ 0.891396, S 3 fa 0.876985, S 4 fa 0.876726 fa S 5 . So 
the positive root is 0.876726, to six decimal places. 



17. 



From the graph, we see that there appear to be points of intersection near 
s = —4, x = — 2, and s = 1. Solving 3 cos s = s + 1 is the same as solving 
/(s) = 3 cos s — x — 1 — 0. f'(x) = — 3 sin s — 1, so 

3 COS Xn — Xn 1 


Sl = 

-4 

Sl = 

-2 

Sl 

= 1 

S 2 f» 

-3.682281 

s 2 fa 

-1.856218 

s 2 

fa 0.892438 

S3 fa 

-3.638960 

s 3 fa 

-1.862356 

X3 

fa 0.889473 

S 4 fa 

-3.637959 

S 4 fa 

-1.862365 fa s 5 

S 4 

fa 0.889470 

s 5 fa 

-3.637958 fa s 6 






To six decimal places, the roots of the equation are —3.637958, —1.862365, and 0.889470. 
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19. 



From the graph, we see that there appear to be points of intersection near 
x = —0.5 and x = 1.5. Solving ^/x = x 2 — 1 is the same as solving 
f(x) = \fx — x 2 + 1 = 0. f(x) = \fx — x 2 + 1 =>■ 

f'{x) = §x _2/3 - 2 x, so x n +i =x„- 


2Xn 


= -0.5 

X 2 W -0.471421 
a; 3 « —0.471074 ps xa 

To six decimal places, the roots are —0.471074 and 1.461070. 


x\ = 1.5 
x 2 ps .461653 
X 3 ps 1.461070 ps xa 


21. From the graph, there appears to be a point of intersection near x = 0.6. 
Solving cos x = \fx is the same as solving /(*) = cos x — vx = 0. 
f(x) = cosx—Vx => f'(x) = — sin* — 1/(^2 Vx\ so 


Xn -\-1 — Xn 


COSX n — VX- 


. Now xi = 0.6 


x 2 « 0.641928, 



23. 


- sinx n — 1/^2 Vx„ 

X 3 ps 0.641714 ps xa. To six decimal places, the root of the equation is 0.641714. 

f(x) = x 6 — x 5 — 6a; 4 — x 2 + x + 10 
f'{x) = 6 x 5 - 5x 4 - 24x 3 - 2x + 1 = 



X n -\-l — %n 


x® - x® - 6 a ; 4 - x 2 + x n + 10 


6 x® — 5xJ* — 24a;® — 2x n + 1 

From the graph of /, there appear to be roots near —1.9, —1.2, 1.1, and 3. 


Xl = 

-1.9 

Xl = 

- 1.2 

Xl 

= 1.1 

Xl = 

3 

X 2 PS 

-1.94278290 

x 2 ps 

-1.22006245 

X 2 

PS 1.14111662 

x 2 ps 

2.99 

X 3 PS 

-1.93828380 

x 3 PS 

-1.21997997 ps x 4 

X3 

ps 1.13929741 

x 3 PS 

2.98984106 

Xa ~ 

-1.93822884 



Xa 

ps 1.13929375 ps x 5 

X 4 PS 

2.98984102 

x 5 ps 

-1.93822883 ps x 6 








To eight decimal places, the roots of the equation are —1.93822883, —1.21997997, 1.13929375, and 2.98984102. 



Solving , 

x 2 + 1 


\f\ — x is the same as solving 


/(*) = - Vi-x = °- f'( x ) = 

Xn r: - 

^ + 1 ~ Xn 
Xn -\-1 — Xn -i 2 

1 - a:» + 1 

(x 2 + l ) 2 2\/l — X n 


1 — x 2 ^ 1 

(x 2 + l) 2 + 2y/l - X ^ 


From the graph, we see that the curves intersect at about 0.8. xi = 0.8 =>■ X 2 ps 0.76757581, X 3 ps 0.76682610, 
xa ps 0.76682579 ps X 5 . To eight decimal places, the root of the equation is 0.76682579. 





166 □ CHAPTER 3 APPLICATIONS OF DIFFERENTIATION 

27. (a) /(x) = x 2 — a => /'(x) = 2x, so Newton’s method gives 


x 2 — a 1 a 

x n+1 = x n --- =x„- -x„ + -— 

2x n 2 2x n 


a 


2 Xn + 2x 



(b) Using (a) with a = 1000 and x\ = \/900 = 30, we get X 2 ~ 31.666667, x 3 « 31.622807, and X 4 ss 31.622777 « X 5 . 


So v / 1000 « 31.622777. 

29. f{x) = x 3 — 3x + 6 =>■ /'(x) = 3x 2 — 3. If Xi = 1, then f{x 1 ) = 0 and the tangent line used for approximating X 2 is 

horizontal. Attempting to find X 2 results in trying to divide by zero. 

31. For /(x) = x 1 ^ 3 , f(x) = \x~ 2 ^ z and 
f(x„) _ 


y.i/3 


Xn-\-l — Xn 


i T - 2 / 3 

3 x n 


= X n - 3x n = ~2x n . 


f'{Xn) 

Therefore, each successive approximation becomes twice as large as the 
previous one in absolute value, so the sequence of approximations fails to 
converge to the root, which is 0. In the figure, we have x\ = 0.5, 

X 2 = -2(0.5) = -1, and x 3 = -2(-l) = 2. 





33. (a) f(x) = x 6 — x 4 + 3x 3 — 2x 


f\x) = 6 x 5 — 4a ; 3 + 9a ; 2 — 2 


f"(x) = 30a; 4 — 12x 2 + 18a;. To find the critical numbers of /, we’ll find the 
zeros of f. From the graph of /', it appears there are zeros at approximately 
x = —1.3, —0.4, and 0.5. Try a;i = —1.3 => 
f'(x 1 ) 


X2 = Xl — 


-1.293344 


x 3 « -1.293227 « x 4 . 



f”(x r) 

Now try a;i = —0.4 a ;2 «—0.443755 x 3 « —0.441735 3:4 —0.441731 x 3 . Finally try 

a;! =0.5 =» x 2 « 0.507937 x 3 « 0.507854 « a; 4 . Therefore, x = -1.293227, -0.441731, and 0.507854 are 

all the critical numbers correct to six decimal places. 


(b) There are two critical numbers where f changes from negative to positive, so / changes from decreasing to increasing. 
/(—1.293227) ~ —2.0212 and /(0.507854) ~ —0.6721, so —2.0212 is the absolute minimum value of / correct to four 
decimal places. 



y = x 2 sin a; => y' = x 2 cos a; + (sin a;) ( 2 a;) => 

y" = a ; 2 (—sin a;) + (cos a;) ( 2 a;) + (sin a;) ( 2 ) + 2 a; cos x 
= — x 2 sin a; + 4a; cos a; + 2 sin a; 

y"’ = —a ; 2 cosx + (sinx)(—2x) + 4x(— sinx) + (cosx)(4) + 2cosx 
= —x 2 cos x — 6 x sin x + 6 cos x. 


From the graph of y = x 2 sin x, we see that x = 1.5 is a reasonable guess for the x-coordinate of the inflection point. Using 
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Newton’s method with g(x) = y" and g'{x) = y'", we get xi = 1.5 =>• X2 « 1.520092, *3 « 1.519855 « X4. 

The inflection point is about (1.519855, 2.306964). 

37. We need to minimize the distance from (0, 0) to an arbitrary point ( x , y) on the 
curve y = (x — l) 2 . d = \/x 2 +y 2 =>■ 

d(x) = \Jx 2 + [(x — l) 2 ] 2 = -\/x 2 + (a; — l) 4 . When d' = 0, d will be 
minimized and equivalently, s = d 2 will be minimized, so we will use Newton’s 
method with / = s' and f = s". 
f(x) = 2x + 4(x - l) 3 =A /'(a;) = 2 + 12(x - l) 2 , so x n+ i = x n - l) 2 • Try Xl = 0,5 ^ 

X 2 = 0.4, X 3 « 0.410127, X 4 « 0.410245 ss * 5 . Now d( 0.410245) « 0.537841 is the minimum distance and the point on 
the parabola is (0.410245, 0.347810), correct to six decimal places. 



39. In this case, A = 18,000, R = 375, and n = 5(12) = 60. So the formula A = —[1 — (1 + 1 ) n ] becomes 

i 

375 

18,000 = -[1 — (1 + a:) -60 ] •<=> 48x = 1 — (1 + x) -60 [multiply each term by (1 + a;) 60 ] •<=>■ 

48x(l + x) 60 — (1 + x) 60 + 1 = 0. Let the LHS be called f(x), so that 


f'{x) = 48x(60)(l + x ) 59 + 48(1 + x ) 60 - 60(1 + x ) 59 

= 12(1 + x) 59 [4x(60) + 4(1 + x) - 5] = 12(1 + x) 59 (244x - 1) 




48x»(l + Xn) 60 -(l + x n ) 60 + l 
12(1 + x„) 59 (244x n - 1) 


An interest rate of 1% per month seems like a reasonable estimate for 


x = i. So let xi = 1% = 0.01, and we get X 2 « 0.0082202, X 3 « 0.0076802, X 4 « 0.0076291, X 5 « 0.0076286 « X 6 . 
Thus, the dealer is charging a monthly interest rate of 0.76286% (or 9.55% per year, compounded monthly). 


3.9 Antiderivatives 


1. /(x) = x — 3 = x 1 — 3 


F(x) = 


»!+! 

X " 1 2 


— 3x + C = |x —3 x + C 
1 + 1 2 


Check: F'(x) = i (2x) — 3 + 0 = x — 3 = /(x) 


3- f(x) = | 


o r 2+l a r 3+l 

F(x) = \x + - — 7 „ — - ——;—— + C = ix + ix 3 — ix 4 + C 


2 ' 4 5 v ' 2 1 4 2 + 1 5 3 + 1 2 ' 

Check: F'(x) = \ + ^(3x 2 ) — |(4x 3 ) + 0 = \ + fx 2 — |x 3 = /(x) 

5. /(x) = (x + l)(2x — 1) = 2x 2 + x — 1 =>■ F(x) = 2 (|x 3 ) + |x 2 — x + C = §x 3 + \x 2 — x + C 


7. /(x) = 7x 2/b + 8 x _4/5 =>■ F{x) = 7(fx 7/5 ) + 8(5x 1/5 ) + C = 5x 7/s + 40x 1/5 + C 


9. f(x) = y/2 is a constant function, so F(x) = y/2x + C. 
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11. /(x) = — = lOx 9 has domain (—oo, 0) U (0, oo), so F{x) 


See Example 1(c) for a similar problem. 


10x -8 

-8 


+ C i 




if x < 0 
if x > 0 


13. g(t) = 


i + t + r 

Vt 


= t 1/2 +t 1/2 +t 3/2 => G{t) = 2t 1/2 + |f 3/2 + ft 5 / 2 + C 


15. h(9) = 2sin 9 — sec 2 9 =>■ H(9) = —2cos# — taxi9 + C„ on the interval (nix — f, rnr + f). 

17. fit) = 2 sec t tan t + ft 1,72 has domain (0, f) and (mr — f, mr + f) for integers n > 1. The antiderivative is 
F(t) = 2sect + t 1 / 2 + Co on the interval (0, f) or F(t) = 2 sec t + t 1 ^ 2 + C n on the interval (n7r — f, mr + f) for 
integers n > 1. 


T 5 X 6 

19. f(x) = 5x 4 - 2x 5 => F(x) = 5 ■ =- - 2 ■ + C = x 5 - §x 6 + C. 

O D 

F( 0) = 4 =>• 0 s — f • 0 6 + C = 4 61 = 4,50 F(x) = x 5 - §x 6 + 4. 

The graph confirms our answer since fix) = 0 when F has a local maximum, / is 
positive when F is increasing, and / is negative when F is decreasing. 



21 . f"(x) = 20x 3 - 12x 2 + 6x => fix) = 20 

fix) = 5^^-^ ~ + + Cx + D = x 5 — x 4 + x 3 + Cx + D 

23. fix) = \x 2 ' 3 =* /'(x) = |(^)+C=| a; 5/3 + C7 =* f(x) = ^(^^j+Cx + D = ±x 8 ' 3 +Cx + D 

25. /"' it) = cost =>• /" (t) = sin t + C\ =>■ fit) = — cost + C\t + D =>■ /(t) = — sin t + Ct 2 + Dt + E, 
where C = \Ci. 


x 3 

121 


+ 6( y ) + C = 5x 4 


4x 3 + 3x 2 + C 


27. f{x) = 1 + 3y/x => /(x) = x + 3(jx 3/2 )+(7 = x + 2x 3/2 + (7. /(4) = 4 + 2(8) + C and /(4) = 25 =+ 

20 + C = 25 => C = 5, so /(x) =x + 2x 3/2 + 5. 

29. fix) = 7*(6 + 5x) = 6X 1 / 2 + 5x 3 / 2 =>• /(x) = 4x 3 / 2 + 2x 5 7 2 + C. 

/(I) = 6 + C and /(l) = 10 C = 4, so/(x) = 4x 3/2 + 2x 5/2 + 4. 

31. fit) = 2cosf + sec 2 t => fit) = 2sint + tant + C because —tt/2 < t < ir/2. 

/(f) =2(73/2)+ ^3 + 61 = 2 ^3+ (7 3110 /(f) =4 =>■ C = 4 - 2 73, so f{t) = 2sinf + tant + 4 - 2 73. 


33. f'{x) = -2 + 12x- 12x 2 =>■ /'(x) = —2x + 6x 2 — 4x 3 + C. /'(0) = (7 and /'(0) = 12 =+ (7 = 12, so 

/'(x) = —2x + 6x 2 — 4x 3 + 12 and hence, /(x) = —x 2 + 2x 3 — x 4 + 12x + D. /(0) = D and /(0) =4 =>■ D = 4, 
so /(x) = —x 2 + 2x 3 — x 4 + 12x + 4. 
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35. /"(#) = sin# + cost? =4> f'{9) = — cos# + sin# + C. /'(O) = — 1 + <7 and /'(O) = 4 =>■ C = 5, so 

f'(9) = — cos# + sin# + 5 and hence, /(#) = — sin# — cos# + 59 + D. /(0) = — 1 + D and /(0) = 3 =>■ D = 4, 

so /(#) = — sin 6 — cos 9 + 59 + 4. 

37. f"(x) = 4 + 6x + 24x 2 =>■ /'(x) = 4x + 3x 2 + 8x 3 + (7 =>■ f(x) = 2x 2 + x 3 + 2x 4 + Cx + D. /(0) = D and 

/(0) = 3 => D = 3, so f(x) = 2x 2 + x 3 + 2a; 4 + Cx + 3. /(1) = 8 + C and /(1) = 10 =4> (7 = 2, 

so f(x) = 2x 2 + x 3 + 2x 4 + 2a; + 3. 

39. f"(x) = 2 + cos x f'{x) = 2x + sin a; + C => f(x)=x 2 —cosx + Cx + D. 

f(0) = —l + D and /(0) = —1 =* D = 0. /(f) = tt 2 /4 + (f )C and/(f) = 0 =* (f)C = -^ 2 /4 =► 

C = — j, so /(x) = x 2 — cosx — (f )x- 

41. Given /'(x) = 2x + 1, we have /(x) = x 2 + x -f (7. Since / passes through (1, 6), /(l) = 6 l 2 + 1 + C = 6 => 

(7 = 4. Therefore, /(x) = x 2 + x + 4 and /(2) = 2 2 + 2 + 4 = 10. 

43. b is the antiderivative of /. For small x, / is negative, so the graph of its antiderivative must be decreasing. But both a and c 

are increasing for small x, so only b can be f’s antiderivative. Also, / is positive where b is increasing, which supports our 
conclusion. 



The graph of F must start at (0,1). Where the given graph, y = /(x), has a 
local minimum or maximum, the graph of F will have an inflection point. 
Where / is negative (positive), F is decreasing (increasing). 

Where / changes from negative to positive, F will have a minimum. 

Where / changes from positive to negative, F will have a maximum. 

Where / is decreasing (increasing), F is concave downward (upward). 



'2 if 0 < x < 1 

/'(x) = | 1 if 1 < x < 2 

-1 if 2 < x < 3 


' 2x + (7 if 0 < x < 1 

/(x) = ^ x + D if 1 < x < 2 

-x + E if 2 < x <3 


/(0) = — 1 => 2(0) + C = — 1 => C = — 1. Starting at the point 

(0, —1) and moving to the right on a line with slope 2 gets us to the point (1,1). 


The slope for 1 < x < 2 is 1, so we get to the point (2, 2). Here we have used the fact that / is continuous. We can include the 
point x = 1 on either the first or the second part of /. The line connecting (1,1) to (2, 2) is y = x, so D = 0. The slope for 
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2 < x < 3 is — 1, so we get to (3,1). /(3) = 1 =>■ — 3 + E = 1 =>■ E = 4. Thus 

{ 2x - 1 if 0 < x < 1 

x if 1 < x < 2 

—x + 4 if 2 < x < 3 

Note that f'(x) does not exist at x = 1 or at x = 2. 


49. f(x ) = S * n X , —2w < x < 2i r 

Note that the graph of / is one of an odd function, so the graph of F will 
be one of an even function. 



-0.5 



51. v(t) = s'(t) = sinf — cos t =>■ s(t) = — cost — sint + C. s(0) = —1 + C and s(0) = 0 =£■ C = 1, so 

s(t) = — cos t — sin t + 1. 


53. a(t) = v'(t) = 2t + 1 => v(t) = t 2 +t + C. v(0) = C and t>(0) = —2 =>■ C = —2, so v(t) = t 2 +t — 2 and 
s(f) = |t 3 + |t 2 — 2 1 + D. s(0) = D and s(0) = 3 =>■ D = 3, so s{t) = |t 3 + ^t 2 — 2t + 3. 


55. a(t) = v'(t) = lOsint + 3cosf =>■ v(t) = — lOcosf + 3sinf + C =>■ s(t) = — lOsint — 3cosf + Ct + D. 
s(0) = —3 + D = 0 and s(2ir) = —3 + 2ttC + D = 12 =>■ D = 3 and C = Thus, 
s(t) = —lOsint — 3cost + + 3. 

57. (a) We first observe that since the stone is dropped 450 m above the ground, i>(0) = 0 and s(0) = 450. 

v'(t) = o(t) = —9.8 =>■ v(t) = —9.81 + C. Now i>(0) = 0 =>■ C = 0, so v(t ) = —9.8t =>■ 

s(t) = —4.9t 2 + D. Last, s(0) =450 D = 450 =* s(t) = 450 - 4.9t 2 . 

(b) The stone reaches the ground when s(t) = 0. 450 — 4.9t 2 = 0 =>■ t 2 = 450/4.9 => ti = ^/450/4.9 « 9.58 s. 

(c) The velocity with which the stone strikes the ground is v (ti) = —9.8^/450/4.9 « —93.9 m/s. 

(d) This is just reworking parts (a) and (b) with u(0) = —5. Usmg v(t) = —9.81 + C, n(0) = — 5 =>■ 0 + C = — 5 =>■ 

v(t) = -9.8t- 5. Sos(t) = -4.9t 2 - 5f + Dands(0) = 450 => D = 450 => s(t) =-4.9t 2 - 5t + 450. 

Solving s(f) = 0 by using the quadratic fonnula gives us t = (5 ± V8845)/(—9.8) =>■ ti « 9.09 s. 

59. By Exercise 58 with a = —9.8, s(t) = —4.9t 2 + vot + so and v(t) = s' (t) = —9.8t + vo- So 

[ v (t)] 2 = (—9.8t + vo) 2 = (9.8) 2 t 2 - 19.6wot + Uo = Vo + 96.04t 2 - 19.6v 0 t = v% - 19.6(-4.9 1 2 + v 0 t). 

But —4.9t 2 + vot is just s(t) without the so term; that is, s(t) — so. Thus, [v(t)] 2 = Vq — 19.6 [s(i) — so]. 
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61. Using Exercise 58 with a = —32, vo = 0, and so = h (the height of the cliff), we know that the height at time 7 is 
s(t) = —16 t 2 + h. v(t) = s'(t) = —327 and v(t) = —120 =>■ —327 = —120 =>■ 7 = 3.75, so 

0 = s(3.75) = —16(3.75) 2 + h h = 16(3.75) 2 = 225 ft. 

63. Marginal cost = 1.92 - 0.002* = <7'(*) => C{x) = 1.92* - 0.001* 2 + K. But C( 1) = 1.92 - 0.001 + K = 562 =» 

K = 560.081. Therefore, C{x) = 1.92* — 0.001* 2 + 560.081 =>• (7(100) = 742.081, so the cost of producing 

100 items is $742.08. 

65. Taking the upward direction to be positive we have that for 0 < 7 < 10 (using the subscript 1 to refer to 0 < 7 < 10), 
ai(7) = — (9 — 0.97) = v[(t) =>■ vi(t) = -97 + 0.457 2 + v 0 , but vi(0) = v 0 = -10 =£■ 
vi(t) = -97 + 0.457 2 - 10 = s[(t) =>■ si(7) = -f7 2 + 0.157 3 - 107 + s 0 . But si(0) = 500 = s 0 => 

Sl (t) = -It 2 + 0.157 3 - 10 1 + 500. si(10) = -450 + 150 - 100 + 500 = 100, so it takes 
more than 10 seconds for the raindrop to fall. Now for t > 10, a(t) = 0 = v'(t) => 

v(t) = constant = vi(10) = -9(10) + 0.45(10) 2 - 10 = -55 => v(t) = -55. 

At 55 m/s, it will take 100/55 « 1.8 s to fall the last 100 m. Hence, the total time is 10 + ^ = 1/p w 11.8 s. 

67. a(t) = k, the initial velocity is 30 mi/h = 30 • |||p = 44 ft/s, and the final velocity (after 5 seconds) is 

50 mi/h = 50 • |||2 = 2|2 ft/s. So v(t) = kt + C and v(0) = 44 =$■ C = 44. Thus, v(t) = kt + 44 =4> 
v(5) = 5 k + 44. But v(5) = 222, so 5k + 44 = 222 =>. 5fc = SI k = j | « 5.87 ft/s 2 . 

69. Let the acceleration be a(t) = k km/h 2 . We have «(0) = 100 km/h and we can take the initial position s(0) to be 0. 

We want the time t / for which v(t) = 0 to satisfy s(t) < 0.08 km. In general, v'(t) = a(t) = k, so v(t) = kt + C, 

where C = v(0) = 100. Now s'(t) = v(t) = kt + 100, so s(t) = | kt 2 + 1007 + D, where D = s(0) = 0. 

Thus, s(t) = 1 kt 2 + 1007. Since v(tf) = 0, we have ktf + 100 = 0 or 7/ = —100/A;, so 

s {tf) ~ + 100 = 10,000 The condition s (7/) must satisfy is 

5,000 5,000 . i /2 

-—— < 0.08 — n > k [k is negative] k < —62,500 km/h , or equivalently, 

rv U.Uo 

fc<-W«- 4 - 82m /s 2 . 

71. (a) First note that 90 mi/h = 90 x |||2 ft/s = 132 ft/s. Then o(7) = 4 ft/s 2 => v(t) = 47 + C, but v(0) = 0 

(7 = 0. Now 47 = 132 when 7 = 1§2 = 33 s, so it takes 33 s to reach 132 ft/s. Therefore, taking s(0) = 0, we have 
s(t) = 27 2 , 0 < 7 < 33. So s(33) = 2178 ft. 15 minutes = 15(60) = 900 s, so for 33 < 7 < 933 we have 

v(t) = 132 ft/s => s(933) = 132(900) + 2178 = 120,978 ft = 22.9125 mi. 

(b) As in part (a), the train accelerates for 33 s and travels 2178 ft while doing so. Similarly, it decelerates for 33 s and travels 
2178 ft at the end of its trip. During the remaining 900 — 66 = 834 s it travels at 132 ft/s, so the distance traveled is 
132 • 834 = 110,088 ft. Thus, the total distance is 2178 + 110,088 + 2178 = 114,444 ft = 21.675 mi. 
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(c) 45 mi = 45(5280) = 237,600 ft. Subtract 2(2178) to take care of the speeding up and slowing down, and we have 
233,244 ft at 132 ft/s for a trip of 233,244/132 = 1767 s at 90 mi/h. The total time is 

1767 + 2(33) = 1833 s = 30 min 33 s = 30.55 min. 

(d) 37.5(60) = 2250 s. 2250 - 2(33) = 2184 s at maximum speed. 2184(132) + 2(2178) = 292,644 total feet or 
292,644/5280 = 55.425 mi. 


3 Review 


CONCEPT CHECK 


1. A function / has an absolute maximum at * = c if /(c) is the largest function value on the entire domain of /, whereas / has 
a local maximum at c if / (c) is the largest function value when x is near c. See Figure 6 in Section 3.1. 

2. (a) See the Extreme Value Theorem on page 199. 

(b) See the Closed Interval Method on page 202. 

3. (a) See Fermat’s Theorem on page 200. 

(b) See the definition of a critical number on page 201. 

4. (a) See Rolle’s Theorem on page 208. 

(b) See the Mean Value Theorem on page 209. Geometric interpretation—there is some point P on the graph of a function / 
[on the interval (o, 6)] where the tangent line is parallel to the secant line that connects (a, /(a)) and ( b , /(ft)). 

5. (a) See the Increasing/Decreasing (I/D) Test on page 214. 

(b) If the graph of / lies above all of its tangents on an interval I, then it is called concave upward on I. 

(c) See the Concavity Test on page 217. 

(d) An inflection point is a point where a curve changes its direction of concavity. They can be found by determining the points 
at which the second derivative changes sign. 

6. (a) See the First Derivative Test on page 215. 

(b) See the Second Derivative Test on page 218. 

(c) See the note before Example 7 in Section 3.3. 

7. (a) See Definitions 3.4.1 and 3.4.5. 

(b) See Definitions 3.4.2 and 3.4.6. 

(c) See Definition 3.4.7. 

(d) See Definition 3.4.3. 

8. Without calculus you could get misleading graphs that fail to show the most interesting features of a function. 

See Example 1 in Section 3.6. 
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9. (a) See Figure 2 in Section 3.8. 

(h)X2 = Xl ~7§T) 


(c) Xn +1 — Xn 


f{Xn) 

/'On) 


(d) Newton’s method is likely to fail or to work very slowly when f'(x i) is close to 0. It also fails when is undefined, 

such as with f(x) = 1/x — 2 and Xi = 1 . 

10. (a) See the definition at the beginning of Section 3.9. 

(b) If F\ and F 2 are both antiderivatives of / on an interval 7, then they differ by a constant. 


TRUE-FALSE QUIZ 


1. False. For example, take f(x) = x 3 , then f'(x ) = 3a: 2 and /'(0) = 0, but /(0) = 0 is not a maximum or minimum; 

( 0 , 0 ) is an inflection point. 

3. False. For example, f(x) = x is continuous on (0,1) but attains neither a maximum nor a minimum value on (0,1). 

Don’t confuse this with / being continuous on the closed interval [a, b ], which would make the statement true. 

5. True. This is an example of part (b) of the I/D Test. 

7. False. f'(x) = g'{x) =>■ f(x) = g(x) + C. For example, if f(x) = x + 2 and g(x) = x + 1, then f'{x) = g'(x) = 1, 

but /(*) ^ g{x). 

9. True. The graph of one such function is sketched. 


11. True. 


13. False. 


15. True. 


17. True. 



Let xi < X 2 where xi,X 2 € 7. Then f(xi) < f(x 2 ) and 3 ( 2 : 1 ) < 3 ( 2 : 2 ) [since / and 3 are increasing on 7], 
so (/ + g)(x 1 ) = f(x 1 ) + 3 ( 2 : 1 ) < /( 2 : 2 ) + g(x 2 ) = (/ + 3 X 2 : 2 ). 

Take f{x) = x and g(x) = x — 1. Then both / and 3 are increasing on (0,1). But f(x) g(x) = x(x — 1) is not 
increasing on ( 0 , 1 ). 


Let xi, X 2 £ 7 and 2:1 < 2 : 2 . Then f(xi) < f(x 2 ) [/ is increasing] 
3 ( 2 : 1 ) > g(x 2 ) => g(x) = l/f(x) is decreasing on 7. 


1 1 

> 


f(xi) f{x 2 ) 


[/ is positive] 


If / is periodic, then there is a number p such that f(x + p) = f{p) for all x. Differentiating gives 
f'(x) = f (x + p) ■ (x +p)' = /'(x +p) ■ 1 = f'{x +p), so /' is periodic. 
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19. True. By the Mean Value Theorem, there exists a number c in (0,1) such that /(1) — /(0) = / , (c)(l — 0) = f'(c). 
Since /'(c) is nonzero, /(1) - /(0) ^ 0, so /(1) ^ /(0). 

EXERCISES 


1. /(x) = x 3 - 6x 2 + 9x + 1, [2,4], /'(x) = 3x 2 - 12x + 9 = 3(x 2 - 4a: + 3) = 3(x - l)(x - 3). f'(x) = 0 

x = 1 or * = 3, but 1 is not in the interval. /'(x) > 0 for 3 < x < 4 and /'(x) < 0 for 2 < x < 3, so /(3) = 1 is a local 
minimum value. Checking the endpoints, we find /(2) =3 and /(4) = 5. Thus, /(3) = 1 is the absolute minimum value and 


/(4) = 5 is the absolute maximum value. 


_ A 

= I’ /,(x) = 


(. x 2 + 1)(3) - (3x - 4)(2x) _ —(3x 2 - 8x - 3) _ -(3x + l)(x - 3) 


(x 2 + l ) 2 


(.X 2 + l ) 2 


(a ; 2 + l ) 2 


/'(x) = 0 =>■ x = — | or a; = 3, but 3 is not in the interval. /'(x) > 0 for — | < x <2 and /'(x) < 0 for 

—2 < x < — so /(—|) = = —| is a local minimum value. Checking the endpoints, we find /(—2) = —2 and 

/(2) = Thus, /(— |) = — | is the absolute minimum value and /(2) = | is the absolute maximum value. 


5. f{x) = x + 2cosx, [— 7 t, 7 r]. /'(x) = 1 — 2sinx. /'(x) = 0 


x = f,f. /' (x) > 0 for 


(— 7 r, f) and (yf , 7 r), and /'(x) < 0 for (f, ), so /(f) = f + x/3 « 2.26 is a local maximum value and 

/(^f) = ^ _ ^3 ~ 0.89 is a local minimum value. Checking the endpoints, we find /(— 7 r) = — 7 t — 2 ~ —5.14 and 

f(n) = n — 2 « 1.14. Thus, /(— 7 r) = — n — 2 is the absolute minimum value and /(f) = f + v3 is the absolute 


maximum value. 


q . 1 5 

, 3x 4 + x — 5 TT 3 + 0 + 0 1 

7 lim - = lim -—- — = - = - 

x —.oo 6x 4 - 2x 2 + 1 x —*oo _2 J_ 6-0 + 0 2 

X 2 X 4 


„ V4x 2 +1 ,. V4x 2 + 1/y/x 2 a/ 4+ 1/x 2 

9. lim —---— = lim -==- = hm —-——— since —x = x = vx 2 lorx < 0 

x —CO 3x — 1 X^-CO (3x _ 1) jy/x^ x^-oo -3 + 1/x 11 


2 _ 2 
“ -3 + 0 _ 3 

< , , \/4x 2 + 3x - 2x \/4x 2 + 3x + 2x (4x 2 + 3x) - 4x 2 

11. Inn (v4x 2 + 3x — 2x) = I 1111 ---- — - = hm — - 

1 \/4x 2 + 3x + 2x \/4x 2 + 3x + 2x 

3x 3xl\[x? 

= lim =- = hm - ---= 

a:^oo 4x 2 + 3x + 2x (^/4x 2 + 3x + 2x) /Vx 2 

= lim — , - [since x = Ixl = x/x 2 for x > 01 

x/4 + 3/x + 2 

3 _ 3 

~ 2 + 2 “ 4 
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13 . /( 0 ) = 0 , /'(— 2 ) = /'( 1 ) = /'( 9 ) = 0 , lim f{x) = 0 , lim f(x) = -oo, 

X —»00 X —>D 

f'(x) < 0 on (— oo, —2), (1, 6 ), and (9, oo), f'{x) > 0 on (—2,1) and ( 6 , 9), 
f" [x] > 0 on (— oo, 0 ) and ( 12 , oo), f"{x) < 0 on ( 0 , 6 ) and ( 6 , 12 ) 


15. / is odd, f'{x) < 0 for 0 < x < 2, f'(x) > 0 for x > 2, 

f"(x) > 0 for 0 < x < 3, f"{x) < 0 for x > 3, lim^oo f(x) = —2 



17. y = f(x) = 2 — 2x — x 3 A. D = R B. y-intercept: /(0) = 2. 

The cc-intercept (approximately 0.770917) can be found using Newton’s 
Method. C. No symmetry D. No asymptote 

E. f'(x) = — 2 — 3a; 2 = —(3a; 2 + 2) < 0, so / is decreasing on R. 

F. No extreme value G. f"(x) = —6x < 0 on (0, oo) and f"{x) > 0 on 
(—oo, 0), so / is CD on (0, oo) and CU on (—oo, 0). There is an IP at (0, 2). 



19. 


y = f(x) = x 4 — 3x 3 + 3x 2 — x = x(x — l ) 3 A. D = R B. j/-intercept: /(0) = 0; a;-intercepts: f(x) =0 4^ 
x = 0 or * = 1 C. No symmetry D. / is a polynomial function and hence, it has no asymptote. 

E. f'(x) = 4x 3 — 9a ; 2 + 6 a; — 1. Since the sum of the coefficients is 0, 1 is a root of /', so 
f\x) = (x — l)(4a ; 2 — 5a; + l) = (x — l) 2 (4a; — 1). f'(x) <0 =4> x < |, so f is decreasing on (— oo, |) 

and / is increasing on (|, oo). F. f'(x) does not change sign at x = 1, so H. v| 

there is not a local extremum there. f(j) = is a local minimum value. 

G. f"(x) = 12a ; 2 - 18a; + 6 = 6(2x - l)(x- 1). f'(x) = 0 44 x=\ 
orl. f"(x)< 0 44 | < a: < 1 =4 / is CD on (|, l) and CU on 

0 i 2 * 

(—oo, |) and (1, oo). There are inflection points at (§, —/g) and (1,0). 



21 . y = f(x) = 


D. lim 


x(x — 3 ) 2 

1 


A. D = {x | x ^ 0,3} = (— oo, 0) U (0, 3) U (3, oo) B. No intercepts. C. No symmetry. 

1 1 1 


= 0, so y = 0 is a HA. lim 


l^±oo x{x — 3 ) 2 
so x = 0 and x = 3 are VA. E. f'(x) = — 


= oo, lim 


= — oo, lim 


o+ x(x — 3 ) 2 ’^o-a;(x-3 ) 2 ’ x(x - 3 ) 2 

(x — 3 ) 2 + 2*(a; — 3) _ 3(1 — x) 


= oo, 


x 2 (x — 3 ) 4 


x 2 (x — 3 ) 3 


f(x) > 0 44 1 < x < 3, 
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so / is increasing on (1, 3) and decreasing on (—oo, 0), (0,1), and (3, oo). 

F. Local minimum value /(l) = | G. f"(x) = 

X 13/ O ) 

Note that 2x 2 — Ax + 3 > 0 for all x since it has negative discriminant. 

So/"(x)>0 -*=>■ x > 0 =>■ / is CU on (0, 3) and (3, oo) and 
CD on (-oo,0). No IP 

x 2 64 

23. y = f(x) = —- = x — 8 H - A. D = {x I x ^ — 8 } B. Intercepts are 0 

y ’ * + 8 x + 8 1 1 r s F 



C. No symmetry 


D. lim 


lim 


x + 8 


= oo, but f(x) — (x — 8 ) = 


64 
x +1 


= oo and lim 


0 as x —> oo, so y = x — 8 is a slant asymptote. 

64 _ x(x + 16) 


= —oo, so x = — 8 is a VA. E. /'(x) = 1 


-*-8+ X + 8 1-^-8- X + 8 

x > 0 or x < —16, so / is increasing on (—oo, —16) and ( 0 , oo) and 
decreasing on (—16, — 8 ) and (— 8 , 0 ). 

F. Local maximum value /(—16) = —32, local minimum value /(0) = 0 

G. f" (x) = 128/(x + 8) 3 >0 x > — 8 , so / is CU on (— 8 , oo) and 
CD on (—oo, - 8 ). No IP 


(x + 8) 2 (x + 8) 2 


> 0 <^> 



25. y = f(x) — x \J 2 + x A . D — [—2, oo) B. j/-intercept: /(0) = 0; x-intercepts: —2 and 0 


D. No asymptote E. f(x) = 


2 ^ 2 +) 


_ r _i_ 4 

+ 72 +^ = - [x + 2(2 + x)] = + 


2VT+~: 


2V2T~: 


C. No symmetry 
= 0 when x = — |, so / is 


decreasing on (—2, —|) and increasing on oo). F. Local minimum value /(—|) 



« -1.09, 


no local maximum 


G. f"(x) 


2 v / 2+lr • 3 - (3x + 4) ; 

__ V y/2 

4(2 + x) 


3x + 8 
4(2 + x)3 / 2 


6(2 + x) - (3x + 4) 
4(2+ x ) 3 / 2 


f"(x) > 0 for x > —2, so / is CU on (—2, oo). No IP 



27. y = f{x) = sin 2 x — 2 cos x A. D = R B. j/-intercept: /(0) = —2 C. f(—x) = f(x), so / is symmetric with respect 
to the j/-axis. / has period 27r. D. No asymptote E. y 1 = 2sinx cos x + 2 sinx = 2 sinx (cos x + 1). y' = 0 4=> 
sin x = 0 or cos x = — 1 4=> x = rm or x = (2 n + l) 7 r. y > 0 when sin x > 0, since cos x + 1 > 0 for all x. 

Therefore, y’ > 0 [and so / is increasing] on (2rwr, (2n + l)- 7 r); y' < 0 [and so / is decreasing] on ((2n — 1 )tt, 2mr). 

F. Local maximum values are /((2n + l) 7 r) = 2; local minimum values are f(2nir) = —2. 

G. y' = sin 2x + 2 sin x => y" = 2 cos 2x + 2 cos x = 2(2 cos 2 x — 1) + 2 cos x = 4 cos 2 x + 2 cos x — 2 

= 2(2 cos 2 x + cosx — 1 ) = 2(2 cosx — l)(cosx + 1 ) 
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y" = 0 -o- cosx=§or—1 -o- x = 2mr ± or x = (2n + l)ix. H. 

y" > 0 [and so / is CU] on ( 2nn — j, 2nn + f); y" < 0 [and so / is CD] 
on ( 2 n. 7 r + ^, 2nix + ^). There are inflection points at ( 2 n 7 r ± ^, — j). 



29. /(x) = 


/'(*) = 


x 3 (2x) — (x 2 — l)3x 2 3 — x 2 


/"(*) = 


*(—2x) - (3 - a; 2 )4a; 3 _ 2x 2 - 12 


Estimates: From the graphs of f and f", it appears that / is increasing on 
(—1.73, 0) and (0,1.73) and decreasing on (— oo, —1.73) and (1.73, oo); 

/ has a local maximum of about /(1.73) = 0.38 and a local minimum of about 
/(—1.7) = —0.38; / is CU on (—2.45, 0) and (2.45, oo), and CD on 
(—oo, —2.45) and (0, 2.45); and / has inflection points at about 
(-2.45, -0.34) and (2.45,0.34). 

3 — * 2 

Exact: Now f\x ) = - -j — is positive for 0 < a; 2 < 3, that is, / is increasing 

on (—\/3,0) and (0, \/3); and /' (x) is negative (and so / is decreasing) on 
(—oo, — \/3) and (\/3,oo). f ( x ) = Owhenx = ±\/3. 
f goes from positive to negative at x = \/3, so / has a local maximum of 

/ (\/3) = (^^ 3 — = ; and since / is odd, we know that maxima on the 

interval ( 0 , oo) correspond to minima on (— oo, 0 ), so / has a local minimum of 

2r 2 — 12 

f(—V 3) = — Also, f" (x) = ——ig—- is positive (so / is CU) on 
(—x/ 6 ,0) and (\/ 6 , oo), and negative (so / is CD) on (— oo, —^ 6 ) and 
(0,^6). There are IP at (^ 6 , and (-^ 6 ,-^). 



31. f(x) = 3x 6 — 5x 5 + x 4 — 5x 3 — 2x 2 + 2 => /'(x) = 18x 5 — 25x 4 + 4x 3 — 15x 2 — 4x => 
/"(x) = 90x 4 - 100x 3 + 12x 2 - 30x - 4 



-50 -4 -50 


From the graphs of f and f", it appears that / is increasing on (—0.23,0) and (1.62, oo) and decreasing on (—oo, —0.23) 
and (0,1.62); / has a local maximum of /(0) = 2 and local minima of about /(—0.23) = 1.96 and /(1.62) = —19.2; 
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/ is CU oil (— 00 , —0.12) and (1.24, 00 ) and CD on (—0.12,1.24); and / has inflection points at about (—0.12,1.98) and 
(1.24,-12.1). 



33. Let /(x) = 3x + 2 cos x + 5. Then /(0) = 7 > 0 and /(— 7 r) = — 37 r — 2 + 5 = — 37 r + 3 = — 3 ( 7 r — 1) < 0, and since / is 
continuous on R (hence on [ —7T, 0]), the Intermediate Value Theorem assures us that there is at least one zero of / in [—7r, 0]. 
Now /'(x) = 3 — 2 sin x > 0 implies that / is increasing on R, so there is exactly one zero of /, and hence, exactly one real 
root of the equation 3* + 2 cos * + 5 = 0. 


35. Since / is continuous on [32, 33] and differentiable on (32, 33), then by the Mean Value Theorem there exists a number c in 

(32, 33) such that /'(c) = \c~ i/5 = ^ ~ ^ = ^33 - 2, but \c~ 4/h >0 =4 </33 - 2 > 0 =4 ^33 > 2. Also 

/'is decreasing, so that/'(c) </'(32) = |(32) " 4/5 = 0.0125 =4 0.0125 > /'(c) = -^33 - 2 =4 ^33 < 2.0125. 

Therefore, 2 < ^33 < 2.0125. 

37. (a) g(x) = /(* 2 ) =4 <?'(*) = 2*/'(* 2 ) by the Chain Rule. Since /'(*) > 0 for all x 7 ^ 0, we must have /'(* 2 ) > 0 for 

* 7 ^ 0, so g' (*) = 0 44 * = 0. Now g'(x) changes sign (from negative to positive) at * = 0, since one of its factors, 

/'(* 2 ), is positive for all x, and its other factor, 2*, changes from negative to positive at this point, so by the First 
Derivative Test, / has a local and absolute minimum at * = 0. 

(b) g'(x) = 2*/'(* 2 ) =4 <?"(*) = 2[*/"(* 2 )(2x) + /'(* 2 )] = 4* 2 /"(* 2 ) + 2/'(* 2 ) by the Product Rule and the Chain 
Rule. But * 2 > 0 for all x 7 ^ 0, /"(* 2 ) > 0 [since / is CU for x > 0], and /'(* 2 ) > 0 for all x 7 ^ 0, so since all of its 
factors are positive, </"(*) > 0 for x 7 ^ 0. Whether g"( 0) is positive or 0 doesn’t matter [since the sign of g" does not 
change there]; g is concave upward on R. 


Q 

39. If B = 0, the line is vertical and the distance from * = —-to (*i, yi) is 


C 

Xl+ A 


\Axi + Byi + C\ 


, so assume 


VA 2 + B 2 

B/0. The square of the distance from (* 1 , j/i) to the line is /(*) = (* — *i ) 2 + (y — yi) 2 where Ax + By + C = 0, so 
we minimize /(x) = (x - xi ) 2 + ^-^x - ^ - i/r j =4 /'(x) = 2 (x - *i) + 2^-^x - ^ - y^j . 

-B 2 Xi - ABy 1 - AC 


f'(x) = 0 =4 x = 


A 2 + B 2 


and this gives a minimum since /"(x) = 2(1 + — ) > 0. Substituting 
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this value of * into /(*) and simplifying gives /(*) 


(Axi + By i + C) 2 . . 

- - ——-=rr -—, so the minimum distance is 

A 2 + B 2 




\Axi + By i + C | 
\/A 2 + B 2 



y v 

By similar triangles, — = — so the area of the triangle is 

* V* 2 - 2 rx 

A(x) = i(2 y)x — xxi = 7 X — =>■ 

W y V* 2 - 2 rx 

... . 2rx \/x 2 — 2rx — rx 2 (x — r) l\/x 2 — 2rx rx 2 (* — 3r) 

A(*) = ---5—£-—-=---ttt = 0 

x 2 - 2 rx ( x 2 _ 2r*) 3/2 

when a; = 3r. 


*(9r 2 ) _ o 

A(*) < 0 when 2r < x < 3r, A\x) > 0 when x > 3r. So x = 3r gives a minimum and A(3r) = —= 3 \/3r 2 . 

V3 r 


43. c We minimize L(x) = \PA\ + \PB\ + \PC\ = 2 \/x 2 + 16 + (5 — x), 



0 < x < 5. L'(x) = 2x/\/x 2 + 16 — 1 = 0 4^ 2x = \/x 2 + 16 44 

2 -~ 2|1c _ ™_ 4 L(0) = 13, L(^) « 11.9, L(5) « 12.8, so the 


4* J = x 2 + 16 44 a; = -j= 


minimum occurs when x = -4= ~ 2.3. 

v3 


f 4 - 44 = 0 44 4 = 4r 44 L 2 = C 2 44 L = C. 


Ac _ ^ /L , C ^ dv _ K 

’ V ~ \C + L ^ dL ~ 2 s/{L/C) + (C/L) \ C L 2 ) ~ ~ ” C ~ L 2 

This gives the minimum velocity since v' < 0 for 0 < L < C and v' > 0 for L > C. 


47. Let x denote the number of $1 decreases in ticket price. Then the ticket price is $12 — $l(x), and the average attendance is 
11,000 + 1000(x). Now the revenue per game is 

R(x) = (price per person) x (number of people per game) 

= (12 - x)(ll,000 + 1000*) = -1000* 2 + 1000* + 132,000 
for 0 < * < 4 [since the seating capacity is 15,000] =4- R'(x) = —2000* + 1000 = 0 44 * = 0.5. This is a 

maximum since R"{x) = —2000 < 0 for all *. Now we must check the value of R(x) = (12 — *)(11,000 + 1000*) at 
* = 0.5 and at the endpoints of the domain to see which value of * gives the maximum value of R. 

R{ 0) = (12)(11,000) = 132,000,77(0.5) = (11.5)(11,500) = 132,250, and 77(4) = (8)(15,000) = 120,000. Thus, the 
maximum revenue of $132,250 per game occurs when the average attendance is 11,500 and the ticket price is $11.50. 


49. /(*) = x 5 — x 4 + 3* 2 — 3* — 2 =4- /'(*) = 5* 4 — 4* 3 + 6* — 3, so x n +i = x n — 

Now *i = 1 =4- *2 = 1.5 =4- *3 « 1.343860 =4 *4 « 1.300320 =4 *5 « 
*6 « 1.297383 « *7, so the root in [1, 2] is 1.297383, to six decimal places. 


Xn — x„+ 3* 2 — 3x n — 2 
5*^ — 4*3 + Q Xn — 3 

1.297396 =4 
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51. /(f) = cosf + f — f 2 => /'(f) = — sinf + 1 — 2f. f'(t) exists for all 

f, so to find the maximum of /, we can examine the zeros of /'. 

From the graph of /', we see that a good choice for ti is ti = 0.3. 

Use g(t) = — sinf + 1 — 2f and g'(t) = — cos f — 2 to obtain 

t- 2 « 0.33535293, f 3 « 0.33541803 « f 4 . Since /"(f) = - cost - 2 < 0 

for all f, /(0.33541803) ss 1.16718557 is the absolute maximum. 



53. f'(x) = Vx^ + ft? = x 3/2 + x 2/3 => /(#) — - + C = §£ 5/2 + f x 5/s + C 

5/2 5/3 ° ° 

55. f'(t) = 2t — 3sinf => /(f) = f 2 + 3cosf + (7. 

/(0) = 3 + C and /(0) = 5 =>■ C = 2, so /(f) = f 2 + 3 cos f + 2. 

57. f"(x) = 1 - 6x + 48x 2 => /'(x) = x - 3a; 2 + 16x 3 + <7. /'(0) = <7 and /'(0) = 2 =>• C = 2, so 

/'(x) = x — 3x 2 + 16a; 3 + 2 and hence, /(x) = |x 2 — a: 3 + 4a; 4 + 2x + D. 

/(0) = D and /(0) = 1 =>■ D = 1, so /(x) = ^x 2 — x 3 + 4x 4 + 2x + 1. 

59. v(t) = s'(t) =2t — sinf =4> s(f) = f 2 + cosf + C. 

s(0) = 0 + l + (7 = (7+l and s(0) = 3 =>■ (7+1 = 3 =>■ (7 = 2, so s(f) = f 2 + cosf + 2. 

61. /(x) =x 2 sin(x 2 ), 0 



63. Choosing the positive direction to be upward, we have a(f) = —9.8 =>■ v(t) = —9.8f + vo, but u(0) = 0 = vo => 
v(t) = —9.8f = s'(f) =4> s(f) = —4.9f 2 + s 0 , but s(0) = so = 500 =4> s(f) = —4.9f 2 + 500. When s = 0, 


—4.9f 2 + 500 = 0 




—98.995 m/s. Since the canister has been 


designed to withstand an impact velocity of 100 m/s, the canister will not burst. 





CHAPTER 3 REVIEW □ 181 



10,000 - 400.t 2 + 4x 4 = 50(100 - x 2 ) => 4x 4 - 350a: 2 + 5000 = 0 => 2x 4 - 175a; 2 + 2500 = 0 =» 
x 2 = 175 ± VW,62 5 _ 6g 52 or 17 9g ^ x ~ 8 .34 or 4 . 24 . But 8.34 > y/50, so xi « 4.24 => 

y — \/50 = y^lOO — x\ — \/50 « 1.99. Each plank should have dimensions about 8 ^ inches by 2 inches. 

(c) From the figure in part (a), the width is 2x and the depth is 2 y, so the strength is 

S = k(2x)(2y) 2 = 8kxy 2 = 8fcr(100 — x 2 ) = 800fcx — 8 fca: 3 , 0 < x < 10. dS/dx = 800fc — 24kx 2 = 0 when 

24fca; 2 = 800fc = 4 > x 2 = ±§2 = 4 > x = ^ =>■ y = J?f- = = V2x. Since S(0) = 5(10) = 0, the 

maximum strength occurs when x = ^=. The dimensions should be « 11.55 inches by ~ 16.33 inches. 





□ PROBLEMS PLUS 


1. Let f(x) = sin® — cos® oil [0, 27r] since / has period 27 t. f'(x) = cos® + sin® = 0 4=> cos® = — sin® +> 
tan® = —1 •<+ x = or Evaluating / at its critical numbers and endpoints, we get /(0) = —1, /(2p) = \f2, 

/(^) = -^2,and/(2 7r) = — 1. So / has absolute maximum value \/2 and absolute minimum value — \/2. Thus, 

— \/2 < sin® — cos® < \/2 => sin® — cos®| < \/2. 


3. y = 


V 


x cos®-sin® 


„ 2 ^ V ® 3 
then y" = 0 (2 — ® 2 ) sin® = 2® cos ® =>■ (2 — ® 2 ) 2 sin 2 ® = 4® 2 cos 2 ® =>■ 

(2 — ® 2 ) 2 sin 2 ® = 4® 2 (1 — sin 2 x) =>• (4 — 4® 2 + ® 4 ) sin 2 ® = 4® 2 — 4® 2 sin 2 ® = 

sin ® 


-® 2 sin ® — 2® cos x + 2 sin ® 


. If (®, y) is an inflection point, 


(4 + ® 4 ) sin 2 ® = 4® 2 


(® 4 +4)- 


= 4 =>■ y 2 (® 4 + 4) = 4 since y = 


dy , r,„dy 


dy 


5. Differentiating x + xy + y =12 implicitly with respect to x gives 2x + y + x -—f 2 y — = 0, so - 1 - = — 


dx 


dx 


dx 


2® + y 
x + 2y 


dy 


At a highest or lowest point, — =0 y = —2®. Substituting —2® for y in the original equation gives 

® 2 + ®(—2®) + (—2®) 2 = 12, so 3® 2 = 12 and ® = ±2. If ® = 2, then y = —2® = —4, and if ® = —2 then y = 4. Thus, 
the highest and lowest points are (—2,4) and (2, —4). 


7- /(*) = 


+ 


1 


1 + |®| 1 + |® — 2 | 


1 


+ 


1 - ® 1 - (® - 2 ) 


1 


= < 


+ 


1 + ® 1 - (® - 2 ) 


1 


+ 


1 


[l + ® 1 + (® — 2) 


if ® < 0 


if 0 < x < 2 


if ® > 2 


(1 — ®) 2 (3 — ®) 2 


/' (*) = { 


-1 


1 


(1 + ®) 2 (3 — ®) 2 

-1 1 


[(1 + ®) 2 (® — l ) 2 


if ® < 0 
if 0 < ® < 2 
if ® > 2 


We see that f'(x) > 0 for x < 0 and /'(®) < 0 for ® > 2. For 0 < ® < 2, we have 

\ _ 1 1 _ (® 2 + 2® + 1) - (® 2 - 6® + 9) _ 8 (® - 1) i ^ n r n ^ 

* (3 — ®) 2 (® + l) 2_ (3 — ®) 2 (® + l) 2 (3-®) 2 (® + l) 2 ’ SO/ ^ < 0for0 <x<l, 

/'(1) = 0 and /'(®) > 0 for 1 < ® < 2. We have shown that /'(®) > 0 for ® < 0; /'(®) < 0 for 0 < ® < 1; f'{x) > 0 for 

1 < ® < 2; and f(x) < 0 for ® > 2. Therefore, by the First Derivative Test, the local maxima of / are at ® = 0 and ® = 2, 

where / takes the value Therefore, | is the absolute maximum value of /. 

9. A = (®i,®f) and 13 = (®2,®1), where ®i and ®2 are the solutions of the quadratic equation ® 2 = mx + b. Let P = (®,® 2 ) 
and set A\ = (®i, 0), B\ = (® 2 , 0), and Pi = (®, 0). Let /(®) denote the area of triangle PAB. Then /(®) can be expressed 


183 
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in terms of the areas of three trapezoids as follows: 

/(*) = area ( A\ABB \) — area (AiAPPi) — area ( B 1 BPP 1 ) 

= \ (*1 + * 1 ) (X2 - Xl) - \ (xl + X 2 ) (* - Xl) - \ ( X 2 + * 1 ) (x 2 - x) 

After expanding and canceling tenns, we get 

/(*) = \ (* 2*1 — * 1*2 — **i + *i * 2 — * 2* 2 + **!) = \ [*i (*2 — *) + *i(* — *i) + * 2 (*i — * 2 )] 

/'(*) = | [—xj + *1 + 2 *(*i — * 2 )]. /"(*) = ^[ 2 (*i — * 2 )] = *1 — *2 < 0 since *2 > * 1 . 

/'(*) = 0 =4- 2*(*i — * 2 ) = *1 — *1 =4- xp = \{x i+* 2 ). 

f(x P ) = |(*i [|(*2 - * 1 )] + *2 [ 3 ; (*2 - * 1 )] + |(*i + * 2 ) 2 (*i - * 2 )) 

= I [§(*2 - *l)(*l + * 2 ) - i (*2 - *l)(*l + * 2 ) 2 ] = |(*2 - * 1 ) [ 2(*1 + *1) - (*? + 2 * 1*2 + * 2 )] 

= |(*2 - *l)(*f - 2*1*2 + *1) = |(*2 - *l)(*l - *2) 2 = |(*2 - *1)(*2 - *l) 2 = |(*2 - *l) 3 

To put this in tenns of m and 6, we solve the system y = x\ and y = mxi -f- b, giving us * 2 — m*i —6 = 0 =4 

xi = | (m — V m 2 + 46). Similarly, *2 = \ {m + \Jm 2 + 46). The area is then |(*2 — *i) 3 = | (\/m 2 + 46) 3 , 
and is attained at the point P(xp, x 2 P ) = P(^m, |m 2 ). 

TVote: Another way to get an expression for /(*) is to use the fonnula for an area of a triangle in terms of the coordinates of 
the vertices: /(*) = \ [(* 2*1 — * 1 * 2 ) + (*i * 2 — ** 1 ) + (**! — * 2 * 2 )]. 


11. /(*) = (a 2 + a — 6) cos 2* + (a — 2)* + cos 1 =4 /'(*) = — (a 2 + a — 6) sin 2* (2) + (a — 2). The derivative exists 

for all *, so the only possible critical points will occur where /'(*) = 0 44 2 (a — 2) (a + 3) sin 2* = a — 2 44 

1 


either a = 2 or 2(a + 3) sin 2* = 1, with the latter implying that sin 2* = 

1 , 1 


this equation has no solution whenever either 


2(a + 3) 


< —1 or 


2(a + 3) 


. Since the range of sin 2* is [—1,11, 
2(a + 3) 6 1 J 

> 1. Solving these inequalities, we get 


-l < a < -f. 


13. (a) Let y = |AD|, * = |AB|, and 1/* = | AC\, so that | AB\ ■ AC\ = 1. We compute 
the area A of A ABC in two ways. 

First, A=\ \AB\\AC\ sin ^ = \ ■ 1 • tZA = tZA. 

Second, 

A = (area of A ABD) + (area of A ACD) = | | AB\ \AD\ sin f + | |AD| \ AC\ sin ^ 

= \xy ^ + \y{ l/x) ^ = &y{x + 1 /*) 

1 X 



Equating the two expressions for the area, we get ^-y ^* + ^ 44 y = 


x + l/x * 2 + 1 


, * > 0 . 


Another method: Use the Law of Sines on the triangles ABD and ABC. In A ABD, we have 
ZA + ZB + ZD = 180° 44 60° + a + ZD = 180° 44 Zfl= 120° - a. Thus, 
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x sin( 120 ° — a) sin 120 ° cos a — cos 120 ° sin a ^ cos a 4-5 sin a x ./o i ,, 

- = -^-- = -:- = —-:--- =h - = Y cot a + and by a 


similar argument with A ABC, ^ cot a = x 2 + Eliminating cot a gives — = (x 2 + |) + 


V = 2 ' i t ’ x > °- 

x 2 + 1 

(b) We differentiate our expression for y with respect to x to find the maximum: 
dy _ (X 2 + 1) - X(2X) _ 1 - X 2 _ n ._, 


(x 2 + l ) 2 (x 2 + l ) 2 


= 0 when x = 1. This indicates a maximum by the First Derivative Test, since 


y'(x) > 0 for 0 < x < 1 and y'(x) < 0 for x > 1 , so the maximum value of y is y( 1 ) = 


15. (a) A — |bh with sin 0 = h/c, so A = \bc sin 9. But A is a constant, 

so differentiating this equation with respect to t, we get 

cL4 if, . d6 dc . ,, db . 

—— = 0 = - be cos 9 ——ho — sm 9 4 —— c sin 9 =h 

dt 2 dt dt dt 


. r, d9 . . , dc db 

be cos 9 — = — sin 9 b -he — 

dt dt dt 


d9 [ 1 dc 1 db 

— = -tan 9 -- + T — 
dt c dt b dt 



(b) We use the Law of Cosines to get the length of side a in tenns of those of b and c, and then we differentiate implicitly with 

respect to t: a 2 = b 2 + c 2 — 2 be cos 9 => 

„ da db „ dc „ I", , . .. d9 , dc . db 

2a — = 2b ——h 2c —-2 bc(— sm 0) — —h b — cos 9 H —— c cos 6 => 

dt dt dt I dt dt dt 

da 1 f . db dc ... d9 , dc . db A , . , _ _ , 

— = — o-he-hoc sm 9 -o — cos 9 — c — cos 9 . Now we substitute our value of a from the Law of 

dt a\dt dt dt dt dt J 

Cosines and the value of d6/dt from part (a), and simplify (primes signify differentiation by t): 

da bb' + cc' + 6c sin 9 [— tan 9(c'/c + b'/b )] — (be 1 + c6')(cos 9) 
dt y/b 2 + c 2 — 26c cos 9 

bb' + cc' — [sin 2 9 ( be' + cb') + cos 2 9 ( be' + c6')]/ cos 9 bb' + cc' — ( be' + cb' ) sec 9 


/b 2 4 - c 2 — 26c cos 9 


lb 2 4 - c 2 — 26c cos 9 


. . .. D 2\PR\ hR<S1 2hsec9 D — 2ht&n9 

17. (a) Distance = rate x time, so time = distance/rate, i i = —,12 = — 1 - 1 4- J - L =-1- , 

Cl Cl C2 Cl C2 

_ 2 y/h 2 + D 2 /4 y/4h 2 + D 2 


(b) —^ = — • sec 6 tan 9 — — sec 2 9 = 0 when 2 h sec 9 ( — tan 9 — sec g | = 0 
d9 Cl C2 V Cl C2 ) 


1 smfl 11 sm0 1 . . ci _ ^ „ , .... 

---- =0 -- = -- sm 9 = —. The First Derivative Test shows that this gives 

Cl cos 9 C 2 cos 9 Cl cos 9 C 2 cos 9 C 2 


a minimum. 


(c) Using part (a) with D = 1 and Ti = 0.26, we have T\ = 


d = g4jg « 3.85 km/s. T 3 = 


/4/t 2 + D 2 


4 h 2 +D 2 =Tid =» h = | y/T 2 c 2 -D 2 = ±,/(0.34) 2 (l/0.26) 2 - l 2 « 0.42 km. To find c 2 , we use sin 6 > = — 
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from part (b) and T 2 


2 h sec 9 D — 2h tan 9 , 

-1-from part (a), from the figure, 

Cl c 2 


sin 9 = - — =>■ sec 9 = — . and tan 9 = — 1 so 

c 2 

T 2 = - '^j lC2 DV c '2 -hci t j le va i ues f or y 2 [gi vell as 0.32], 

ciV c i- c i c 2 V c 2^ c i 



h, Ci, and D, we can graph Yi = T 2 and Y 2 = 


2 hc2 


+ 


D\/c% — Cj — 2/ici 


and find their intersection points. 


ci V c 2 - cf c 2 - cf 

Doing so gives us c 2 ss 4.10 and 7.66, but if c 2 = 4.10, then 9 = arcsin(ci/c 2 ) w 69.6°, which implies that point S is to 


the left of point R in the diagram. So c 2 = 7.66 km/s. 


19. d 



D 


Let a = | EF\ and b = \BF\ as shown in the figure. 

Since l = \BF\ + \FD\, \FD\ = l — b. Now 

\ED\ = \EF\ + \FD\ = a + £ — b 

Vr 2 — x 2 + £ — \/{d — x) 2 + a 2 
— yj r 2 — ^,2 + £ — {d — x) 2 + ( 1 /r 2 — x 2 ) 2 
= \/r 2 — x 2 +1 — \/ d? — 2dx + x 2 + r 2 — x 2 


Let f(x) = \/r 2 — x 2 + £ — \/d 2 + r 2 — 2 dx. 
f(x) = |(r 2 — * 2 ) 1/2 (—2*) - i(d 2 + r 2 -2d X y 1/2 (-2d) = 
x d 


—x 


/'Or) = 0 


X 


sjr 2 — x 2 \/d 2 +r 2 — 2 dx 
2 d 2 


\/r 2 — x 2 \/d 2 +r 2 — 2 dx 


— a: 2 d 2 + r 2 — 2dx 


d 2 x 2 + r 2 x 2 - 2dx 3 = d 2 r 2 - d 2 x 2 => 0 = 2dx 3 - 2d 2 x 2 - r 2 x 2 + d 2 r 2 =f 

0 = 2dx 2 {x — d) — r 2 (x 2 — d 2 ) =>■ 0 = 2 d * 2 (a: — d) — r 2 (x + d)(x — d) =>■ 0 = (x — d) [2dx 2 — r 2 (x + d)] 

But d > r > x, so x 7 ^ d. Thus, we solve 2dx 2 — r 2 x — dr 2 = 0 for x: 

_ -(~ r 2 ) ± \jX~ r2 f - 4(2d)(-dr 2 ) _ r 2 ± V»’ 4 + 8 d 2 r 2 


discarded. Thus, x = 


2(2 d) Ad 

r 2 + \/'r 2 + 8 d 2 r 2 + r \/r 2 + 8 d 2 


Ad 


Ad 


. Because \/r 4 + 8 d 2 r 2 > r 2 , the “negative” can be 


[r > 0] = — (r + y/r 2 + 8 d 2 ). The maximum 


value of \ED\ occurs at this value of x. 


T , 4 q dV , 2 dr „ dV . . dV , , 2 „ 

21. V = =7r r => —— = Aixr —. But —— is proportional to the surface area, so —— = k • Anr for some constant k. 

4 dt dtdt dt 

dx dx 

Therefore, Anr 2 — = k ■ A-xr 2 4=> — = k = constant. An antiderivative of k with respect to t is kt, so r = kt + C. 

dt dt 


When t = 0, the radius r must equal the original radius r 0 , so C = r 0 , and r = kt + r 0 . To find k we use the fact that 
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when t = 3, r = 3k + ro and V = § Vo =>■ | 7 r( 3 fc + ro) 3 = \ • §7rro =4> (3k + ro) 3 = ^rg => 


3k + ro = -~—vo => k = ^rgl —^-1 ). Since r = kt + ro, r = ^ro ( -1 ) t + rg. When the snowball 


/ \ ^ 3/2 

has melted completely we have r = 0 => |ro I -j -1 ) t + ro = 0 which gives t = --=-. Hence, it takes 

\ v 2 J v2 — 1 


O 3/q o 

- 7 =-3 = —= -« 11 h 33 min longer. 

v^2 — 1 v^2 — 1 
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4.1 Areas and Distances 


1. (a) Since / is increasing, we can obtain a lower estimate by using left 
endpoints. We are instructed to use four rectangles, so n = 4. 


La = E f{xi-i)Ax 


Ax = 


b — a 8 — 0 


= 2 


= f(x 0 ) • 2 + f(x i) • 2 + f(x 2 ) • 2 + /(x 3 ) • 2 


= 2[/(0) + /(2) + /(4) + /(6)] 

= 2(2 + 3.75 + 5 + 5.75) = 2(16.5) = 33 
Since / is increasing, we can obtain an upper estimate by using right 
endpoints. 

Ra= J2 f(xi ) Ax 

i=1 

= f(x 1 ) • 2 + f(x 2 ) ■ 2 + /(x 3 ) ■ 2 + /( X 4 ) • 2 


= 2[/(2) + /(4) + /( 6 ) + /( 8 )] 

= 2(3.75 + 5 + 5.75 + 6 ) = 2(20.5) = 41 




Comparing Ra to L4, we see that we have added the area of the rightmost upper rectangle, /( 8 ) • 2, to the sum and 
subtracted the area of the leftmost lower rectangle, /( 0 ) • 2 , from the sum. 


(b) L s 


E f(xi-i)Ax 

i= 1 


Ax 


8-0 

8 


l[f( x o) + f{xi) - \-f(x 7 )] 


1 


/(0) + /(l) H-+ /(7) 

2 + 3.0 + 3.75 + 4.4 + 5 + 5.4 + 5.75 + 5.9 
35.2 




E 


i=1 


f(xi)Ax = /( 1 ) + /( 2 ) H-b /( 8 ) 


Ls + 1 • /( 8 ) - 1 • /( 0 ) 


add rightmost upper rectangle, 
subtract leftmost lower rectangle 


35.2 + 6-2 = 39.2 


3. (a) Ra = E f( x i) A x 


Ax = 


7t/2 — 0 7T 


= [/(*i) + f(x 2 ) + /(X 3 ) + /(a+)] Ax 


= [cos f + cos ^ + cos ^ + cos ^1 f 


E f(xi) 


. 1=1 


Ax 


w (0.9239 + 0.7071 + 0.3827 + 0)f w 0.7908 




Since / is decreasing on [0,7r/2], an underestimate is obtained by using the right endpoint approximation, Ra. 
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(b) L 4 


4 


E f(xi-i)Ax 


E /(*»-0 


Ax 


= [/(*o) + /(*l) + f{X 2 ) + /(+?)] Ax 

= [cos 0 + cos + COS ff + COS ] f 


« (1 + 0.9239 + 0.7071 + 0.3827)1 ss 1.1835 



+4 is an overestimate. Alternatively, we could just add the area of the leftmost upper rectangle and subtract the area of the 
rightmost lower rectangle; that is, La = Ra + /(0) • f — /(f) ' f • 


5. (a) f(x) = 1 + x 2 and Ax = - —^—— = 1 =+ 

Rs = 1 • /(0) + 1 • /(1) + 1 • /(2) = 1-1 + 1.2 + 1- 5 = 8. 


Re = 0.5[/(—0.5) + /(0) + /(0.5) + /(1) + /(1.5) + /(2)] 

= 0.5(1.25 + 1 + 1.25 + 2 + 3.25 + 5) 

= 0.5(13.75) = 6.875 

(b) L 3 = 1 • /(—1) + 1 • /(0) + 1 • /(1) = 1- 2 + 1-1 + 1-2 = 5 

Le = 0.5[/(—1) + /(—0.5) + /(0) + /(0.5) + /(1) + /(1.5)] 
= 0.5(2 + 1.25 + 1 + 1.25 + 2 + 3.25) 

= 0.5(10.75) = 5.375 


(c) M 3 = 1 • /(—0.5) + 1 • /(0.5) + 1 ■ (1.5) 

= 1 • 1.25 + 1 • 1.25 + 1 • 3.25 = 5.75 

Me = 0.5[/(—0.75) + /(-0.25) + /(0.25) 

+ /(0.75) + /(1.25) + /(1.75)] 

= 0.5(1.5625 + 1.0625 + 1.0625 + 1.5625 + 2.5625 + 4.0625) 

= 0.5(11.875) = 5.9375 

(d) M e appears to be the best estimate. 

7. f(x) = 2 + sinx, 0 < x < n. Ax = n/n. 

n = 2: The maximum values of / on both subintervals occur at x = f-, so 

upper sum = /(f) • f + /(f) • f 

= 3- f+ 3- f=37r« 9.42. 

The minimum values of / on the subintervals occur at x = 0 and 
x = 7T, so 

lower sum = /(0) • f + f(n) ■ f 

= 2- f+ 2- f=27r« 6.28. 
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n = 4: upper sum = [/(f) + /(f) + /(f) + /(f)] (|) 

= [( 2 + + (2 + 1 ) + (2 + 1 ) + (2 + |\/ 2 )] ( f ) 

= (l0 + ^2)(f) «8.96 
lower sum = [/(0) + /(f) + /(f) + /(tt)] (f) 

= [(2 + 0)+(2+i^2) + (2 + |^2)+(2 + 0)](f) 

= (8 + \/2) (f) ~ 7.39 

n = 8: upper sum = [/(f ) + /(f) + /(f) + /(f) + /(f) 

+ /(¥) + /(¥) + /(¥)](!) 

« 8.65 

= [/(0) + /(f) + /(f) + /(f) + /(f) 

+ /(x)+/(x)+/M](f) 

« 7.86 



9. Here is one possible algorithm (ordered sequence of operations) for calculating the sums: 

1 Let SUM = 0, X_MIN = 0, XMAX = 1, N = 10 (depending on which sum we are calculating), 
DELTAX = (X MAX - X MIN)/N, and RIGHTENDPOINT = X MIN + DELTAX. 


2 Repeat steps 2a, 2b in sequence until RIGHT ENDPOINT > X_MAX. 

2a Add (RIGHTf ENDPOINT) A 4 to SUM. 

Add DELTA X to RIGHT ENDPOINT. 

At the end of this procedure, (DELTA_X)-(SUM) is equal to the answer we are looking for. We find that 


1 10 

Rlo = ToS V 10 


1 30 

0.2533, Rw = — Y. 

i= i 


1 50 

0.2,7°. R„ = -E, 50 


: 0.2101, and 


1 100 / j \ 4 

7? 10 ° = — ( — J ~ 0.2050. It appears that the exact area is 0.2. The following display shows the program 


SUMRIGHT and its output from a TI-83/4 Plus calculator. To generalize the program, we have input (rather than 


assign) values for Xmin, Xmax, and N. Also, the function, x 4 , is assigned to Yi, enabling us to evaluate any right sum 
merely by changing Yi and running the program. 


PROGRAM:SUMRIGHT 
:0+S 

:Prompt Xmin 
:Prompt Xmax 
:Prompt H 
: tXmax-XminVH+D 
: Xmin+D-^R 
:Forn j1j 
: S+Yi <R)+S 
:R+D+R 
: End 
:D*S-*Z 
:Disp Z 


prgmSUMRIGHT 

Xmin=?0 

Xmax=?l 

H=?10 

.25333 


Done 
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11. In Maple, we have to perform a number of steps before getting a numerical answer. After loading the student package 
[command: with (student) ; ] we use the command 

lef t_sum: =lef tsum (1/(x“2+l) , x=0 . .1,10 [or30,or50]) ; which gives us the expression in summation 
notation. To get a numerical approximation to the sum, we use evalf (left_sum) ;. Mathematica does not have a special 
command for these sums, so we must type them in manually. For example, the first left sum is given by 
(1/10) *Sum [1/ ( ( (i —1) /10) “2 + 1) ] , {i, 1,10} ], and we use the N command on the resulting output to get a 
numerical approximation. 

In Derive, we use the LEFT_RIEMANN command to get the left sums, but must define the right sums ourselves. 

(We can define a new function using LEFT_RIEMANN with k ranging from 1 to n instead of from 0 to n — 1.) 


(a) With f(x) = —z --, 0 < x < 1, the left sums are of the form L n = — Y) -=-. Specifically, Lio » 

x 2 + l nS(i=i ) 2 + l 

1 1 

1,30 « 0.7937, and L 50 « 0.7904. The right sums are of the form R n = — Y' -=-. Specifically, Rio 


0.8100, 

« 0.7600, 


Rso « 0.7770, and R 50 « 0.7804. 

(b) In Maple, we use the lef tbox (with the same arguments as lef t_sum) and rightbox commands to generate the 
graphs. 




left endpoints, n = 50 

l.t 

r 


. . . [ 

right endpoints, n = 50 


(c) We know that since y = 1/ (x 2 + 1) is a decreasing function on (0,1), all of the left sums are larger than the actual area, 
and all of the right sums are smaller than the actual area. Since the left sum with n = 50 is about 0.7904 < 0.791 and the 
right sum with rz = 50 is about 0.7804 > 0.780, we conclude that 0.780 < R 50 < exact area < L 50 < 0.791, so the 
exact area is between 0.780 and 0.791. 

13. Since v is an increasing function, L& will give us a lower estimate and R§ will give us an upper estimate. 


L 6 = (0 ft/s)(0.5 s) + (6.2)(0.5) + (10.8)(0.5) + (14.9)(0.5) + (18.1)(0.5) + (19.4)(0.5) = 0.5(69.4) = 34.7 ft 
Re = 0.5(6 .2 + 10.8 + 14.9 + 18.1 + 19.4 + 20 . 2 ) = 0.5(89.6) = 44.8 ft 
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15. Lower estimate for oil leakage: Re = (7.6 + 6.8 + 6.2 + 5.7 + 5.3)(2) = (31.6)(2) = 63.2 L. 
Upper estimate for oil leakage: L 5 = (8.7 + 7.6 + 6.8 + 6.2 + 5.7) (2) = (35)(2) = 70 L. 


17. For a decreasing function, using left endpoints gives us an overestimate and using right endpoints results in an underestimate. 
We will use Me to get an estimate. At = 1, so 

M 6 = 1 [f (0.5) + u(1.5) + v(2.5) + v(3.5) + v(4.5) + v(5.5)] « 55 + 40 + 28 + 18 + 10 + 4 = 155 ft 
For a very rough check on the above calculation, we can draw a line from (0, 70) to ( 6 , 0) and calculate the area of the 
triangle: |(70)(6) = 210. This is clearly an overestimate, so our midpoint estimate of 155 is reasonable. 


19. f(x) 


2 x 

x 2 + 1 


,l<x<3. 


Ax = (3- 1 )/n 


2/n and Xi = 1 + iAx = 1 + 2 i/n. 


A = lim R n 

n —>00 


n 


lim f(xi)Ax 


lim •£ 


2(1 + 2 i/n) 

(1 + 2 i/n) 2 + 1 


2 

n‘ 


21 . f(x) = \/ sin x, 0 < x < 7r. A* = (7T — 0)/n = ix/n and Xi = 0 + i Ax = tt i/n. 


A = lim R n 

n —>00 


n n _ jr - 

lim 22 f{ x i)Ax = lim 22 \/sin( 7 r i/n) ■ —. 
1 n 


23. lim V — tan — can be interpreted as the area of the region lying under the graph of y = tan x on the interval [0, ?], 

n — >00 4 n 4 n L 4 J 

since for y = tan x on [0, -|] with A* = ———- = 7 — , = 0 + i Ax = and x* = Xi, the expression for the area is 


4n’ 


4n’ 


A = lim ^2 f (x*) Ax = lim 22 tanl 


( ii r 


Note that this answer is not unique, since the expression for the area is 


n —*00 £=i \4 nj 4n 

the same for the function y = tan(a; — kn) on the interval [kn, kn + 7 ], where k is any integer. 

25. (a) Since / is an increasing function, L n is an underestimate of + [lower sum] and R„ is an overestimate of + [upper sum]. 
Thus, A, L n , and R n are related by the inequality L n < A < R n . 


(b) R n = f(xi)Ax + /(x 2 )Ax H-h f(x„)Ax 

L n = f(xo)Ax + f(xi)Ax 4 -h f(x n -i)Ax 

R n - Ln = f(x n )Ax - f(x 0 )Ax 
= &x[f{x n ) - f(x 0 )] 


b — a 


[f(b ) - f{a)] 



In the diagram, R n — L n is the sum of the areas of the shaded rectangles. By sliding the shaded rectangles to the left so 
that they stack on top of the leftmost shaded rectangle, we form a rectangle of height f(b) — f(a) and width-. 


— L n ', that is, R n — A < 


-[/(&) - /(«)]- 


(c) A > Ln, SO R n — A < Rn 
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27. (a) y = f(x) = x 5 . Ax = -—- = — and Xi = 0 + i Ax = —. 

n n n 


A = lim R n 

n—>oo 


n 


lim 22 f( x i) Ax 

n^oc i=1 


lim £ 



2 

n 


n 


lim 

n —>oo 


E 


32z 5 

ii 5 


2 

n 


64 n r 
lim — 7T 22 i 5 . 

n —»oo n° 


/u , ^ , 5 cas n 2 {n + l) 2 (2n 2 + 2 n - l) 

(b) E * = -75- 


, , v 64 
(c) lim — 

n —>oo 72° 


n 2 (n + l) 2 (2n 2 + 2n — l) 

12 


64 (n 2 + 2n + l) (2n 2 + 2n — l) 

— lim -^— - - 

12 n^oo n 2 ■ n 2 


16 

3 


lim 

n —>oo 





16 -i o _ 32 
3 ' 1 ‘ Z 3 


29. y = f(x) = cos*. A* 


6—0 b bi 

- = — and Xi — 0 + * A* = —. 

n n n 


A = lim R n 

n —>oo 


n 


lim f(xi) Ax 

n ^°° i =i 


n 

lim 22 cos 



If 6 = f, then A = sin f = 1. 


6 cas .. 

— = lim 

Ti n —>oo 


b sin( b[ hi 

2 n 


2 nsin( — 
2 n 


b_ 

2 n 


cas . , 
= sin b 


4.2 The Definite Integral 


1. /(*) = 3 - i®, 2 < * < 14. A* = -—- = ii—— = 2. 

2 n 6 

Since we are using left endpoints, x* = Xi-i. 

La =22 f(xi-i)Ax 

i=1 

= (Ax) [/(*„) + f(x i) + f(x 2 ) + f(x s) + /(* 4 ) + /(ats)] 
= 2[/(2) + /(4) + /(6) + /(8) + /(10) + /(12)] 

= 2 [2 + 1 + 0 + (-1) + (-2) + (-3)] = 2(—3) = -6 



The Riemann sum represents the sum of the areas of the two rectangles above the x-axis minus the sum of the areas of the 
three rectangles below the x-axis; that is, the net area of the rectangles with respect to the x-axis. 


5 

3. M 5 = 22 f( x i) A x [x* =Xi = |(*i-i + Xi) is a midpoint and A* = 1] 

i =1 

= l[/(1.5) + /(2.5) + /(3.5) 

+ /(4.5) + /(5.5)] [f{x) = y/x — 2] 

« -0.856759 

The Riemann sum represents the sum of the areas of the two rectangles 
above the x-axis minus the sum of the areas of the three rectangles below 
the x-axis. 
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rlO 

5- (a) / f(x)dx 
Jo 


rlO 

(b) / f(x) dx 

Jo 

rlO 

(c) / f(x) dx 

Jo 


Rs = [/(2) + /(4) + /(6) + /(8) + /(10)] A* 

= hi + 0 + (-2) + 2 + 4] (2) = 3(2) = 6 

U = 1/(0) + /(2) + /(4) + /(6) + /(8)] Ax 
= [3 + (-1) + 0 + (-2) + 2] (2) = 2(2) = 4 

Ms = [/(1) + /(3) + /(5) + /(7) + /(9)] Ax 
= [0 + (-1) + (-1) + 0 + 3] (2) = 1(2) = 2 


7. Since / is increasing, L 5 < /(x) dx < R$. 

Lower estimate = L 5 = J2 f(xi-i)Ax = 4[/(10) + /(14) + /(18) + /(22) + /(26)] 

i =1 

= 4[—12 + (-6) + (-2) + 1 + 3] = 4(—16) = -64 
Upper estimate = R 5 = E fi x ) Ax = 4[/(14) + /(18) + /(22) + /(26) + /(30)] 

i =i 

= 4[—6 + (-2) + 1 + 3 + 8] = 4(4) = 16 


9. Ax = (8 — 0)/4 = 2, so the endpoints are 0, 2, 4, 6, and 8, and the midpoints are 1, 3, 5, and 7. The Midpoint Rule gives 
4 

f 0 siiiy/xdx « f(xi) Ax = 2(sin \/T + sin \/3 + sin \/5 + sin \/7) « 2(3.0910) = 6.1820. 

i=1 


11. Ax = (2 — 0)/5 = so the endpoints are 0, |, |, and 2, and the midpoints are |, |, | and The Midpoint Rule 


gives 



x 

x + 1 


dx 


E f( X i 


Ax 




+ 



2 /127 \ _ 127 
5 \~56 ~) ~ 140 


0.9071. 


13. In Maple 14, use the commands with(Student [Calculusl ]) and 

ReimannSum (x/ (x+1) ,0. . 2, partition=5, method=midpoint, output=plot) . In some older versions of 
Maple, use with (student) to load the sum and box commands, then m: =middle sum (x/(x+l) ,x=0. .2), which 
gives us the siun in summation notation, then M : =evalf (m) to get the numerical approximation, and finally 
middlebox (x/(x+1) , x=0 . . 2) to generate the graph. The values obtained for n = 5, 10, and 20 are 0.9071, 0.9029, and 
0.9018, respectively. 

l l l 
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15. We’ll create the table of values to approximate f* sin x dx by using the 
program in the solution to Exercise 4.1.9 with Yi = sin x, Xmin = 0, 
Xmax = 7r, and n = 5, 10, 50, and 100. 

The values of R n appear to be approaching 2. 

n i _ x 2 r 6 i — x 2 

17. On [2,6], lim E -—-A A* = / ^ dx. 

L J ’n^oo 4 + x? J 2 4 +a: 2 


n 

Rn 

5 

1.933766 

10 

1.983524 

50 

1.999342 

100 

1.999836 


19. On [2,7], 


lim 

n —>oo 


n 

Y [5(a:*) 3 — 4x*] Ax = / 2 7 (5# 3 — 4x) dx. 

i=1 


i . 5 — 2 3 . A 3t 

21. Note that A* = - = — and Xi = 2 + i Ax = 2 H-. 

n n n 


(4 — 2x) dx = lim E f(xi) Ax = lim E f 

n — > 00^—1 n— 


= lim - E 

n—>oo Tl i—i 


6i 

n 


= lim 


i V n ) n 


= lim - E 

n—>oo n i=1 


4-21 2+ — 


n^oo n \ n 7 


E * = lim 



n(n + 1) 

V n 2 J 

2 


= lim 


-HVi±il = -9U 


oo y 2 y y 71 


lim 1 + - = -9(1) = -9 


0 - (-2) 2 2* 
23. Note that A* =---= — and Xi = —2 + i Ax = — 2 H-. 


2? \ 2 9 n 

(a^+ #)(&£ = lim V /(re*) Ax = lim V / ( —2 H-) — = lim — V 

- — - — ' n J n it * oo 7i 


„ 2i\ 2 / 2 i 

- 2 + — + ( - 2 + — 
n / 


= lim - E 

ti—> oo Tl 


r, 8 i 

4i 2 

2i\ 

2 n 

A?: 2 

6* \ 

4- 

H- t 

— 2 H- 

= lim - E I 


-+2 

n 

n z 

n 

71 ► OO 71 

^ n 2 

n ) 


= lim — 

n—>oo 71 


An n n 

4Ei 2 --Ei+E2 

n 2 i=1 n i=1 i=1 


= lim 

71—>00 


8 n(n+l)(2n+l) 12 n(n+l) 2 

n 3 r?. 2 9 n 


= lim 

71—>00 


4 (n + l)(2w + 1) _ 6 n + 1 4 

3 n 2 n 


= lim 

71—>00 


4 n + 1 2n + 1 
3 n n 


■6 1 + - +4 
n 


= lim 

71—>00 


1 + ■ 


1 


2 + ■ 


1 


6 ( 1+ - ] +4 

n 


= |(1)(2) - 6(1) +4=1 


25. Note that Ax = 


1 - 0 1 , „ . a i 

— cind Xi — 0 % lAx — 
n n n 


(. x 3 — 3x 2 ) dx = lim Y f( x i) A x — Y f\ ~ ) ^ x = 1™ Y 


3 1 — 


= lim - E 

71 ^oo 71 i = 1 


r ? ; 3 

3?; 2 

i 

-- 

= lim - 

71° 


n—ioo n 


1 7i on 

iEi*-4Ei 3 


= lim < —r 

n —7 00 n 4 


n(n + 1) 

2 3 n(n + l)(2n + l)l ^ [ 

2 

n 3 6 | 7i > oo 


1 tt + 1 n + 1 1 n + 1 2n+l 


4 n 


2 n 


= lim 

n—»oo 


4 i + - i + - i + - 2 + - 


= i(l)(l)-i(l)(2) = -| 
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27. / xdx = lim 


b — a 


E 

n—*oo n 


b — a 

= lim 

a H- 1 

n 

71—>00 


2<+i!> £ ! + <+A £ 4 

n i= i n 2 i=1 


= lim 

n —»oo 


a(b — a) ^ t (b — a) 2 n(n+ 1) 
^ H” o ’ ~ 


= a (6 — a) + lim 


(p-dy 


1 + - 

n 


= a(b — a) + \ (b — a) 2 = (6 — a) (a + |6 — \a) = (b — a)\(b + a) = |(6 2 — a 2 ) 


0£ 0_2 4 4z 

29. /(x) =--, a = 2, 6 = 6, and Ax = - = —. Using Theorem 4, we get x* = x; = 2 + i Ax = 2 H-, 

1 + x° n n n 


■ dx = lim 7?.,j = lim ^ ■ 

71—>00 71—>00 ^ 


2 + ■ 


4* 


1 + 2 + 


4«V n. 


31. Ax = (tt — 0 )/n = n/n and x* = x, 

n / 7f \ 

sin5xdx = lim E(sin5xj)( —) 

n-» oo.j'+j Vn/ 

33. (a) Think of J 0 “ /(x) dx as the area of a trapezoid with bases 1 and 3 and height 2. The area of a trapezoid is A = | (6 + B)/i, 
so / 0 2 f( x ) dx =\{ 1 + 3)2 = 4. 

(b) / 0 5 /(*) dx = / 0 2 /(x) dx + / 2 3 /(x) dx + f 3 5 f(x) dx 

trapezoid rectangle triangle 
= \ (1 + 3)2+ 3-1 + i-2-3 =4 + 3 + 3 = 10 

(c) J g 7 /(x) dx is the negative of the area of the triangle with base 2 and height 3. J g 7 f(x) dx = — § • 2 • 3 = — 3. 

(d) J ? 9 /(x) dx is the negative of the area of a trapezoid with bases 3 and 2 and height 2, so it equals 
-\{B + b)h = -i(3 + 2)2 = -5. Thus, 

/ 0 9 /(x) dx = / 0 5 /(x) dx + fj f(x) dx + J 9 /(x) dx = 10 + (-3) + (-5) = 2. 



= 7r*/n. 


.. . 57rA 7T CAS ,. 1 , / 57 t\ CAS ( 2 

lim > sm- — = 7r hm — cot — = 7T — 

- A) V n ) n n^oo n \2n J \ 57r 


35. / 2 x (1 — x) dx can be interpreted as the difference of the areas of the two 
shaded triangles; that is, |(2)(2) — 1(1)(1) = 2 — | = §. 



37- f° s (l + \/9 — x 2 ) dx can be interpreted as the area under the graph of 

/(x) = 1 + y/9 — x 2 between x = —3 and x = 0. This is equal to one-quarter 
the area of the circle with radius 3, plus the area of the rectangle, so 



f° 3 ( 1 + V9 — x 2 ) dx = jir • 3 2 + 1 • 3 = 3 + \it. 
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39. f 4 | a: | dx can be interpreted as the sum of the areas of the two shaded 
triangles; that is, |(1)(1) + |(2)(2) = \ + | = §. 


41. JJ sin 2 x cos 4 xdx = 0 since the limits of intergration are equal. 

43. fg(5 — 6 x 2 ) dx = fg 5dx — 6 / Q * x 2 dx = 5(1 — 0) — 6(|) =5 — 2 = 3 

45. J 4 (2x 2 — 3x + 1) dx = 2 J 4 x 2 dx — 3 f* xdx + f 4 1 dx 

= 2 • ±(4 3 - l 3 ) - 3 ■ |(4 2 - l 2 ) + 1(4 - 1) = f = 22.5 

47- S- 2 /( x) dx + f(x) dx — J_ 2 /(x) dx = fj 2 /(x) dir + f _ 2 f(x) dx [by Property 5 and reversing limits] 

= jj 1 f(x)dx [Property 5] 

49 - fol 2 f( x ) + 3g(x)] dx = 2 Jg f(x) dx + 3/® g(x) dx = 2(37) + 3(16) = 122 

51- So f{x) dx is clearly less than —1 and has the smallest value. The slope of the tangent line of / at x = 1, /'(1), has a value 
between —1 and 0, so it has the next smallest value. The largest value is f{x) dx, followed by / 4 8 f{x) dx, which has a 
value about 1 unit less than fg f(x) dx. Still positive, but with a smaller value than J 4 8 f(x) dx, is J® f(x ) dx. Ordering these 
quantities from smallest to largest gives us 

fg f(x) dx < /'(1) < Jg f(x) dx < fj f(x) dx < fj f(x) dx or B < E < A < D < C 
53. I = /® 4 [/(x) + 2x + 5] dx = f 2 4 f(x ) dx + 2 j 2 _ 4 xdx + fj 4 5 dx = h + 2I 2 + h 

h = —3 [area below x-axis] + 3 — 3 = —3 
I 2 = — ^ (4) (4) [area of triangle, see figure] + \ (2) (2) 

= -8 + 2 = -6 
h = 5[2 - (-4)] = 5(6) = 30 
Thus, I = -3 + 2(—6) + 30 = 15. 

55. x 2 — 4x + 4 = {x — 2) 2 > 0 on [0,4], so fg(x 2 — 4x + 4) dx > 0 [Property 6], 

57. If — 1 < x < 1, then 0 < x 2 < 1 and 1 < 1 + x 2 < 2, so 1 < Vl + x 2 < \/2 and 

1[1 — (—1)] < \/l + x 2 dx < \/2 [1 — (—1)] [Property 8]; that is, 2 < fj 4 \/l + x 2 dx < 2 \f2. 

59. If 1 < x < 4, then 1 < y/x < 2, so 1(4 — 1) < J 4 <Jx dx < 2(4 — 1); that is, 3 < fj y/x dx < 6. 

61. If j < x < then 1 < tanx < y/3, so l(-| — < JJ^J tan xdx < x/3 (f — f) or ^ JJ /4 tan xdx < y^\/3. 
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63. For —1 < x < 1, 0 < x 4 < 1 and 1 < s/1 + x 4 < s/2, so 1[1 - (-1)] < (3, s/1 + x 4 dx < s/2 [1 - (-1)] 
or 2 < /1 + x 4 dx < 2 s/2. 

65. s/x 4 + 1 > s/x 4 = x 2 , so s/x 4 + 1 dx > J 3 x 2 dx = | (3 3 — l 3 ) = . 

67. Using right endpoints as in the proof of Property 2, we calculate 

n n n 

f cf(x) dx = lim £ c/(x*) Ax = lim c V /(x*) Ax = c lim V /(x;) Ax = c f /(x) dx. 

J a n—>00 71—>00 n—*oo ^ a 


71 

69. Suppose that / is integrable on [0,1] , that is, lim 53 f(x* ) Ax exists for any choice of x* in [x;_i, x/\. Let n denote a 

n— *°o i —1 


positive integer and divide the interval [0,1] into n equal subintervals 


0,- 


[1 

21 


n—l 

, 

— , — 


n 


[72 

72 J 


72 ’ 


. If we choose x* to be 


n 1 

a rational number in the 7th subinterval, then we obtain the Riemann sum 53 f{ x i ) • — = 0, so 

i= 1 n 


n l 

lim 53 /(x*) ■ — = lim 0 = 0. Now suppose we choose x* to be an irrational number. Then we get 

71—^00 ^ = 1 72 71—>oo 

71 1 71 ^ ^ 71 [ 

£ /(x*) ■ — = £l- — = n- — = lfor each n, so lim £ fix*) • — = lim 1 = 1. Since the value of 

i=i n i = i 72 n 7i >oo j =1 n n-»oo 


71 

lim 53 f(x *) Ax depends on the choice of the sample points x*, the limit does not exist, and / is not integrable on [0,1]. 

71 *°° ?— 1 


n j 4 n i 4 \ n / i\ 4 1 

71. lim 53 — = lim 53 — 7 • — = lim V ( — ] — . At this point, we need to recognize the limit as being of the form 

»->°o i=1 7i 5 ri=oo i=1 n 4 n n=oc i=1 yn/ n 

71 

lim £ f (xj) Ax, where Ax = (1 — 0)/n = 1/n, x* = 0 + i Ax = i/n, and /(x) = x 4 . Thus, the definite integral 

n^oo i=1 

is Jq 1 x 4 dx. 


73. Choose x* = 1 4— and x* = y/Xi-iXi = J I 1 + 


i — 1 


1 H— J. Then 

n. 


f 2 x 2 dx = lim — £ 

J 1 n —krv-i n .— - 


—r-r- = lim n V 

* \ ^ 


»=oo n i=l (l + YjA) (l + /) '"*=!(« + *- l)(n + i) 

1 1 


= lim n 


= lim n 

71—>00 


i \ n + i — 1 n + i 
i i 

-1-~T + ' 

n n +1 


/n—1 ^ ?i 1 

[by the hint] = lim n( V-53 - 

n >oo \t 0 n + i tin + i 


2 n - 1 


1 1 
+ ••• + 


n + 1 


1 

2n — 1 2n 


= lim rd- - = lim (l - |) = \ 

ti—> oo V 72 272 / n—>oo v z/ z 


4.3 The Fundamental Theorem of Calculus 


1. One process undoes what the other one does. The precise version of this statement is given by the Fundamental Theorem of 
Calculus. See the statement of this theorem and the paragraph that follows it on page 317. 
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3. (a) g(x) = f 0 x f(t) dt. 

gi 0) = J° fit) dt = 0 

g{ 1) = Jo fit) dt = 1 ' 2 = 2 [rectangle], 

g ( 2 ) = / 0 2 fit) dt = fo fit) dt + fi fit) dt = gi 1) + / 2 fit) dt 


= 2 + l- 2+ |- l- 2 = 5 [rectangle plus triangle]. 


5(3) = Jo fit) dt = gi 2) + / 3 fit) dt = 5 + ± • 1 • 4 = 7, 

fl(6) = gi 3) + / 3 6 /(t) dt [the integral is negative since / lies under the *-axis] 
= 7 + [- (i • 2 • 2 + 1 • 2)] = 7- 4 = 3 


(b) g is increasing on (0, 3) because as x increases from 0 to 3, we keep 
adding more area. 

(c) g has a maximum value when we start subtracting area; that is, 
at x = 3. 




(a) By FTC1 with fit) = t 2 and a = 1, gix) = JJ t 2 dt => 
g'ix) = fix) = x 2 . 

(b) Using FTC2, gix) = JJ t 2 dt = [§£ 3 ] * = ^x 3 — | =>■ </(*) = x 2 . 


7 - /(*) = ^-^j- and gix) = dt, so by FTC1, g'(x) = fix) 

real number greater than —1 and not affect this answer. 


—-. Note that the lower limit, 1, could be any 

x 3 + 1 


9- fit) = it- t 2 ) 8 and g(s) = J°(t - t 2 ) 8 dt, so by FTC1, g'(s) = /(s) = (s - s 2 ) 8 . 


rrc nx ^ rx 

11. F(x) = / s/l + sec t dt = — Vl + sec t dt => -F'(x) = — -j— / V1 + sec t dt = — y/1 + f 
ix ./tt dx J n 


Ae% T 1 _ du 1 ., dh dh du 

13. Let u = —. Then — =-Also, — = ———, so 

x dx x z dx du dx 


= Tx 


r l/x 


d 


. 4 drt _ . 4 du _ — sin 4 (l/ir) 


sin 4 tdt = -f- I sin** t dt ■ = sin' 1 = 


du 


dx 


dx 


., T du 2 ., du du du 

15. Let u = tan*. Then — = sec x. Also, — = ———, so 
dx dx du dx 


,j± f 
dx J 0 


_d_ 
du J 0 


t + \Tt dt = -J- I \J t + \ft dt ■ ^■ = \J u + \fu -j- = \/tan x + \/tan x sec 2 x. 


du 

dx 




SECTION 4.3 THE FUNDAMENTAL THEOREM OF CALCULUS □ 201 


17. Let w = 1 - 3x. Then ^ = -3. Also, ^ = d_y_dw^ so 
ax ax aw ax 


V = 


d 


u d 

• du = 


/ 


1 u 3 


-du 


du 


dw 


w~ , 3(1 — 3a;) 3 


dx J 1 _ 3x 1 + it 2 dw J w 1 + u 2 dx dw J 1 1 + u 2 dx 1 + w 


r(-3) = 


1 + (1 - 3a;) 2 


19. 


J (a; 3 — 2*) dx = 


4 "I 2 

X 2\ 


(++(+- ) = (4 - 4) - (H1) - 0 -■(-!) - 


21. f*(5 -2t + 3t 2 ) dt = [5 1 - t 2 + t 3 ]l = (20 - 16 + 64) - (5 - 1 + 1) = 68 - 5 = 63 


23. / sjxdx= / x 1 ^ 2 dx = 


r 3/2 


3/2 


x 3/2 9 = |(9 3/2 - 1 3/2 ) = |(27-1) = f 


25. J sin #dO = |^— cos #J = — cos tt — (— cos = — (—1) — \/3/2^ = 1 + v+2 

27. f (u + 2)(u — 3) du = f (u 2 — u — 6) du = [|w 3 — ^u 2 — 6m] J = (| — ^ — 6) — 0 = — 
Jo io 

■i: 


[ X 1 dx = f (— 7 = - dx = f (x 1 ^ 2 — x 1 ^ 2 ) dx = [|x 3 ^ 2 — 2x L 

J i V x J i Vva; vat/ ai i 

= (f-27-2-3) - (f — 2) =12— (— |) = f 


31. fj/ 4 sec 2 tdt = [tan t\ * /4 = tan j — tan 0 = 1 — 0 = 1 


1 tt/ 4 


33 - Si (1 + 2 #) 2 dy — fS (1 + 4 y + Ay 2 ) dy — [y + 2 y 2 + | y 3 \ l — (2 + 8+^) — (l + 2 + |) — ^ — ^ — 


49 

3 


35. 


F 2 a; 5 + 31> 6 


l f (v + 3v 2 ) dv = [in 2 + n 3 ] ’ = (2 + 8) - (§ + l) = f 


sin a; if 0 < x < ix/2 
37. If f(x) ={ then 

COS X II TV/ 2 < X < TV 


Jq f(x) dx = /J 17 sin x dx + f*j 2 cos xdx = 
= — 0+1 + 0—1 = 0 


- co sx]+ + [sinat]"/2 = 


— cos ^ + cos 0 + sin iv — sin 


Note that / is integrable by Theorem 3 in Section 4.2. 

39. f(x) = a? 4 is not continuous on the interval [—2, 1], so FTC2 cannot be applied. In fact, / has an infinite discontinuity at 
x = 0, so j/ 2 x~ 4 dx does not exist. 

41. /(#) = sec# tan # is not continuous on the interval [7r/3,7r], so FTC2 cannot be applied. In fact, / has an infinite 
discontinuity at x = tr/2, so fJ/ 3 sec # tan # d# does not exist. 
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43. From the graph, it appears that the area is about 60. The actual area is 
/ 0 27 x 1/3 dx = [f x 4/3 ] ^ = | • 81 0 = 2|3 = 60 . 75 . This is f of the 

area of the viewing rectangle. 


45. It appears that the area under the graph is about | of the area of the viewing 
rectangle, or about |7r « 2.1. The actual area is 

fg sin xdx = [— cosx]q = (— cos7t) — (— cosO) = — (—1) + 1 = 2. 

47./“ ia! 3 efa=[ix 4 ] a _ 1 =4-i = ¥=3.75 



49. g(x) = 


u 2 - 1 


du = 


u 2 - 1 


du + 


r x u 2 - i 

o w 2 + 1 


du = 


r x u 1 - i 
lo U 2 + 1 


du + 


u 2 - 1 
u 2 + 1 


du 


,, , (2x) 2 - 1 d . (3x) 2 - 1 d , . „ 4a; 2 - 1 „ 9x 2 - 1 

5 ^ ~ ~ (2x) 2 + 1 ' dx ( ^ + (3x) 2 + 1 ' dx (3 ^ ~ 2 ' Ax 2 + 1 + 3 ' 9x 2 + 1 


r 3 9 r 0 

/ cos(f 2 )df= / ( 

«/ J y/x 


rVx 


51. h(x) = I cos (t ) dt = J cos(t)dt+ / cos (t ) dt = — / cos(t )d£ + / cos (t ) dt 

Jo Jo Jo 

h'(x) = — cos( ) • -j- (y^) + [cos(a; 3 ) 2 ] • (a: 3 ) = — cos a; + 3a; 2 cos(a; 6 ) 

ax ax z w x 


53. y = 


V = 


■ dt 


y 


0 t 2 +f + 2 a x 2 +x + 2 

(x 2 + a; + 2) (2x) — x 2 (2x + 1) _ 2x 3 + 2x 2 + 4x — 2x 3 — x 2 _ x 2 + 4x _ x(x + 4) 


(x 2 + x + 2) 2 (x 2 +x + 2) 2 (x 2 +x + 2) 2 (x 2 +x + 2) 2 ' 

The curve y is concave downward when y" < 0; that is, on the interval (—4, 0). 


55. By FTC2, f* f'(x) dx = /(4) — /(l), so 17 = /(4) — 12 =>■ /(4) = 17 + 12 = 29. 

57. (a) The Fresnel function S(x) = f* sin(^f 2 ) dt has local maximum values where 0 = S'(x) = sin(-|f 2 ) and 

S' changes from positive to negative. For x > 0, this happens when f x 2 = (2n — l)7r [odd multiples of 7r] 4=> 

x 2 = 2(2?x — 1) 4=> x = \Z4n — 2, n any positive integer. For x < 0, S’ changes from positive to negative where 

■|x 2 = 2n7r [even multiples of 7r] 4=> x 2 = 4 n 4=> x = —2 \fn. S' does not change sign at x = 0. 
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(b) S is concave upward on those intervals where S”(x) > 0. Differentiating our expression for S'(x), we get 

S"(x) = cos(f a; 2 ) (2f a:) = 7ra~ cos(f a: 2 ). For x > 0, S"(x) > 0 where cos(f a; 2 ) >0 44 0 < fa: 2 < f or 

(2 n — i)7T < fa; 2 < (2 n + f )7T, n any integer 44 0 < x < 1 or \J4n — 1 < x < \Z4n + 1, n any positive integer. 

For x < 0, S''(x) > 0 where cos(f x 2 ) <0 44 (2 n — f )ar < fa; 2 < (2 n — f )ir, n any integer 44 

4n — 3 < x 2 < 4n — 1 44 \/4n — 3 < \x\ < \/4n — 1 =4 \/4n — 3 < —x < \/4n — 1 =4 

— \J4n — 3 > x > —\/4ii — 1, so the intervals of upward concavity for x < 0 are (— \J4n — 1, — \J4n — 3), n any 
positive integer. To summarize: S is concave upward on the intervals (0,1), (—\/3, —l), (\/3, y/5), (—\/7, —\/5), 

(Vr,3),.... 


(c) In Maple, we use plot ( {int (sin (Pi*t~2/2) , t=0 . . x) ,0.2}, x=0 . .2) ;. Note that 
Maple recognizes the Fresnel function, calling it FresnelS (x) . In Mathematica, we use 
Plot [ {Integrate [Sin[Pi*t~2/2] , {t, 0, x} ] ,0.2}, {x, 0,2} ]. In Derive, we load the utility file 
FRESNEL and plot FRESNEL_SIN (x) . From the graphs, we see that f* sin(f f 2 ) dt = 0.2 at x ss 0.74. 




59. (a) By FTC1, g'(x) = f{x). So g'(x) = f(x) = 0 at x = 1,3, 5, 7, and 9. g has local maxima at x = 1 and 5 (since / = g 1 
changes from positive to negative there) and local minima at x = 3 and 7. There is no local maximum or minimum at 
x = 9, since / is not defined for x > 9. 

(b) We can see from the graph that Ijg/dtl < < |/ 3 5 /dfj < |/ 5 7 /df| < |/ 7 0 /dtj. Sogi(l) = l/g/dtl, 

ff( 5 ) = fo f dt = 9( !) - \ fi fdt^ + |/ 3 5 /df], and g(9) = fgfdt. = g{ 5) - |/ 5 7 /df| + |/ 7 /df|. Thus, 

<ji(l) < g( 5) < g( 9), and so the absolute maximum of g(x) occurs at x = 9. 


(c) g is concave downward on those intervals where g" < 0. But g'(x) = f(x), 
so g"(x) = f{x), which is negative on (approximately) (5,2), (4, 6) and 
(8, 9). So g is concave downward on these intervals. 


61. 


lim E TI 


limi^ 

n —400 71 


n 


E 



x 3 dx 




63. Suppose h < 0. Since / is continuous on [x + h, x], the Extreme Value Theorem says that there are numbers u and v in 
[x + h, x] such that f(u) = m and f(v) = M, where m and M are the absolute minimum and maximum values of / on 
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[x + h,x\. By Property 8 of integrals, m(—h) < ff +h f(t ) dt < M(—h); that is, /(«)(— h) < — ff +h f(t) dt < 

^ rx+h 

Since — h > 0, we can divide this inequality by — h: f(u) < — / / ( t) dt < f(v). By Equation 2, 

h J X 

g(x + h )~ 9(x) = 1 f + dt for h ± 0> and hence f{u) < g ^ + h j ~ g ^ < f(v), which is Equation 3 in the 
n a J x n 

case where h < 0. 

65. (a) Let f(x) = \fx =>■ f'{x) = 1/(2 sjx ) > 0 for x > 0 =>■ / is increasing on (0, oo). If x > 0, then x 3 > 0, so 

1 + x 3 > 1 and since / is increasing, this means that f(l + x 3 ) > /(1) =+ \/l + x 3 > 1 for x > 0. Next let 

g{t) = t 2 — t => g'(t) = 2t — 1 =>■ g'(t) > 0 when t > 1. Thus, g is increasing on (1, oo). And since g{ 1) = 0, 
g(t) > 0 when t > 1. Now let t = Vl + x 3 , where x > 0. \/l + x 3 > 1 (from above) =>■ t > 1 =>■ gr(f) >0 =+ 
(l + x 3 ) — \/l + x 3 > 0 for x > 0. Therefore, 1 < \/l + x 3 < 1 + x 3 for x > 0. 

(b) From part (a) and Property 7: 1 dx < Jf \/l + x 3 dx < fg (1 + x 3 ) dx +> 

[x] J < /q 1 \/l + x 3 dx < [x + |x 4 ] * +> 1 < fg Vl + x 3 dx < 1 + \ = 1.25. 


2 2 -1 

67. 0 < — ; —= -ron [5,10], so 
x 4 +x 2 + l x 4 x 2 


x 4 + x 2 + 1 


dx< rx d x= -i =. 



69 . Using FTC1, we differentiate both sides of 6 + f tiQ. dt = 2 Vx to get = 2 ——=+ /(x) = x 3 ^ 2 . 

Ja t X 2 VX 

To find a, we substitute x = a in the original equation to obtain 6 + J —jrf- dt = 2 Va =4 6 + 0 = 2 Va => 

3 = Va => a = 9. 

71. (a) Let F(t) = ff f(s) ds. Then, by FTC 1, F’ (f) = f(t) = rate of depreciation, so F(t) represents the loss in value over the 
interval [0, t\. 


A + F(t) 


(b) C(t) = -\A + L f{s) dsj = --—— represents the average expenditure per unit of t during the interval [0, t], 

assuming that there has been only one overhaul during that time period. The company wants to minimize average 
expenditure. 

(c) C{t) = - A+ f f(s)ds . Using FTC 1, we have C'(t) = — A+ f f(s)ds +jf(t). 

x L +0 J X L +0 J X 

c'(t)= 0 =+ tf(t)=A + Jf(s)ds +> f(t) = J A + J f(s)ds =C(t). 

73 ' / 9 h dX = \ / 9 ~x dX = H hl|a:| ]i = ^ (ln9 - lnl ) = I ln9 - 0 = ln9 1/2 = In3 
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75 ' Lr vT 6 =r v dt = 6 fir yr~t2 dt = 6 [ sin ^]v2 /2 = 6 [ sin 1 (^) _sin = 6 (f - f) = 6 (f) =7r 

77. e u+1 du = [e u+1 ] ^ = e 2 - e° = e 2 - 1 [or start with e u+1 = e u e 1 ] 

4.4 Indefinite Integrals and the Net Change Theorem 


1 Al ^ + 

dx x 


+ C ~dx 


d \ (1 + * 2 ) 1/2 


+ C7 = 


x-\{l + x 2 )- 1 ' 2 (2x)-{l + x 2 ) 1 ' 2 -1 | Q 


(1 + x 2 ) 1/2 [x 2 - (1 +x 2 )\ _ —1 _ 1 

x 2 (1 + a; 2 ) 1 / 2 * 2 x 2 Vl + a; 2 

3. [sin a: — | sin 3 x + (7] = [sin a; — i(sin*) 3 + C] = cos* — | • 3(sin*) 2 (cos*) + 0 

= cos*(l — sin 2 *) = cos*(cos 2 *) = cos 3 * 


[(x 2 + x 2 ) dx = + C = i* 3 — i + C 

J 3—13* 


7. / (* 4 - i* 3 + i*-2)d*= y - + -2*+ <7 = i* 5 - !* 4 + I* 2 -2* + C 


9. f (m + 4)(2m + 1) dM = f (2m 2 + 9M + 4)dM = 2^-+9-^-+4M + C' = ^m 3 + ^m 2 + 4m + C 

/ / O Z O Z 


11 . [ X —^*dx = 


d* = J (* 2 — 2* 1 ^ 2 ) d* = ^— 2 + C = |* 3 — 4 n/* + C 


13. f(9 — esc 9 cot 6) dd = \9 2 + esc 6 + C 
15. f( 1 + tan 2 a) da = f sec 2 a da = tan a + C 


17 . f (cos* + I*) d* = sin* + |* 2 + C. The members of the family 
in the figure correspond to C = —5, 0, 5, and 10. 



19. f! 2 (x 2 - 3) dx = [|* 3 - 3*] 3 _ 2 = (9 - 9) - (-§ + 6) = | - f = -f 


21- /_° 2 (K + ~t)dt= + ^ 4 - §t 2 ]°_ 2 = 0 - [£(-32) + £(16) - |(4)] = - (-f + 1 - 2) = f 


23. J 2 (2* - 3)(4* 2 + 1) dx = / 0 2 (8* 3 - 12* 2 + 2* - 3) dx = [2* 4 - 4* 3 + * 2 - 3*] 2 = (32 - 32 + 4 - 6) - 0 = -2 
25. fg (4 sin 9 — 3 cos 9) d6 = [ — 4 cos 9 — 3 sin d] [[ = (4 — 0) — (—4 — 0) = 8 





206 □ CHAPTER 4 INTEGRALS 


27. dM = / (^ + ^) dM = / ( Au ~ 1/2 + 6ul/2 ) du= [8w 1/2 +4u 3/2 j] = (16 + 32) - (8 + 4) 

29. / 4 s/sjxdx = y/5 / 4 x“ 1/2 da; = ^5 [2 Va;] ] = ^5 (2 • 2 - 2 • 1) = 2 n/5 

31. / 4 ^ (1 + t) dt = J 4 ^ 2 + dt = [§f 3 / 2 + f^/ 2 ] ^ = (f + f) ” (I +-I) = T + ¥ = W 


= 36 


33. 


^ /4 1 + cos 2 9 
n cos 2 9 


r /4 / 1 COS 2 d\ / -,r/4 / 2/1 

M = J 0 {^e + ^e) dd = J 0 (sece + 1)de 


35. 


— [tand + d] 0 / — (tan \ + j) — (0 + 0) — 1 + \ 

r ^ * - r (jr, +s) * ■- /“ («-«*+- <i '”) * - /v**+•-«> 


da; 


r n 64 

2a; 1 / 2 + fa; 5 / 6 ] j = (16 + if) - (2 + f) = 14 + if = 


256 

5 


37. fg (j/x? + \fxdx = f 0 \x 5 / 4 + * 4 / 5 )da; = 


H a ; 9 / 4 a ; 9 / 5 

9/4 + 9/5 


- / t »/4 , 5 9/S 


— § + §—0 — 1 
Jo y a 


39. |x - 3| = 

Thus, 


x — 3 if a; — 3 > 0 [a; — 3 if a; > 3 

—(x — 3) if x — 3 < 0 

5 


3 — x if x < 3 

/ 2 5 \x — 3| dx = / 2 3 (3 — x) dx + / 3 5 (a; — 3) dx = [3a; — |a; 2 ] 3 + [|a; 2 — 3a; 

= (9-§)-(6-2)+(f - 15) - (§ - 9) = | 

41. fj 1 (x — 2\x\)dx = fjjx — 2( — a;)] dx + / 2 [a; — 2(x)] dx = fj 1 3x dx + / Q 2 (—a;) dx = 3[|a; 2 ] 1 — [ 
= 3(0-i)- (2-0) = = -3.5 




43. The graph shows that y = 1 — 2x — 5a; 4 has a;-intercepts at 

x = a ~ —0.86 and at x = b ~ 0.42. So the area of the region that 
lies under the curve and above the a;-axis is 

f((( 1 — 2a; — 5a; 4 ) dx = [x — x 2 — a; 5 ][[ 

= (b - b 2 - 6 s ) - (a - a 2 - a 5 ) 

« 1.36 



45. A = / 0 2 (2y - , 2 ) dy = [t, 2 - |y 3 ] ’ = (4 - f) - 0 = § 

47. If w'(t ) is the rate of change of weight in pounds per year, then w(t) represents the weight in pounds of the child at age t. We 
know from the Net Change Theorem that f r (° w'(t) dt = w(10) — u>(5), so the integral represents the increase in the child’s 
weight (in pounds) between the ages of 5 and 10. 

49. Since r(i) is the rate at which oil leaks, we can write r(t) = —V’(t), where V ( t ) is the volume of oil at time t. [Note that the 
minus sign is needed because V is decreasing, so V'(t) is negative, but r(t) is positive.] Thus, by the Net Change Theorem, 
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Jg 20 r(t)dt = — Jg 20 V'(t)dt = — [17(120) — 17(0)] = 17(0) — 17(120), which is the number of gallons of oil that leaked 
from the tank in the first two hours (120 minutes). 

51. By the Net Change Theorem, R'(x) dx = 77(5000) — 77(1000), so it represents the increase in revenue when 
production is increased from 1000 units to 5000 units. 

53. In general, the unit of measurement for f f(x) dx is the product of the unit for f{x ) and the unit for x. Since f{x) is 
measured in newtons and x is measured in meters, the units for f 300 f(x) dx are newton-meters. (A newton-meter is 
abbreviated N-m.) 

55. (a) Displacement = j 3 (‘it, — 5) dt = [ft 2 — 5t] 3 = — 15 = — § m 

(b) Distance traveled = J 3 |3t — 5| dt = 5 — 3 1) dt + f 3 ^ 3 (3t — 5) dt 

- [« - l‘ a ]f + [1< 2 - - f -1 ■ f + ¥ -15 - (! ■ f - ¥) - ‘i m 

57. (a) v'(t) = a(t) — t + 4 =4* v(t) = ^t 2 + At + C =>■ u(0) = C = 5 => v(t) = \t 2 + At + 5 m/s 

(b) Distance traveled = fg° |w(t)| dt = fg° | |f 2 + 4t + 5| dt = fg°(^t 2 + 4t + 5) dt = [|t 3 + 2 1 2 + 5t] 30 

= 5|2 + 200 + 50 = 416| m 

59. Since m'(x) = p{x), m = J 4 p(x) dx = J 4 ^9 + 2 Vx ^ dx = j^9a: + |* 3,/2 j = 36 + ^ — 0 = ^ = 46| kg. 

61. Let s be the position of the car. We know from Equation 2 that s(100) — s(0) = fg°° v(t) dt. We use the Midpoint Rule for 
0 < t < 100 with n = 5. Note that the length of each of the five time intervals is 20 seconds = g|gg hour = hour. 

So the distance traveled is 

f 0 100 v(t) dt « ^ [u(10) + v(30) + v(50) + v(70) + u(90)] = ^(38 + 58 + 51 + 53 + 47) = ss 1.4 miles. 

63. By the Net Change Theorem, the amount of water after four days is 

25,000 + f 0 4 r(t) dt w 25,000 + M 4 = 25,000 + [r(0.5) + r(1.5) + r(2.5) + r(3.5)] 

« 25,000 + [1500 + 1770 + 740 + (-690)] = 28,320 liters 

65. Power is the rate of change of energy with respect to time; that is, P(t) = E'{t). By the Net Change Theorem and the 
Midpoint Rule, 

r 24 24 — 0 

£(24) - £(0) = / P(t) dt « ——- [P(l) + P( 3) + P(5) + • • • + P(21) + P(23)] 

Jo 42 

« 2(16,900 + 16,400 + 17,000 + 19,800 + 20,700 + 21,200 

+ 20,500 + 20,500 + 21,700 + 22,300 + 21,700 + 18,900) 

= 2(237,600) = 475,200 

Thus, the energy used on that day was approximately 4.75 x 10 s megawatt-hours. 
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67 . f (sin x + sinh x) dx = — cos x + cosh x + C 

69. f (x 2 + l-\ - dx = %- + x + tan -1 x + C 

J \ x 2 + l J 3 

1/V3 f 2 _ 1 cl/%/3 f 2 _ i rl/V3 l ^ . 

—;- dt= — 7 . -r—r-r-r- dt= -r - dt = \ arctan t] = arctan (1 / v3 ) — arctan 0 

t 4 -l J 0 (t 2 + l)(t 2 -l) Jo t 2 + 1 L J0 V J 

=f-o=f 

4.5 The Substitution Rule 

1. Let u = 7TX. Then du = ndx and A du = dx, so f sin7ra dx = f sinu (A du) = A(_ cos u) + C = — A cosnx + C. 

3. Let u = x 3 + 1. Then du = 3x 2 dx and x 2 dx = A du, so 

J x 2 \/x 3 + ldx = J Vu{\du) = + C = | ■ |w 3/2 +C = |(x 3 + 1) 3/2 + C. 

5. Let u = cos 9. Then du = — sin 6 dO and sin 9 d9 = —du, so 

J cos 3 9 sin 6 d9 = J u 3 (—du) = —— + C = —\ cos 4 9 + C. 

7 . Let u = x 2 . Then du = 2 xdx and xdx = A du, so f *sin(x 2 ) dx = f sinw(A du) = — A cosm + C = — A cos(a: 2 ) + C. 

9. Let u = 1 — 2x. Then du = —2 dx and dx = — \ du, so 

f(l-2xfdx = fu 9 (—5 du) = ■ ±u 10 + C = -±(1 - 2x) 10 + C. 

11. Let u = 2x + x 2 . Then du = (2 + 2x) dx = 2(1 + x) dx and (x + 1) dx = A du, so 

x + x 2 dx = J \fu (| du) = i ^ j— + C = | ( 2x + x 2 ) 3/2 + C. 

Or: Let u = \/2x + x 2 . Then u 2 = 2x + x 2 => 2u du = (2 + 2x) dx =>■ u du = (1 + x) dx, so 

f (x + 1) \j2x + x 2 dx = f u ■ udu = f u 2 du = |m 3 + C = |(2x + x 2 ) 3 / 2 -f- C. 

13. Let u — 3 1. Then du = 3dt and dt = | du, so f sec 3 1 tan 3 tdt = f sec u tan u (| du) = | sec u + C = | sec3t + C. 

15. Let u = 3 ax + bx 3 . Then du = (3a + 3bx 2 ) dx = 3(a + bx 2 ) dx, so 

[ = = 1 — dx = [ 3 . = i [ w -1 ^ 2 du = | • 2u 1 ^ 2 + C = \ \J 3 ax + bx 3 + C. 

J V3ax + bx 3 J « 1/2 3 J 3 3 v 

17 . Let u = tan 9. Then du = sec 2 9 d9, so f sec 2 9 tan 3 9 d9 = f u 3 du = ju 4 + C = \ tan 4 9 + C. 

19. Let u = x 3 + 3x. Then du = (3x 2 + 3) dx and | du = (x 2 + 1) dx, so 

f (x 2 + l)(a; 3 + 3ir) 4 dx = f u 4 (| du) = | • + C = j^(x 3 + 3x) 5 + C. 
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21 . Let u = sin x. Then du = cos x dx, so / C °, g: dx = / du = u 2 du = — - + C = 

J siir* ./ ir ./ —1 

[or — esc* + C], 

23. Let u = 1 + z 3 . Then du = 3 z 2 dz and z 2 dz = | dit, so 

/ ^ dz = / W_1/3 ^ dw ) = t ' f w2/3 + c = K 1 + z3 ) 2/3 + c - 

25. Let it = cot x. Then du — — esc 2 x dx and esc 2 xdx = —du, so 

J cot x esc 2 xdx = J \fu (— du ) = — ^ + C = — |(cot *) 3 ^ 2 + (7. 

27. Let u = sec *. Then du = sec a; tan x dx, so 

f sec 3 x tan xdx = j sec 2 x (sec* tan*) dx = f u 2 du = fit 3 + (7 = f sec 3 * + C. 


-~+C=~—— 
u sm* 


29. Let u = 2* + 5. Then du = 2 dx and * = \ (u — 5), so 

f *(2x + 5) 8 dx = f f (it — 5)u 8 (f du) = \ f ( u 9 — 5it 8 ) du 

= JO 10 - l« 9 ) +C=M 2* + 5) 10 - i(2* + 5) 9 + C 

31. /(*) = *(* 2 — l) 3 . u — * 2 — 1 => du = 2xdx, so 

f *(* 2 — l) 3 dx = f w 3 (f du) = fu 4 + (7 = |(* 2 — l) 4 + (7 

-2 

Where / is positive (negative), F is increasing (decreasing). Where / 
changes from negative to positive (positive to negative), F has a local 
minimum (maximum). 

33. /(*) = sin 3 * cos*, u = sin* =>■ du = cos xdx, so 0.35 

f sin 3 * cos xdx = f u 3 du = f u 4 + C = \ sin 4 * + (7 

Note that at * = f, / changes from positive to negative and F has a local 0 

maximum. Also, both / and F are periodic with period n, so at * = 0 and 
at * = 7r, / changes from negative to positive and F has local minima. 

35. Let u = ft, so du = f dt. When t = 0, u = 0; when t = 1, u = f . Thus, 

fo cos(7rt/2) dt = fg /2 cos u (§ du) = § [sinu]^ 2 = § (sin f - sinO) = f (1 - 0) = § 

37. Let u = 1 + 7*, so du = 7 dx. When * = 0, u = 1; when * = 1, u = 8. Thus, 

J o \/l + 7xdx = u 1/3 (|du) = |[fu 4/3 ] i = ^(8 4/3 - 1 4/3 ) = ^(16-1) = § 



.35 



39. Let u = f/4, so du = \ dt. When f = 0, u = 0; when t = n, u = 7r/4. Thus, 

fg sec 2 (i/4) dt = JJ 1 ^ 4 sec 2 u (4 du) = 4 [tanit] f^ 4 = 4(tan f — tan0) = 4(1 — 0) = 4. 


+ <7 
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41 ■ fZ ( x 3 + x 4 tan x) dx = 0 by Theorem 6 (b), since /(x) = x 3 + x 4 tan x is an odd function. 

43. Let u = 1 + 2x, so dit = 2 dx. When x = 0, u = 1; when x = 13, u = 27. Thus, 
r 13 dx ^ 


Jo 3/ 


u 2/3 {\du) = [i ■3w 1/3 ] i =|(3-1) = 3. 


\/(l + 2x) 2 

45. Let u = x 2 + a 2 , so dtt = 2x dx and x dx = \ du. When x = 0, u = a 2 ; when x = a,u = 2a 2 . Thus, 

[ * dx = £•’ *,) = 1 [§«»'»] (f = (f = 1 [( 2 „*)»'" - (a")^] = S (2 V5 - l)< 

47. Let u = x — 1, so « + 1 = x and du = dx. When x = 1, u = 0; when x = 2, u = 1. Thus, 

J x \Jx — 1 dx = J (u + l)Vudu = j (u 3 ^ 2 + m 1 ^ 2 ) dw = + |w 3 ^ 2 j =§ + 

49. Let u = x -2 , so dit = —2x -3 dx. When x = 5 , u = 4; when x = 1, it = 1. Thus, 


2 _ 16 
3 — 15 • 


cos(x 


■ dx = / cos it 


/1/2 


51 . Let it = 1 + y/x, so du = 


2yfr 


du \ 

dx = 


1 j cos it du = — [sin it] 4 = -(sin 4 — sin 1). 

2 Ji 2 2 

2 yx du = dx => 2(u — 1) dw = dx. When x = 0, u = 1; when x = 1, 


it = 2. Thus, 


dx 


/o (1 + %/x)' 


= / -4 • [2 (w - 1 ) du] = 2 / -3 - -j dit = 2 


1 1 

’ 2u? + 3 v? 


= 2[(-| + ^)-(-| + |)]=2(i) = i 

53. From the graph, it appears that the area under the curve is about 

1 + (a little more than | • 1 • 0.7), or about 1.4. The exact area is given by 
A = fg \/2x + 1 dx. Let it = 2x + 1, so du = 2 dx. The limits change to 

2 • 0 + 1 = 1 and 2 • 1 + 1 = 3, and 

A = J 3 dtt) = | [fit 3 / 2 ] ’ = | (3 V3 - 1 ) = ^3 - | « IT 
55. First write the integral as a sum of two integrals: 


.399. 



I = f_ 2 (x + 3)\/4 — x 2 dx = 7i + J 2 = f_ 2 x y/4 — x 2 dx + f_ 2 3 y/4 — x 2 dx. 7i = 0 by Theorem 6 (b), since 
/(x) =XyfA — x 2 is an odd function and we are integrating from x = —2 to x = 2. We interpret I 2 as three times the area 
a semicircle with radius 2, so / = 0 + 3 • 5 (71 • 2 2 ) = 67 T. 

57. The volume of inhaled air in the lungs at time t is 

/ t rt ^ / 2 ^ \ 7*27rt/5 ^ / 5 \ 

/(tt)dit = J — sin f — ujdu = J -sintif— dv) [substitute v = it, dv = n? dit] 


5 r -1 27rt/5 5 

= — - cos v L = — 
4jr l jo 4tt 




\ 1 

5 

/ 

'2tx \] 

M 

4ir 

1 — COS 1 

,T*)J 


liters 
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59. Let u = 2*. Then du = 2 dx, so ff /( 2x) dx = fg f(u)(\ du) = § ff f(u ) du = §(10) = 5. 


61. Let u = —x. Then du = —dx, so 

fa f(~ x ) dx = f-a f ( u )(~ du ) = fib /( M ) du = Hb f( x ) dx 

From the diagram, we see that the equality follows from the fact that we are 
reflecting the graph of /, and the limits of integration, about the y-axis. 



63. Let u = 1 — x. Then x = 1 — u and dx = —du, so 

ff x a (l — x) b dx = ff (1 — u) a u b (—du) = ff u b (l — u) a du = ff x b (l — x) a dx. 

65. fg'' 2 /(cos*) dx = ff'' 2 /[sin( : | — *)] dx [u = ^ — x, du = —dx] 

= f °/2 /(sin u)(—du) = ff /2 f (sin u) du = ff /2 /(sin*) dx 
Continuity of / is needed in order to apply the substitution rule for definite integrals. 

67. Let u = 5 — 3*. Then du = —3dx and dx = — § du, so 

/ 5^31 = fl, =-§ ln M+C = -§l n |5-3*|+C. 

69. Let u = In*. Then du = —, so f dx = f u 2 du = §u 3 + C = §(ln*) 3 + C. 

x J x 

71. Let u — 1 + e x . Then du = e x dx, so f e x y/l + e x dx = f sjudu = §m 3 ^ 2 + C = |(1 + e x ) 3 ^ 2 + C. 

Or: Let u = \/l + e x . Then u 2 — 1 + e x and 2 u du = e x dx, so 
f e x y/l + e x dx = f u-2udu= | u 3 4 -C = |(1 + e x ) 3 ^ 2 + C. 

73. Let u = tan *. Then du = sec 2 * dx, so / e tan x sec 2 * dx = f e u du = e u + C = e tan x + C. 

75. Let u — 1 + * 2 . Then du = 2* dx, so 

f 1 + x , f 1 , f x , _i f § du I,. 

/ -r ■ dx = / - rd*+ / -r - dx — tan x+ — -= tan * + / In \u\ + C 

J 1 + x 2 J 1 + * 2 J 1 + * 2 J u 

= tan -1 * + § In11 + * 2 | + C = tan -1 * + § ln(l + * 2 ) + C [since 1 + * 2 > 0]. 


__ f sm 2* „ / sin * cos * , „ r T . 

77. / --— dx = 2 - - — dx = 21. Let u = cos *. Then du = — sin * dx, so 

J 1 + cos 2 * J 1 + cos 2 * 

21 = —2 f — C ^ a . = — 2 • § ln(l + u 2 ) + C = — ln(l + u 2 ) + C = — ln(l + cos 2 *) + C. 
J 1 + it 2 

Or: Let u = 1 + cos 2 *. 


79. 


/ cot xdx = / C ° S ‘ T dx. Let u = sin *. Then du = cos * dx, so / cot * dx = / — du = In Id + C = In I sin *1 + C. 
J sm* J J u 


81. Let u = In*, so du = —. When x = e, u = 1; when * = e 4 ; u = 4. Thus, 
* 


dx 


_= / u 1/2 dtt — 

*Vln* J i 


2 w 1/2 * = 2(2 - 1 ) = 2 . 
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83. Let u — e z + z, so du = ( e z + 1) dz. When 2 = 0, u = 1; when z = 1, u = e + 1. Thus, 


f 1 e z + 1 , 

r +1 1 r 

/ - dz = 

/ — du = In ltd 

Jo e z + z 

Ji u- - 


85. - S ^ n X = x • — S ^ n = x /(sin*), where f(t) = —^ . By Exercise 64, 

1 + cos 2 x 2 - sin 2 * J w 2 - t 2 J 

f n x sin* [ w . . . 7r /’ 7r . , , ir T sin* 

/ --—a* = / i r sin* o*= - / nsm* d*= — / --— 

7o 1+COS 2 * 7o 2 J 0 ' 2 J 0 l + cos 2 * 

Let u = cos *. Then du = — sin * d*. When * = rr, m = — 1 and when * = 0, u = 1. So 

^ /*7T . • ™ „ /* —1 _ 


7T / sin a; _ 7r 
2 7 0 1 + cos 2 * dX = ~2 , 


d« TT f 1 du 7T r -111 

TTu 2 = 2 7_ 1 TTm 2 = 2 f tan 


)[tan 1 1 — tan ^-l)] = | | - (-|) 


4 Review 


CONCEPT CHECK 


1. (a) y/L, /(**) A* is an expression for a Riemann sum of a function /. 

** is a point in the ith subinterval [*i_i , *;] and A* is the length of the subintervals. 

(b) See Figure 1 in Section 4.2. 

(c) In Section 4.2, see Figure 3 and the paragraph beside it. 

2 . (a) See Definition 4.2.2. 

(b) See Figure 2 in Section 4.2. 

(c) In Section 4.2, see Figure 4 and the paragraph by it (contains “net area”). 

3. See the Fundamental Theorem of Calculus on page 317. 

4. (a) See the Net Change Theorem on page 324. 

(b) J* 2 r(t) dt represents the change in the amount of water in the reservoir between time ti and time £ 2 - 

5. (a) J^° v(t) dt represents the change in position of the particle from t = 60 to t = 120 seconds. 

(b) fgg° dt represents the total distance traveled by the particle from t = 60 to 120 seconds. 

(c) fgg° a(t) dt represents the change in the velocity of the particle from t = 60 to t = 120 seconds. 

6. (a) f /(*) d* is the family of functions { F \ F' = /}. Any two such functions differ by a constant. 

(b) The connection is given by the Net Change Theorem: f* /(*) d* = [/ /(*) d*] if / is continuous. 
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7. The precise version of this statement is given by the Fundamental Theorem of Calculus. See the statement of this theorem and 
the paragraph that follows it at the end of Section 4.3. 

8. See the Substitution Rule (4.5.4). This says that it is permissible to operate with the dx after an integral sign as if it were a 
differential. 


TRUE-FALSE QUIZ 


1. True by Property 2 of the Integral in Section 4.2. 
3. True by Property 3 of the Integral in Section 4.2. 


5. False. For example, let /(*) = x 2 . Then \fxP- dx = xdx = but y f* x 2 dx = ^. 

7. True by Comparison Property 7 of the Integral in Section 4.2. 

9. True. The integrand is an odd function that is continuous on [—1,1], so the result follows from Theorem 4.5.6(b). 

11. False. For example, the function y = |x| is continuous on R, but has no derivative at * = 0. 


13. True. By Property 5 in Section 4.2, 

p3tt 


15. False. 


17. False. 


• /»27T • /*37T 

sin x . / smx , / smx . 

- dx — \ - dx + / - dx 


smx 

x 


dx = 


smx 


x 

/*37T 


■ dx + 

X J 2n X 


dx — - 1 

X J 2n X 


dx 


• p3tt • n'2'K 

smx . / smx . / smx . 

- dx = / - dx+ - dx 

x Jn X J X 


[by reversing limits]. 


f(x) dx is a constant, so ^ j^ f(x) dxj = 0, not f(x) [unless f(x) = 0], Compare the given statement 

carefully with FTC1, in which the upper limit in the integral is x. 

The function f(x) = l/* 4 is not bounded on the interval [—2,1], It has an infinite discontinuity at x = 0, so it is 
not integrable on the interval. (If the integral were to exist, a positive value would be expected, by Comparison 
Property 6 of Integrals.) 


EXERCISES 



Le = J2 f(xi- 1 ) Ax [Ax = A_o = l] 

i=1 

= f{x o) • 1 + f(x l) ■ 1 + /(x 2 ) • 1 + /(x 3 ) • 1 + /(x 4 ) • 1 + /(x 5 ) ■ 1 
«2 +3.5 4-4 + 2 + (-1) + (-2.5) = 8 

The Riemann sum represents the sum of the areas of the four rectangles 
above the x-axis minus the sum of the areas of the two rectangles below the 


x-axis. 
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Me = £ m) Ax [Ax=^ = 1] 

i=1 

= f( x i) • 1 + f(x 2 ) • 1 + f{x 3 ) ■ 1 + f(x 4 ) • 1 + f(x 5 ) • 1 + f{xe) ■ 1 
= /(0.5) + /(1.5) + /(2.5) + /(3.5) + /(4.5) + /(5.5) 

« 3 + 3.9 + 3.4 + 0.3 + (-2) + (-2.9) = 5.7 
The Riemami sum represents the sum of the areas of the four rectangles 
above the x-axis minus the sum of the areas of the two rectangles below the 
x-axis. 


3. fg (x + x/1 — x 2 )dx = fg xdx + fg \/l — x 2 dx = Ii 4 -/ 2 . 

7i can be interpreted as the area of the triangle shown in the figure 
and I 2 can be interpreted as the area of the quarter-circle. 
Area=i(l)(l) + i( T )(l) 2 = i + f. 




5 - fo f( x ) dx = fo /(*) dx + Zf /( x ) dx =* 10 = 7 + ff f(x) dx =>■ / 4 6 f(x) dx = 10 - 7 = 3 

7. First note that either a or b must be the graph of fg f(t) dt, since J Q ° /(f) dt = 0, and c(0) 7 ^ 0. Now notice that b > 0 when c 
is increasing, and that c > 0 when a is increasing. It follows that c is the graph of f(x), b is the graph of f'{x), and a is the 


graph of ff /(f) dt. 


9. ff(8x 3 + 3x 2 ) dx = [8 • jx 4 + 3 • \x 3 }\ = [2x 4 + x 3 ] 4 = (2 • 2 4 + 2 3 ) - (2 + 1) = 40 - 3 = 37 

11./ 0 1 (l-x 9 )dx=[x-ix 10 ]J = (l-i)-0=A 

13. J — -— du = J (u _1,/2 — 2 m) du = ^m 1 ^ 2 — m 2 J = (6 — 81) — (2 — 1) = —76 


15. Let u = y 2 + 1, so du = 2 y dy and y dy = | du. When y = 0, u = 1; when y = 1, m = 2. Thus, 


fo v(y 2 + 1) 5 d y = h « 5 (I du ) = ■§ [|« 6 ] i = 12 ( 64 -!) = f§ = 

dt . , 1 


17- / 7 does not exist because the function /(f) = 

Ji \t ~ 4 )“ 

that is, / is discontinuous on the interval [1,5]. 


(f-4) 2 


has an infinite discontinuity at f = 4; 


19. Let m = u 3 , so du = 3v 2 dv. When v = 0, u = 0; when v = 1, u = 1. Thus, 
fg 1 v 2 cos(v 3 ) dv = fg 1 cos u (1 <7u) = | [sin m ] ^ | (sin 1 — 0) = | sin 1. 

21 . 


^7t/4 


/—tt /4 2 +COSt 


dt. = 0 by Theorem 4.5.6(b), since /(f) = 


2 + cos f 


is an odd function. 


23. Let u = sin7rf. Then du = tt cosrrf dt, so f sin7rf cos7rf dt = f u(f du) = i • | m 2 + C = 2^(sin7rf) 2 + C. 




CHAPTER 4 REVIEW □ 215 


25. Let u = 26. Then du = 2 d6, so 

f 0 K/8 sec 26 tan2 6dd = sec u tanrt (| du) = | [seen] ( ^ /4 = | (sec \ — secO) = § (72 — l) = \ \[2 — 


27. Since x 2 — 4 < 0 for 0 < x < 2 and x 2 — 4 > 0 for 2 < x < 3, we have |x" — 4| = —(x 2 — 4) = 4 — x“ for 0 < x < 2 and 
lx 2 — 4| = x 2 — 4 for 2 < x < 3. Thus, 


f |x 2 — 4| dx = f (4 —x 2 )dx + f (x 2 — 4 )dx = 

Jo Jo j 2 

= (8— I) - 0 + (9 — 12) - (f - 8) = 


x 3 

4x —— 

2 

x 3 

-4x 

+ 

3 

0 

3 


16 

3 


3+4£ = 


32 _ 9 
3 3 


23 

3 


29. Let u = 1 + sin x. Then du = cos x dx, so 
f cos x dx 


71 + sir 


= f u 1//2 du = 2u 1//2 + (7 = 2 71 + sinx + C. 


3 



31. From the graph, it appears that the area under the curve y = x sjx between x = 0 
and x = 4 is somewhat less than half the area of an 8 x 4 rectangle, so perhaps 
about 13 or 14. To find the exact value, we evaluate 

f 0 4 x^dx = f 4 x 3 ' 2 dx = [§x 5 / 2 ]* = §(4) 5 / 2 = f = 12.8. 


8 



33. F(x) = 


d 


'o 1 + t 3 


dt =>■ F'(x) = — 


* -dt= X J 


dx J 0 1 + t 3 1 + x 3 


nr . _ 4 , du . o ., dq dq du 

35. Let u = x . Then — = 4a: 3 . Also, — = — —, so 
dx dx du dx 


4 

</(x) = [ cos(t 2 ) dt = 4" f cos(t 2 ) dt • ^ = cos(m 2 ) ^ = 4x 3 cosfx 8 ). 

y y 1 dx J 0 v 1 du Jo v ' dx v ; dx v ' 


37. y = 


-d6 = 


■dd + 


r ‘ 1 cos# 


/v/s 




6 


dd = 


cos d 


d6>- 


^ cos d 

, T" 


d6» 


, COS X cos 7x 1 2 cos x — cos 7x 


7x 2 7x 


2x 


39. If 1 < x < 3, then 7l 2 +3 < 7x 2 + 3 < 73 2 + 3 =+ 2 < 7x 2 + 3 < 2 73, so 

2(3 - 1) < f 3 Vx 2 +3 dx < 2 ^3(3 - 1); that is, 4 < f 3 7x 2 + 3 dx < 4 73. 

41. 0 < x < 1 => 0 < cos x < 1 =>■ x 2 cos x < x 2 =>■ f 4 x 2 cos x dx < f 4 x 2 dx = | [x 3 ] 4 = | [Property 7], 

43. Ax = (3 — 0)/6 = i, so the endpoints are 0, 1, |, 2, |, and 3, and the midpoints are 1, |, |, |, |, and A. 

The Midpoint Rule gives 

/ 3 sin(x 3 ) dx « L /(*») Ax = § |sin(i) 3 + sin(|) 3 + sin(|) 3 + sin(|) 3 + sin(§) 3 + sin( A) 3 j « 0.280981. 





216 □ CHAPTER 4 INTEGRALS 


45. Note that r(t) = b'(t), where 6(f) = the number of barrels of oil consumed up to time t. So, by the Net Change Theorem, 
J Q 8 r(t) dt = 6(8) — 6(0) represents the number of barrels of oil consumed from Jan. 1, 2000, through Jan. 1, 2008. 

47. We use the Midpoint Rule with n = 6 and At = 24 ^~ 0 = 4. The increase in the bee population was 

/ 0 24 r(t) dt « M 6 = 4[r(2) + r(6) + r(10) + r(14) + r(18) + r(22)] 

« 4[50 + 1000 + 7000 + 8550 + 1350 + 150] = 4(18,100) = 72,400 

49. Let u = 2 sin 6. Then du = 2 cos 9 d6 and when 9 = 0, u = 0; when 9 = u = 2. Thus, 

fo' 2 f (2sin 9) cos 9d9 = f 2 f(u)(^ du) = \ f 2 f(u)du = 5/0 f(x)dx = ±(6) = 3. 

r f x ) f( x ) 

51. / /(f) dt = x sin x + / - - dt =$■ f(x)=xcosx + sinx + -—[by differentiation] =>■ 

Jo Jo l + ‘ 1 + x 

( 1 \ ( x 2 \ 1+x 2 

fix) 1 — - 7 = * cos x + sin x =>■ fix) - 7 = x cos x + sin x =>■ f(x) = - »—(x cos x + sin*) 

\ 1 + x 1 ) \ 1 + x J x 

53. Let u = f{x) and du = f'(x) dx. So 2 f(x)f'(x) dx = 2 u du = [u 2 ] ^ = [/(6)] 2 - [/(a)] 2 . 

55. Let u = 1 — x. Then du = —dx , so f* /(1 — x) dx = f° f(u)(—du) = f 2 f(u) du = f(x) dx. 



□ PROBLEMS PLUS 


1. Differentiating both sides of the equation x sin irx = fj f{t)dt (using FTC 1 and the Chain Rule for the right side) gives 
sin txx + ttx cos ttx = 2x/(x 2 ). Letting x = 2 so that /(x 2 ) = /(4), we obtain sin 27r + 2-7T cos 27r = 4/(4), so 
/(4) = i(0 + 27r-l) = f. 

3. Differentiating the given equation, f* f(t) dt = [/(x)] 2 , using FTC1 gives f{x) = 2/(x) f'(x) => 

/(x)[2/'(x) — 1] = 0, so f(x) = 0 or f(x) = §. Since f(x) is never 0, we must have f'(x) = ^ and /'( x) = § =>■ 

f(x) = \x + C. To find C, we substitute into the given equation to get f* (4/ + C) dt = (±x + C) 2 4* 

\x 2 + Cx = \x 2 + Cx + C 2 . It follows that C 2 = 0, so C = 0, and f(x) = \x. 


rg{x) ^ /■cos x 

5. f(x) = / ■■ , dt , where g(x) = [1 + sin(r )] dt. Using FTC1 and the Chain Rule (twice) we have 

Jo v 1 + 1 3 Jo 

11 

f(x) = — = g'(x) = — = [1 + sin(cos 2 x)](— sinx). Now <?(?)=/ [1 + sin(/ 2 )] dt = 0, so 

^i + WW y J o 


/'(f) = (1 + sin0)(-l) = 1 • 1 . (-1) 


- 1 ) = - 1 . 


7. f(x) = 2 + x — x 2 = (—x + 2)(x + 1) = 0 44 x = 2 or x = — 1. f(x) > 0 for x £ [—1,2] and f(x) < 0 everywhere 
else. The integral J (2 + x — x 2 ) dx has a maximum on the interval where the integrand is positive, which is [—1,2], So 
a = —1, b = 2. (Any larger interval gives a smaller integral since /(x) < 0 outside [—1, 2], Any smaller interval also gives a 
smaller integral since /(x) > 0 in [—1, 2].) 


9. (a) We can split the integral [x] dx into the sum Y f‘_ t |x] dx . But on each of the intervals [i — 1, i) of integration, 

i =1 L -I 

fx] is a constant function, namely i — 1. So the rth integral in the sum is equal to (i — 1 )[*—(* — 1)] = (i — 1). So the 

n n-1 t n _ Ojj 

original integral is equal to ^ (i — 1) = Y i = - ---. 

i= 1 i= i 2 


(b) We can write / Q b [x] dx = / Q 6 [x] dx — J 0 “ [x] dx. 

Now fg [x] dx = / 0 ^ [xj dx + |x] dx. The first of these integrals is equal to |([b] — 1) [6], 

by part (a), and since [x] = [6] on [[6], 6], the second integral is just [6] (b — [b]). So 

So H dx = - !) l b i + M ( b - M) = \ M ( 2b - l b l - l) and similarly /“ [x] dx = \ [a] (2a - la] - 1). 

Therefore, / o 6 [x] dx = \ [6] (2b — [b] — 1) — § [a] (2a - [a] - 1). 
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c ,3 . d. 


b 2 . c 3 


11. Let Q(x ) = J P(t ) dt = |^at + -t + -r + — t J = ax + -x + -ar + -x . Then Q(0) = 0, and Q( 1) = 0 by the 

given condition, + ^ + ^ = 0. Also, Q'{x) = P(x) = a + bx + ex 2 + dx 3 by FTC1. By Rolle’s Theorem, applied to 

Q on [0,1], there is a number r in (0,1) such that Q'{r) = 0, that is, such that P(r) = 0. Thus, the equation P(x) = 0 has a 
root between 0 and 1. 

More generally, if P (x) = ao + aix + a2X 2 + • • • + a n x n and if ao + + ■ ■ ■ H —~^—r = 0, then the equation 


2 3 


P (x) = 0 has a root between 0 and 1. The proof is the same as before: 


Let Q(x) = / P(t) dt = aox + x 2 + x 3 + ■ ■ ■ -\ - x n . Then Q(0) = Q( 1) = 0 and Q'(x) = P{x). By 

Jo 2 6 n +1 

Rolle’s Theorem applied to Q on [0,1], there is a number r in (0,1) such that Q'(r) = 0, that is, such that P(r) = 0. 


13. Note that — 

dx 


f(t)dt du)= /(f) dt by FTC 1, while 


^ f{u){x-u)du =-£- xj^ f(u)du ^ f{u)udu 


= Jo f ( u ) du + x f ( x ) - f( x ) x = fo /( u ) du 


Hence, f* f(u)(x — u) du = f* [/ Q u f{t) dt] du + C. Setting x = 0 gives C — 0. 



1 




5 □ APPLICATIONS OF INTEGRATION 


5.1 Areas Between Curves 


px=A pA pA 

1. A = / ( dt — Vb ) dx = I [(5a; — x 2 ) — x] dx = / (4x — x 2 ) dx = [2x 2 — |^ 3 ] 0 = (32 — — (0) = ^ 

Jx =o Jo Jo 


3. A = 


ry =i 


(xr - xl) dy 


)y=0 



— (f — i + 1 ) — (°) 


4 

3 


5. A = J [(9 — x 2 ) — (x + 1 )] dx 


= J (8 — x — x 2 ) dx 




- (16-2-!) - (-8-i + i) 
= 22-3+i = f 


[ {y 1/2 - y 2 + 0dy =\lv 3/2 - \y 3 + y\ 

Jo L J 0 




7. The curves intersect when (x — 2) 2 = x -o- x 2 ~ 4x + 4 = x -o- a: 2 — 5x + 4 = 0 -o- 
(x — l)(x — 4) = 0 •<=> x = lor4. 



0 /x I 3\ 2 

9. First find the points of intersection: \/x + 3 = —-— => (y/x + 3) = (—-— j 


4(x + 3) - (x + 3) 2 = 0 


(x + 3) [4 — (x + 3)] = 0 


(x + 3)(1 — x) = 0 


x + 3 — ^ {pc + 3) 


x = — 3 or 1. So 


A = 


V x + 3 — 


x + 3 


dx 


|(x + 3) 3 / 2 - (x + 3)2 


= (t-4)-(0-0) = 
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19. By inspection, the curves intersect at x = ±|. 



21. From the graph, we see that the curves intersect at x = 0, x = and x = 7r. By symmetry, 



23. Notice that cos x = sin 2x = 2 sin x cos x •<=> 2 sin* cos * — cos® = 0 4=> cos* (2 sin a: — 1) = 0 4=> 



25. \x = s/x =>■ \x 2 = x =>■ * 2 — 4* = 0 =>■ x(x — 4) = 0 =>■ * = 0 or 4, so 
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27. Graph the three functions y = 1/x 2 , y — x, and y = |x; then determine the points of intersection: (0, 0), (1,1), and (2, . 



29. An equation of the line through (0, 0) and (3,1) is y = |x; through (0, 0) and (1, 2) is y = 2x; 
through (3,1) and (1, 2) is y = — |x + §. 



31 . The curves intersect when sin x = cos 2x (on[0,7r/2]) 4=> sinx = 1 — 2 sin 2 x 4=> 2 sin 2 x + sin a; — 1 = 0 4=> 

(2sinx — l)(sinx + 1) = 0 =>• sinx = ^ =>■ x = 


r t /2 

A= |sinx — cos2x| dx 

Jo 


= / (cos 2x — sin x) dx + / (sin x — cos 2x) dx 

Jo J 7r/6 

= [| sin2x + cosx] + [— cosx — § sin2x]^“ 

= (i ^3 + i V3) - (0 + 1) + (0 - 0) - (-§ V3 - \ VS) 

= 1^3-1 




From the graph, we see that the curves intersect at x = 0 and x = a « 0.896, with 
x sin(x 2 ) > x 4 on (0, a). So the area A of the region bounded by the curves is 

A= f [xsin(x 2 ) — x 4 ] dx = [— | cos(x 2 ) — |x 5 ]™ 

Jo 

= — | cos(a 2 ) — |a 5 + \ w 0.037 
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From the graph, we see that the curves intersect at 
x = a « —1.11, x = b zz 1.25, and x = c « 2.86, with 
x 3 — 3* + 4 > 3x 2 — 2x on (a, 6) and 3x 2 — 2x > x 3 — 3x + 4 
on (6, c). So the area of the region bounded by the curves is 


pb pc 

A= [(x 3 - 3x + 4) - (3x 2 - 2x)] dx + [(3x 2 - 2x) - (x 3 - 3x + 4)] dx 

J a J b 

pb pc 

= / (x 3 — 3x 2 — x + 4 )dx + / (—x 3 + 3x 2 + x — 4) dx 


= [|x 4 — x 3 — |x 2 + 4x] a + [— jx 4 + x 3 + \x 2 — 4x] ° b rj 8.38 



Graph Yi=2/( l+x~ 4) and Y 2 =x~ 2. We see that Yi > Y 2 on (— 1,1), so the 
f 1 ( 2 

area is given by / -- — x dx. Evaluate the integral with a 

J -1 vt + x 4 y 

command such as fnlnt (Yi -Y 2 , x, -1, 1) to get 2.80123 to five decimal 
places. 

Another method: Graph f(x) = Yi =2/ (1+x ~ 4) -x ~ 2 and from the graph 
evaluate f f(x) dx from —1 to 1. 



41. As the figure illustrates, the curves y = x and y = x 5 — 6x 3 + 4x 
enclose a four-part region symmetric about the origin (since 
x 5 — 6x 3 + 4x and x are odd functions of x). The curves intersect 
at values of x where x 5 — 6x 3 + 4x = x; that is, where 
x(x 4 — 6x 2 + 3) = 0. That happens at x = 0 and where 




3 ± y/6; that is, at x 


^3 + \/6, — \/3 — \/6, 0, \/3 — \/6, and \/3 + \/6. The exact area is 



c = 12 %/6 — 9 
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43. 1 second = hour, so 10 s = h. With the given data, we can take n = 5 to use the Midpoint Rule. 

A , = 1/360-0 = _j_ 

5 1800’ bU 

distanceKeiiy — distancechris = J 0 1/36 ° vk dt — fg /36 ° vc dt = fg /36 ° (vk — vc) dt 

~ Ms = [(VK — uc)(l) + (vk — vc)( 3) + (VK — vc){ 5) 

+ (vk - vc)( 7) + (vk - uc)(9)] 

= -L [(22 - 20) + (52 - 46) + (71 - 62) + (86 - 75) + (98 - 86)] 

= I£oo( 2 + 6 + 9 + 11 + 12 ) = Hoo( 40 ) = h mile > or 117 I feet 
45. Let h(x) denote the height of the wing at x cm from the left end. 

A& M 5 = 200 ~ ° [h( 20) + ft(60) + fi(100) + ft(140) + fc(180)] 
o 

= 40(20.3 + 29.0 + 27.3 + 20.5 + 8.7) = 40(105.8) = 4232 cm 2 

47. We know that the area under curve A between t = 0 and t = x is f* VA(t ) dt = sa(*), where VA(t) is the velocity of car A 
and sa is its displacement. Similarly, the area under curve B between t = 0 and t = x is vb (t) dt = sb(*). 

(a) After one minute, the area under curve A is greater than the area under curve B. So car A is ahead after one minute. 

(b) The area of the shaded region has numerical value sa(1) — sb( 1), which is the distance by which A is ahead of B after 
1 minute. 

(c) After two minutes, car B is traveling faster than car A and has gained some ground, but the area under curve A from 1 = 0 
to t = 2 is still greater than the corresponding area for curve B, so car A is still ahead. 

(d) From the graph, it appears that the area between curves A and B for 0 < t < 1 (when car A is going faster), which 
corresponds to the distance by which car A is ahead, seems to be about 3 squares. Therefore, the cars will be side by side 
at the time x where the area between the curves for 1 < t < x (when car B is going faster) is the same as the area for 

0 < t < 1. From the graph, it appears that this time is x « 2.2. So the cars are side by side when t ~ 2.2 minutes. 

49. y = — x\Jx + 3 T° graph this function, we must first express it as a combination of explicit 

functions of y; namely, y = dzx \/x + 3. We can see from the graph that the loop 
extends from x = — 3 to x = 0, and that by symmetry, the area we seek is just 
twice the area under the top half of the curve on this interval, the equation of the 
top half being y = —x \Jx + 3. So the area is A = 2 f° 3 (—x \Jx + 3) dx. We 
substitute u — x + 3, so du = dx and the limits change to 0 and 3, and we get 
A = — 2 [(w — 3)vTt] du = —2 fg(u 3 / 2 — 3w 1,/2 ) du 

= -2[§u 5/2 - 2 m 3/2 ]^ = —2[§(3 2 y/3) -2(3v / 3)] = f V3 
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By the symmetry of the problem, we consider only the first quadrant, where 
y = x 2 =>■ x = y/y. We are looking for a number b such that 

J o \/y dy = J b 'Jy dy =*■ I [y 3/2 ] 0 - I [y 3/2 ] b =*■ 

b 3/2 = 4 3/2 _ b 3/2 ^ 2b 3/2 _ g ^ & 3/2 _ 4 ^ ft = 4 2 / 3 ~ 2.52. 


53. We first assume that c > 0, since c can be replaced by —c in both equations without changing the graphs, and if c = 0 the 
curves do not enclose a region. We see from the graph that the enclosed area A lies between x = —c and x = c, and by 


symmetry, it is equal to four times the area in the first quadrant. The enclosed area is 
A = 4 fo (c 2 -x 2 )dx = A[c 2 x - i® 3 ] “ = 4(c 3 - |c 3 ) = 4(§c 3 ) = §c 3 
So A = 576 44 §c 3 = 576 44 c 3 = 216 44 c = ^2l6 = 6. 

Note that c = —6 is another solution, since the graphs are the same. 



55. A= f (l-^Wfhrz+ll 

J l V* x 2 J L x ii 

= (in 2 + |) - (in 1 + 1) 

= ln2- i « 0.19 




57. The curves intersect when tan x = 2 sin x (on [— n/3, 7r/3]) 44 sin x = 2 sin x cos x 44 

2 sin x cos x — sin x = 0 44 sin a: (2 cos a; — 1) = 0 44 sin a; = 0 or cos x = ^ 44 a; = 0orx = ±^. 
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5.2 Volumes 


1. A cross-section is a disk with radius 2 — so its area is A(x) = 7t(2 — \x) . 

r 2 C 2 

V= A(x) dx = / 7r(2 — |a;) 2 dx y> ' y = 2- 

,2 1 - 

= 7 r / (4 — 2x + dx x = 1 

J 1 r 
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9. A cross-section is a washer with inner radius y 2 
and outer radius 2y, so its area is 
A(y) = n(2y) 2 — Tv(y 2 ) 2 = 7t(4j/ 2 — y 4 ). 


V= A(y) dy = n (4y 2 - y 4 ) dy 


= *[iy 3 -h% = -& -¥) = > 


y 




11. A cross-section is a washer with inner radius 1 — yfx and outer radius 1 — x 2 , so its area is 


A(x) = 7T [(1 — X 2 ) 2 — (1 — \[x ) 2 j 

= ir[(l — 2x 2 + x 4 ) — (1 — 2 y/x + x)] 

= 7r(x 4 — 2x 2 + 2y/x — x) . 

V = f 4 A(x) dx = f 4 n(x 4 — 2x 2 + 2x 4 ! 2 — x) dx 

= 7 r[ix 6 -|x 3 + lx 3 / 2 -ix 2 ]^ 

= A\-l + t-\) = ¥ 0 * 




13. A cross-section is a washer with imier radius (1 + sec x) — 1 = sec x and outer radius 3 — 1 = 2, so its area is 

,2 


A(x) 

= 7r[2 2 — (secx) 2 ] 

= 7 f (4 — 


rn /3 

rn /3 

V = 

/ A(x) dx = j 

! 7 t (4 - 


J~n /3 J 

— 7 r /3 


r n/3 2 

= 2tv (4 — sec x) dx [by symmetry] 


= 2-7T ^4x — tan xj = 27r [(4^ — \/3) — 0] 
= 27 r(f -y/3) 




15. A cross-section is a washer with imier radius 2 — 1 and outer radius 2 — ^fy , so its area is 

A(y) = tt [(2 — iffy ) 2 — (2 — l) 2 ] = 7r [4 — 4^/y + y/y* — l]. 

V = J A (y)dy = n{3 - 4y 1/3 + y 2/3 ) dy = n ^3y - 3y 4/3 + |t/ 2/3 j q = tt( 3 - 3 -f |) = frr. 
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17. From the symmetry of the curves, we see they intersect at x = \ and so y 2 = | 4=> y = ±y A cross-section is a 

washer with inner radius 3 — (1 — y 2 ) and outer radius 3 — y 2 , so its area is 
A(y) = 7r[(3 — y 2 ) 2 — (2 + y 2 ) 2 ] 

= 7T [(9 — 6 y 2 + y 4 ) - (4 + 4 y 2 + y 4 )\ 

— 7t(5 — 10 y 2 ). 
rv /I /2 

l/= / A(y)dy 
1/V2 

/•TV 5 2 

= 2 / 57r(l — 2y ) dy [by symmetry] 

Jo 

= 10 »(^) 

19. 9fti about OA (the line j/ = 0): 

v= f A(x) dx = f Tx(x) 2 dx = 7T [^£C 3 ] Q = 

JO Jo 

21. 9ft i about Ail (the line a; = 1): 

V=[ A(y)dy=f tt(1 - yf dy = ir f (1 - 2y + y 2 ) dy = 7r[y - y 2 + ft/ 3 ]* = |rr 
Jo Jo Jo 

23. 277.2 about OA (the line y = 0): 

V = J A(x) dx = J 7r [l 2 — (\/a: ) 2 J dx = tt J (1 — x 1 ^ 2 ) dx = it [e — §x 3 ^ 2 J = 7r(l — |) = |7r 

25. 277.2 about AB (the line x = 1): 

V = [ A{y) dy = f 7r[l 2 - (1 - j/ 4 ) 2 ] dy = it f [1 - (1 - 2j/ 4 + t/ 8 )] dy 

Jo Jo Jo 

= n f {2y 4 — y s ) dy = n [|t/ 5 - |y 9 ] 4 =7 r(f - f) = §tt 
Jo 

27. Sft .3 about OA (the line y = 0): 

V = J A(x) dx = J 7r — x 2 j dx = 7r J [x 1 ^ 2 — x 2 ) dx = 7r|^|a; 3 ^ 2 — |x 3 j = 7r(| — §) = §7r 

Note: Let 9ft = 9fti U 9ft2 U 9ft,3. If we rotate 9ft about any of the segments OA, OC, AB, or BC, we obtain a right circular 
cylinder of height 1 and radius 1. Its volume is nr 2 h = 7r(l) 2 • 1 = 7r. As a check for Exercises 19, 23, and 27, we can add the 
answers, and that sum must equal ir. Thus, ^7r + |7r -+- |7r = n. 
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29. S/I 3 about AB (the line x = 1): 


v =[ A (y)dy=[ 7f[(l - y 4 ) 2 - (1 - y) 2 ]dy = n f [(1 - 2y 4 + y S ) - (1 - 2y + y 2 )]dy 
Jo Jo Jo 

= « [\y*-2y*-y>+2y)dy = *[\y»-iyS-\y 3 + y% =7r (I-|-i + 1 ) = 12. 

Jo 

Note: See the note in Exercise 27. For Exercises 21, 25, and 29, we have 4*r+ ^7!-+ = 7T. 


31. (a) About the a>axis: 

V = j;' 4 7 r(tan x) 2 dx = n f^ 4 tan 2 x dx 
« 0.67419 



(b) About j/ = —1: 

V = fo'* * {[tanx - (-i)] 2 - [0- (-l)] 2 }da; 
= 7r /^^[(tana: + l) 2 — l 2 ] da; 

= 7r fg^ 4 ( tan 2 a: + 2 tan a:) da; 
ss 2.85178 





[Notice that this is the same approximation as in part (a). This can be explained by Pappus’s Theorem in Section 8.3.] 
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y = 2 + x 2 cos x and y = x 4 + x + 1 intersect at 
x = a » —1.288 and x = b « 0.884. 



39. 7r sinxdx = 7r ^Vsinrr J dx describes the volume of solid obtained by rotating the region 
9ft = | (x, y) | 0 < x < 7r, 0 < j/ < Vsini’j- of the a;j/-plane about the a>axis. 

41. 7 t fg (y 4 — y 8 ) dy = 7r f 4 \{y 2 ) 2 — (j/ 4 ) 2 ] dy describes the volume of the solid obtained by rotating the region 
9ft = { (x, y) | 0 < y < 1 ,y 4 < x < y 2 } of the xy-plane about the y-axis. 


43. There are 10 subintervals over the 15-cm length, so we’ll use n = 10/2 = 5 for the Midpoint Rule. 
V = f 0 15 A(x ) dx « M 5 = ±5=2 [A(1.5) + ,4(4.5) + A( 7.5) + ^4(10.5) + .4(13.5)] 

= 3(18 + 79 + 106 + 128 + 39) = 3 • 370 = 1110 cm 3 
45. (a) V = f™n[f(x)] 2 dx~n^{lf(3)] 2 + {f(5)] 2 + {f(7)} 2 + [f(9)] 2 } 

« 2tt [(1.5) 2 + (2.2) 2 + (3.8) 2 + (3.1) 2 ] » 196 units 3 
(b) y=io 7r [(outer radius) 2 — (imier radius) 2 ] dy 

~ n± ^T {[(9-9) 2 - (2.2) 2 ] + [(9.7) 2 - (3.0) 2 ] + [(9.3) 2 - (5.6) 2 ] + [(8.7) 2 - (6.5) 2 ]} 
« 838 units 3 


47. We’ll form a right circular cone with height h and base radius r by 
revolving the line y = ^x about the a:-axis. 


V =?r 


2 dx = n f l -x 2 dx = it r - 2 
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Another solution: Revolve x = — — y + r about the y-axis. 

h 


v=n L (- r h y+r Y dy = 7T J 0 


r 2 2 2r 2 2 

W y "X y + r 


dy 


3V y '~T y +ry 


= iv(^r 2 h — r 2 h + r 2 h)j = | nr 2 h 


r r 

‘ Or use substitution with u = r — — y and du = — — dy to get 

h h 


— du | = —7T — 


1 3 

3 


= — 7 r — I — —r 3 I = —ttr z h. 


2 y 2 


49. x 2 + y 2 = r 2 x 2 = r 

t/ f r ( 2 2 \ , [2 y 3 ] / [ 3 f ' 3 ] I" 2 / 7 \ 

V=n (r — y ) dy = it r y - =7r<r -— r (r — h) 

Jr-h L 3 J r-h IL 3 J 

= n { l^ 3 - § (r - h) [3 r 2 - (r - ft) 2 ] } 

= |7T {2 r 3 — (r — h) [3r 2 — (r 2 — 2 rh + ft 2 )] } 

= f 7T {2r 3 - (r - ft) [2r 2 + 2 rh - ft 2 ] } 

= §7r(2r 3 - 2r 3 - 2r 2 ft + rh 2 + 2r 2 ft + 2rft 2 - ft 3 ) 

= |7t( 37 - ft 2 — ft 3 ) = |7rft 2 (3r — ft), or, equivalently, 7rft 2 ^ 



Q, 12 ]~l _ 'll / 'll \ 

51. For a cross-section at height y, we see from similar triangles that —t— = -, so a = b( 1 ). 

0 /2 ft \ ft/ 

Similarly, for cross-sections having 2b as their base and /3 replacing a, /3 = 26^1 — ^. So 

-r—rw-Diw 1 -!)]- 


26 ( 1 — 


ft 




= 26 


h ^ 2y ^ 
ft ft 2 


dy 


= 26 2 


9 Q -1 /l 

y 2 y 
v — -—f 
y ft 3ft 2 Jo 


= 26 2 [ft — ft + |ft] 


= |6 2 ft. [ = f-Bft where B is the area of the base, as with any pyramid.] 



53. A cross-section at height 2 is a triangle similar to the base, so we’ll multiply the legs of the base triangle, 3 and 4, by a 
proportionality factor of (5 — 2)/ 5. Thus, the triangle at height 2 has area 


A(z) = - • 3 


5-2 


•4 


5-2 


= 6 


(*-!)*•■ 


V = J A(z)dz = 6 J (^1 — ^ dz = 6 I u 2 (—5du) 
= -30[|w 3 ]° = —30(—|) = 10 cm 3 


u = 1 — 2 / 5 , 
du=—\dz 
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55. If l is a leg of the isosceles right triangle and 2y is the hypotenuse, 
then l 2 + l 2 = (2 yf => 2 1 2 = Ay 2 =» l 2 = 2 y 2 . 

v = 1-2 A ( x ) dx = 2 / 0 2 A ( x ) dx = 2 / 0 2 h (0 (0 dx = 2 Jo 2 y 2 dx 

= 2 foZ ( 36 ~ 9x2 ) dx = § fo ( 4 - * 2 ) dx 

= f[4--^ 3 ]o = f(8-|)= 24 

57. The cross-section of the base corresponding to the coordinate a; has length 
2/ = 1 — x. The corresponding square with side s has area 
A(x ) = s 2 = (1 — x) 2 = 1 — 2x + x 2 . Therefore, 

V = f A(x)dx= f (1 — 2 x + x 2 )dx 

Jo Jo 

= [x-x* + lx% = (l-l + ±)-0=± 

/ I rO 

(1 — x ) 2 dx = J u 2 (—du) [u = 1 — x] = [|w 3 ] q = | 


typical cross- 
section of length 
2y = \[36 — 9x 2 




59. The cross-section of the base b corresponding to the coordinate x has length 1 — x 2 . The height h also has length 1 — x 2 , 
so the corresponding isosceles triangle has area A(x) = ^bh = |(1 — x 2 ) 2 . Therefore, 

V = J |(1 — x 2 ) 2 dx 

= 2 • | f (1 — 2x 2 +x 4 )dx [by symmetry] 

Jo 

= [*-§* 3 + §^ = ( i -§ + ^0 = h 

61. (a) The torus is obtained by rotating the circle (x — R) 2 + y 2 = r 2 about 

the j/-axis. Solving for x, we see that the right half of the circle is given by 
x = R + \J r 2 — y 2 = f(y) and the left half by x = R — \Jr 2 — y 2 = g(y). 

So 

v=k f- r {lf(y)} 2 - {g{y)] 2 }dy 

= 2tt f Q r [( 'R 2 + 2 R sjr 2 - y 2 + r 2 - y 2 ) - (i? 2 - 2 R v fr 2 - y 2 + r 2 - y 2 )] dy 

= 2n f Q r 4 R sjr 2 - y 2 dy = 8nR f Q r y/r 2 - y 2 dy 

(b) Observe that the integral represents a quarter of the area of a circle with radius r, so 
8nR fg y/r 2 — y 2 dy = 8nR ■ jnr 2 = 2n 2 r 2 R. 

63. (a) Volume(S'i) = fg A(z) dz = Volume(S , 2 ) since the cross-sectional area A(z) at height z is the same for both solids. 
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(b) By Cavalieri’s Principle, the volume of the cylinder in the figure is the same as that of a right circular cylinder with radius r 
and height h, that is, 7r r 2 h. 

65. The volume is obtained by rotating the area common to two circles of radius r, as 
shown. The volume of the right half is 

Vright = tt fg /2 y 2 dx = 7r fg /2 \r 2 - (| r + *) 2 j dx 

= 7r [r 2 x-\{\r + xf\' =7t[(ir 3 -ir 3 )-(0-ir 3 )] = r 3 

So by symmetry, the total volume is twice this, or ^7rr 3 . 

Another solution: We observe that the volume is the twice the volume of a cap of a sphere, so we can use the formula from 
Exercise 49 with h = |r: V = 2- | irh 2 (3r — h) = §7r(|r) 2 (3r — |r) = y^Trr 3 . 



67. Take the *-axis to be the axis of the cylindrical hole of radius r. 
A quarter of the cross-section through y , perpendicular to the 
y-axis, is the rectangle shown. Using the Pythagorean Theorem 
twice, we see that the dimensions of this rectangle are 

x = \JR 2 — y 2 and « = •Jr 2 — y 2 , so 
\ A(y) = xz = \Jr 2 — y 2 •JR 2 — y 2 , and 



V = f_ r A(y)dy = Z r 4- 


/W~Z?dy = 8f 0 r 


/ R 2 — y 2 dy 


69. (a) The radius of the barrel is the same at each end by symmetry, since the 
function y = R — cx 2 is even. Since the barrel is obtained by rotating 
the graph of the function y about the x-axis, this radius is equal to the 

value of y at x = ^ h , which is R — c(|/i) 2 = R — d = r. 

(b) The barrel is symmetric about the y- axis, so its volume is twice the volume of that part of the barrel for x > 0. Also, the 
barrel is a volume of rotation, so 

rb/ 2 rh/2 

V = 2 ny 2 dx = 2n / (f? — cx 2 ) dx = 27r[i? 2 a; — | Rex 3 + fc 2 a; 5 ] 0 

Jo Jo 

= 2tt (\R 2 h — Rch 3 + c 2 h 5 ) 

Trying to make this look more like the expression we want, we rewrite it as V = \vh [2 R 2 + [RJ — i Rch 2 + ^c 2 /) 4 )]. 
But R 2 - i Rch 2 + Ac 2 ft 4 = (R- \ch 2 ) 2 - ^c 2 /) 4 = ( R-d) 2 - l(\ch 2 ) 2 = r 2 - f d 2 . 

Substituting this back into V, we see that V = | Tvh(2R 2 + r 2 — |d 2 ), as required. 
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5.3 Volumes by Cylindrical Shells 



If we were to use the “washer” method, we would first have to locate the 
local maximum point (a, b)ofy = x(x — l) 2 using the methods of 
Chapter 3. Then we would have to solve the equation y = x(x — l) 2 
for x in terms of y to obtain the functions x = gi (y) and x = gi (y) 
shown in the first figure. This step would be difficult because it involves 
the cubic formula. Finally we would find the volume using 

v = TV Jo {[gi(y)] 2 - Ml/)] 2 } dy. 


Using shells, we find that a typical approximating shell has radius x, so its circumference is 27rx. Its height is y, that is, 
x(x — l) 2 . So the total volume is 


V = f 2 ttx[x(x — l ) 2 ] dx = 2-k f ( s 4 — 2x 3 + x 2 ) dx = 2i r 
Jo Jo 


x 5 ^ x 3 1 _ TT 
~5 + ~3~ n " 15 


3. V = f 2'Kxtyxdx = 2n f x 
Jo Jo 

- 2 ’ r M^ = 2’r(?) = ? 


dx 


5. V = f 2 27rx(4 — x 2 ) dx = 27t f 2 (4x — x 3 ) dx 
= 2^[2x 2 -ix 4 ] 2 =27r(8-4) 

= 871 



V = 


f 2 ttx[{ i ox — 2x 2 ) — x 2 ] dx 

Jo 


= 2ir (—3x 3 + 6 x 2 )dx 

Jo 

= 2 *[- 5* 4 + 2 x 3 ] 2 

= 2 tt(-12 + 16) =8 tt 


3x(x — 2) = 0 44 x = 0 or 2. 
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9. xy = 1 =>• x = i so 



= 27r dy = 2n[y]l 
= 27r(3 - 1) = 4 tt 



768 





13. The height of the shell is 2 — [l + (y — 2) 2 ] = 1 — (y 
V =2n ff y(—y 2 + 4y - 3) dy 

= 2tt J 3 (-y 3 + 4y 2 - 3y) dy 
= 2 7 r[-iy 4 + §y 3 -§y 2 ] 3 
= M(“¥ + 36- f)- (-l + l-f)] 

= 27 r (l) = T 77 


2) 2 = l-(y 2 -4y + 4) =-y 2 +4y-3. 

x=\ + (y-2) 1 




15. The shell has radius 2 — x, circumference 27 t(2 — x), and height x . 


V = fg 27r(2 — x)x 4 dx 
= 2n f 4 (2x 4 — x 5 ) dx 

= 2n[(l-l)-0\=2n(f- 0 ) 
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17. The shell has radius x — 1, circumference 27r(x — 1), and height {Ax — x 2 ) — 3 = —x 2 + Ax — 3. 
V= f 3 27r(x — 1)(— x 2 + Ax — 3) dx 
= 27r f 3 (—a; 3 + 5x 2 — 7x + 3) dx 


= 2n[-\x 4 + lx 3 -lx 2 +3 x] 3 
= 27r [(-f+45-f+9)-(-i + !-l + 3)] 

= 27r (!) = l 7r 





jMI 


19 . The shell has radius 1 — y, circumference 2-7r(l — y ), and height 1 — \fy \y = x 3 4 => x = V~y\ 
V= fo 27V (l-y)( 1 ~y 1/3 )dy I--- 3 y 

= 27 r fo( 1 ~y- y 1/a + y 4/3 ) d v 

= 27T [j/ — \y 2 — f y 4 / 3 + f t/ 7 ^ 3 ] * 

= M(i-§-I + f)-o] 

= 2 ^( 2s) = fi 71 " 

21 . (a) V = /j 3 ^ 27rx sin x dx 

(b) 98.69604 


v = 1 


r /2 i 

23. (a) V = 2n (n — x)[cos 4 x — (— cos 4 x 

«/— 7r/2 


I — 7t/2 
/” r/2 

= An (n — x) cos x dx 

J — 7t/2 

(b) y « 46.50942 



25. (a) V = f 0 n 2n(A - y) Vsin ydy 
y 




II 


vJ 



(b) V « 36.57476 
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27. V = fg 2irx \/l + x 3 dx. Let ffx) = x \J\ + x 3 . 

Then the Midpoint Rule with n = 5 gives 

fg 1 f(x) dx^^ [/(0.1) + /(0.3) + /(0.5) + /(0.7) + /(0.9)] 

« 0.2(2.9290) 

Multiplying by 2n gives V ss 3.68. 

29. fg 2i tx 5 dx = 2 -k fg x{x 4 ) dx. The solid is obtained by rotating the region 0 < y < x 4 , 0 < x < 3 about they-axis using 
cylindrical shells. 

31- /o 2-7 t(3 — y)(l — y 2 ) dy. The solid is obtained by rotating the region bounded by (i) x = 1 — y 2 , x = 0, and y = 0 or 
(ii) x = y 2 , x = 1, and y = 0 about the line y = 3 using cylindrical shells. 




From the graph, the curves intersect at x = 0 and at x = a ~ 1.32, with 
x + x 2 — x 4 > 0 on the interval (0, a). So the volume of the solid obtained 
by rotating the region about the y-axis is 

V = 2tt ff[x(x + x 2 — x 4 )\ dx = 2-7T ff(x 2 + x 3 — x 5 ) dx 


= MX + ^ -X] 0 ° 


4.05 



37. Use shells: 

V = fg 2nx(—x 2 + 6x — 8) dx = 2 tt ff(—x 3 + 6x 2 — 8x ) dx 
= 27r [—jx 4 + 2x 3 — 4® 2 ] ^ 

= 2tt[(-64 + 128 - 64) - (-4 + 16 - 16)] 

= 27r(4) = 87T 




= 277 ( 3 ^ 3 -^ 3 ) = 4^3 77 
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41. Use disks: x 2 + (y — l) 2 = 1 x = ±-/l — (y — l) 2 
V = n J [a/1 - (y- l) 2 ] dy = nj (2 y-y 2 )dy 
= 7r[y 2 -ij/ 3 ]g = 7r(4-§) = f7r 


43. y + 1 = (y - l) 2 y + 1 = y 2 - 2y + 1 <S> 0 = y 2 - 3y 
0 = y(y — 3) y = 0 or 3. 

Use disks: 

v = n [ {[(y + i) — (~i)] 2 — \{y — i) 2 — (—i)] 2 } dy 

Jo 

= K f [(l/ + 2) 2 - (y 2 - 2y + 2) 2 ]dy 
Jo 



= -K f [(y 2 + 4y + 4) - (y 4 - 4y 3 + 8y 2 - 8y + 4)] dy = -n [ (-y 4 + 4y 3 
Jo Jo 

= * [-§y 5 + y 4 - fy 3 + 6y 2 ]^ = r(- 2 -f + 8! - 63 + 54) = 


7 y 2 + 12y) dy 


45. Use shells: 

V= 2 2irx Vr 2 — x 2 dx = —2 tt fg(r 2 — x 2 ) 1 ^ 2 (—2x) dx 
= [~ 27r - |(r 2 -* 2 ) 3/2 ] 0 = -|7r(0-r 3 ) = |7rr 3 


47. U=2?r 


x (- x + h) dx = 27 rh 

r 


- \- x ) dx 

r 


= 2nh 


x 3 x 2 ' 
3r + ~2 


= 2ty h — = 
6 




5.4 Work _ 

1. (a) The work done by the gorilla in lifting its weight of 360 pounds to a height of 20 feet 
is W = Fd = (360 lb) (20 ft) = 7200 ft-lb. 

(b) The amount of time it takes the gorilla to climb the tree doesn’t change the amount of work done, so the 
work done is still 7200 ft-lb. 

3. W = f b a f(x) dx = fl° 5x~ 2 dx = 5 [-aU 1 ] [° = 5(-^ + l) = 4.5 ft-lb 
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5. The force function is given by F(x) (in newtons) and the work (in joules) is the area under the curve, given by 
/® F(x) dx = / 0 4 F(x) dx + / 4 8 F(x) dx = |(4)(30) + (4)(30) = 180 J. 

7. According to Hooke’s Law, the force required to maintain a spring stretched x units beyond its natural length is proportional 
to x, that is, f(x) = kx. Here, the amount stretched is 4 in. = | ft and the force is 10 lb. Thus, 10 = k =>• 
k = 30 lb/ft, and /(*) = 30*. The work done in stretching the spring from its natural length to 6 in. = 4 ft beyond its natural 


length is W = J^ 2 30* dx = [l5* 2 ]p /2 = 4ji ft-lb. 


21 1/2 _ 15 


9. (a) If f° 12 kxdx = 2 J, then 2 = [ffc * 2 ]°‘ 12 = 4fc(o.0144) = 0.0072fcandfc = = 2^0 « 277.78 N/m. 

Thus, the work needed to stretch the spring from 35 cm to 40 cm is 

r 0 10 2500 j _ r 1250 „2-| 1/10 _ .1250 / _1_1_\ _ 25 ~ 1 04 T 

J 0.05 9 L 9 X J 1/20 9 V100 400 / 24 ~ 

(b) /(*) = kx, so 30 = and * = 4EA m = 10.8 cm 

11. The distance from 20 cm to 30 cm is 0.1 m, so with /(*) = kx, we get Wi = J 81 kxdx = k [4* 2 ] 81 = k. 

Now W 2 = f 0 0 ; 2 kxdx = fc[i * 2 ]“; 2 = k(4- 0 - 3 * 5 ) = 5 §o k - Thus, = 31T,. 

In Exercises 13-20, n is the number of subintervals of length A*, and ** is a sample point in the ith subinterval [*j_i, Xi\. 

13. (a) The portion of the rope from * ft to (* + A*) ft below the top of the building weighs ^ A* lb and must be lifted x* ft, 
so its contribution to the total work is \x* A* ft-lb. The total work is 


W = lim \x* A* = f n ’° 4*d* = [t * 2 ]! 0 = ^2 = g25 ft-lb 

n—> OO z U z L4JU "T 

Notice that the exact height of the building does not matter (as long as it is more than 50 ft). 

(b) When half the rope is pulled to the top of the building, the work to lift the top half of the rope is 

M-'j = f 2 ° 4* dx = [|* 2 ] p 5 = ft-lb. The bottom half of the rope is lifted 25 ft and the work needed to accomplish 
that is W 2 = / 2 5 5 ° \ ■ 25 dx = ^ [ * ] 2 ° = 2|5 ft-lb. The total work done in pulling half the rope to the top of the building 
is W = Wi + W 2 = 422 + 6 |s = | . 625 = 4f5 ft-lb. 

15. The work needed to lift the cable is lim J2?=i 2** A* = f n ’ 00 2* dx = |* 2 1 800 = 250,000 ft-lb. The work needed to lift 

n —>oo u L J u 

the coal is 800 lb ■ 500 ft = 400,000 ft-lb. Thus, the total work required is 250,000 + 400,000 = 650,000 ft-lb. 


17. At a height of * meters (0 < * < 12), the mass of the rope is (0.8 kg/m)(12 — * m) = (9.6 — 0.8*) kg and the mass of the 
water is (|| kg/m) (12 — * m) = (36 — 3*) kg. The mass of the bucket is 10 kg, so the total mass is 
(9.6 — 0.8*) + (36 — 3*) + 10 = (55.6 — 3.8*) kg, and hence, the total force is 9.8(55.6 — 3.8*) N. The work needed to lift 
the bucket A* m through the ith subinterval of [0,12] is 9.8(55.6 — 3.8**) A*, so the total work is 
n r 12 

W= lim J/ 9.8(55.6 — 3.8*/) A* = f (9.8)(55.6 — 3.8*) dx = 9.8 55.6* — 1.9 * 2 = 9.8(393.6) « 3857 J 

n—* oo i=1 u L Jo 
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19. A “slice” of water Ax m thick and lying at a depth of x* m (where 0 < x* < |) has volume (2 x 1 x A*) m 3 , a mass of 
2000 A* kg, weighs about (9.8) (2000 Ax) = 19,600 Ax N, and thus requires about 19,600** A* J of work for its removal. 

So W = lim V 19,600** A* = f n 1/2 19,600* dx = [9800* 2 iy 2 = 2450 J. 

n—>oo j—i u l j u 

21. A rectangular “slice” of water A* m thick and lying * m above the bottom has width * m and volume 8 * A* m 3 . It weighs 
about (9.8 x 1000)( 8 * A*) N, and must be lifted (5 — *) m by the pump, so the work needed is about 
(9.8 x 10 3 )(5 — x)( 8 * A*) J. The total work required is 

W « f 0 3 ( 9.8 x 10 3 )(5-x)8 xdx = (9.8 x 10 3 ) / Q 3 (40* - 8 x 2 ) dx = (9.8 x 10 3 )[20x 2 - §x 3 ] 3 
= (9.8 x 10 3 )(180 - 72) = (9.8 x 10 3 )(108) = 1058.4 x 10 3 « 1.06 x 10 6 J 


23. Let * measure depth (in feet) below the spout at the top of the tank. A horizontal 
disk-shaped “slice” of water A* ft thick and lying at coordinate * has radius 
| (16 — *) ft (*) and volume -nr 2 Ax = n ■ (16 — x ) 2 A* ft 3 . It weighs 

about (62.5) |f (16 — x ) 2 A* lb and must be lifted * ft by the pump, so the 
work needed to pump it out is about (62.5)* |f (16 — x ) 2 A* ft-lb. The total 
work required is 

W « fg( 62.5)* |f (16 — x ) 2 dx = (62.5)|f / Q 8 *(256 — 32* + x 2 ) dx 

= (62.5)|f /®(256* - 32x 2 + * 3 ) dx = (62.5)|f [128* 2 - f * 3 + ±x 4 ] 8 


= (62.S)S( 


11,264 


64 V 


= 33,000?r se 1.04 x 10 5 ft-lb 


8 - 



(*) From similar triangles, 


Sor = 3 + <t — 3+| (8 — x) 

3(8) 3 1 

= ~ + s (8 ^ a:) 

= f (16 - *) 


25. If only 4.7 x 10° J of work is done, then only the water above a certain level (call 
it h ) will be pumped out. So we use the same formula as in Exercise 21, except that 
the work is fixed, and we are trying to find the lower limit of integration: 


4.7 x 10 5 « / 3 (9.8 x 10 3 )(5 - x) 8 xdx = (9.8 x 10 3 ) [20x 2 - |* 


313 


44 


50 



II x 10 2 « 48 = (20 • 3 2 - | • 3 3 ) - (20ft 2 - fft 3 ) 44 
2ft 3 — 15ft 2 + 45 = 0. To find the solution of this equation, we plot 2ft 3 — 15ft 2 + 45 between ft = 0 and ft = 3. 

We see that the equation is satisfied for ft « 2.0. So the depth of water remaining in the tank is about 2.0 m. 

27. V = nr 2 x, so V is a function of * and P can also be regarded as a function of *. If Vi = nr 2 xi and V 2 = 7 rr 2 * 2 , then 


W= F{x)dx= TxrP{V{x))dx = 


P(V (*)) dV (*) [Let V (*) = it r 2 x, so dV (*) = nr 2 dx.] 


XI 

v 2 


r V 2 
JV\ 


P(V) dV by the Substitution Rule. 


29 . (a) W = / F(r) dr = 


mi m2 , ,, 

G-r— dr = Gmim .2 


= Gmim.2 I - — i 
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(b) By part (a), W = GM ~R~+ 1 000 000 ) w ^ lere ^ = mass of the earth in kg, R = radius of the earth in m, 


and m = mass of satellite in kg. (Note that 1000 km = 1,000,000 m.) Thus, 


W = (6.67 x 10~ n )(5.98 x 10 24 )(1000) x ( —-f -- - ——^-- ) « 8.50 x 10 9 J 

v A A ’ I 6.37x10® 7.37 xlO 6 / 


5.5 Average Value of a Function 


1- Uc = T ^J^f(x)dx= J ^Jg(Ax-x 2 )dx = l[2x 2 -lx 3 ] 4 o = l[(32-f)^0] = |(f) =| 

3- Save = fa d( X ) dx = J® v'xdx = \ [f X 4/3 ] x = ^(16 - 1) = |§ 

5. /ave = fa f{t) dt = 2^0 fg f 2 ( 1 + t 3 ) 4 dt = § J® M 4 (| d«) [u = 1 + t 3 , du = 31 2 da] 

|[K]r = M(9 5 -l) = ^f ! = 1968.26 
7. /l ave = ^ 3 0 ff cos 4 X sin xdx = T 1 u 4 (—du ) [u = cos a,du = -sinada] 

= 7 f-i « 4 du = T • 2 fo « 4 dw [by Theorem 4.5.6(a)] = f [|u 5 ] J = ^ 

9- (a) /ave = 5 ^ 2 J^( x ~ 3 ) 2 dx = ^ “ 

= |[ 2 3 -(-l) 3 ] =|( 8 + 1 ) = 1 

(b) /(c) = /ave 5=> (C - 3 ) 2 = 1 4=> 

c — 3 = ±1 4=> c = 2 or 4 

1 f n 

11 . (a)/ave = - / (2 sin a; — sin 2x) dx 

it - 0 do 

= T [—2 cos x + \ cos 2x] ^ 

= t [( 2 + I ) - (-2 + 1 )] = i 

(b) /(c) = /ave 5=> 2 sine — sin 2 c = ^ 4=> 

ci « 1.238 or C 2 « 2.808 

13. / is continuous on [1,3], so by the Mean Value Theorem for Integrals there exists a number c in [1, 3] such that 
J 3 f(x) dx = /(c)(3 — 1) =>■ 8 = 2/(c); that is, there is a number c such that /(c) = § = 4. 

15. Use geometric interpretations to find the values of the integrals. 

fg /(x) dx = fg 1 /(x) dx + / 2 f{x) dx + / 2 3 /(x) dx + f 4 f{x) dx + J® /(x) dx + // /(x) dx + ff f(x) dx 

=_ l+^+l^ 1 + 4 +l+2=9 

Thus, the average value of / on [0, 8 ] = / av e = g-ro / 0 8 /(*) dx = |(9) = |. 
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17. Let 7 = 0 and 7 = 12 correspond to 9 am and 9 pm, respectively. 

Tave = 12 TTo fo' 2 [ 50 + 14 sln dt = T2 [ 50 * ~ 14 ' T COS T^] T 

= ^ [50 • 12 + 14 ■ + 14 • i2] = (50 + f) °F « 59°F 

19- Pave = g ^ ^ (x + 1) _1/2 dx = [3 ^X + 1 ] ® =9-3 = 6 kg/m 

21. Fave = i / 0 5 V(7) dt = i / 0 5 ^ [1 - cos(§7r7)] d7 = ^ / 0 5 [1 - cos(§7r7)] dt 

= ^[ t ~h sin (i^)]o = t( 5 - °) - °] = h ~ °- 4 L 

23. Let F’(x) = /(7) d7 for x in [a, 6], Then F is continuous on [a, 6] and differentiable on (o, b), so by the Mean Value 

Theorem there is a number c in (a, b) such that F(b) — F(a) = F'(c)(b — a). But F'(x) = /(x) by the Fundamental 

Theorem of Calculus. Therefore, J ^ /(7) dt — 0 = /(c) (6 — a). 

5 Review 

CONCEPT CHECK 


1. (a) See Section 5.1, Figure 2 and Equations 5.1.1 and 5.1.2. 

(b) Instead of using “top minus bottom” and integrating from left to right, we use “right minus left” and integrate from bottom 
to top. See Figures 11 and 12 in Section 5.1. 

2. The numerical value of the area represents the number of meters by which Sue is ahead of Kathy after 1 minute. 

3. (a) See the discussion in Section 5.2, near Figures 2 and 3, ending in the Definition of Volume. 

(b) See the discussion between Examples 5 and 6 in Section 5.2. If the cross-section is a disk, find the radius in terms of x or y 
and use A = 7r(radius) 2 . If the cross-section is a washer, find the inner radius r; n and outer radius r out and use 

A = 7r (r^t) ~ 7T (r, 2 ). 

4. (a) V = 2nrhAr = (circumference) (height) (thickness) 

(b) For a typical shell, find the circumference and height in terns of x or y and calculate 

V = (circumference) (height) (dx or dy), where a and b are the limits on x or y. 

(c) Sometimes slicing produces washers or disks whose radii are difficult (or impossible) to find explicitly. On other 
occasions, the cylindrical shell method leads to an easier integral than slicing does. 

5. J Q 6 /(x) dx represents the amount of work done. Its units are newton-meters, or joules. 


6. (a) The average value of a function / on an interval [o, 6] is /a ve 


1 

b — a 


/(x) dx. 


(b) The Mean Value Theorem for Integrals says that there is a number c at which the value of / is exactly equal to the average 
value of the function, that is, /(c) = / av e- For a geometric interpretation of the Mean Value Theorem for Integrals, see 
Figure 2 in Section 5.5 and the discussion that accompanies it. 
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EXERCISES 


1. The curves intersect when x 2 = 4x — x 2 4=> 2a: 2 — 4a; = 0 4=> 

2x(x — 2) = 0 44 x = 0 or 2. 

A = / Q 2 [(4a: — x 2 ) — x 2 ] dx = / Q 2 (4a: — 2a; 2 ) dx 
= [2x 2 -|x 3 ]^=[(8-f)-0] = | 

3. If x > 0, then | a; | = x, and the graphs intersect when x = 1 — 2x 2 44 2a: 2 + x — 1 = 0 44 (2a: — 1) (x + 1) = 0 44 
x = | or —1, but — 1 < 0. By symmetry, we can double the area from x = 0 to x = 






g. V = nf* 3 | [(9 -y 2 ) - (-1)] 2 - [0 - (-1)] 2 j dy 

= 2?r/ 3 [(10 - y 2 ) 2 - 1] dy = 27r/ 3 (100 - 20y 2 + y 4 - 1) dy 
= 27 t / 3 (99 - 20y 2 + y 4 ) dy = 27r[99y - f y 3 + ±y 5 ]® 

= 2vr(297 - 180 + ^f-) = 
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11 . The graph of x 2 — y 2 = a 2 is a hyperbola with right and left branches. 
Solving for y gives us y 2 = x 2 — a 2 y = ±Vx 2 — a 2 . 

We’ll use shells and the height of each shell is 


\/x 2 — a 2 — (— \/x 2 — a 2 ) = 2 \/x 2 — a 2 . 

The volume is V = J“ + 2txx ■ 2 \Jx 2 — a 2 dx. To evaluate, let u = x 2 — i 
so du = 2x dx and xdx = \ du. When x = a, u = 0, and when x = a + h, 



u = (a + h) 2 — a 2 = a 2 + 2 ah + h 2 — a 2 = 2 ah + h 2 . 

r2ah + h 2 /I \ To -\2ah+h 2 

' = 2tt \u 3 ' 2 

/0 \ 2 J L 4 Jo 


Thus, V = 47r 


= -n(2ah + ft 2 ) 


2\ 3/2 


13. A shell has radius ^ — x, circumference 27r(^ — x), and height cos 2 x — 
y = cos 2 x intersects y = \ when cos 2 x = 4 /=> 

cosx = ±i [j*|<7r/2] /=> x = ±f. 


V = J* 7 r (l- X ) ( cog2a; -i) da; 



15. (a) A cross-section is a washer with inner radius x 2 and outer radius x. 

V = Jo 1 n [( X ) 2 - ( x2 ) 2 ] dx = fo ^ ~ X 4 ) dx = 7T [|x 3 - f x 5 ] J=7r[|-|]=^7T 

(b) A cross-section is a washer with inner radius y and outer radius \fy. 

v = fo n (Vv) ~ y 2 dy = ^Tx{y-y 2 )dy = n[\y 2 -\y 3 ]\ = ix[\-\] = f 

(c) A cross-section is a washer with inner radius 2 — x and outer radius 2 — x 2 . 

V = fg 7t[( 2 — x 2 ) 2 — (2 — x) 2 ] dx = f 3 7r(x 4 — 5x 2 + 4x) dx = 7r[ix 5 — |x 3 + 2X 2 ]* = 7r[| — | + 2] = 

17. (a) Using the Midpoint Rule on [0,1] with /(x) = tan(x 2 ) and n = 4, we estimate 

A = fo tan (x 2 ) dx « i[tan((§) 2 ) + tan((§) 2 ) +tan((§) 2 ) + tan((|) 2 )] « |(1.53) « 0.38 
(b) Using the Midpoint Rule on [0,1] with /(x) = 7rtan 2 (x 2 ) (for disks) and n = 4, we estimate 

V = fo f( x ) dx « l 7r [ tan2 ((|) 2 ) + tan2 ((§) 2 ) + tan 2 ((l) 2 ) + tan 2 ((I) 2 )] ~ f ( L114 ) « °- 87 


19. fg^ 2 2nx cos x dx = Jg^ 2 (2nx)cosxdx 

The solid is obtained by rotating the region 9t={(x, J/)|0<x<^,0<?/< cos x} about the y-axis. 

21. fg 7r(2 — sinx) 2 dx 

The solid is obtained by rotating the region 2ft = {(x, J/)|0<x<7r, 0 < j/ < 2 — sin x} about the x-axis. 
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23. Take the base to be the disk x 2 + y 2 < 9 . Then V = J 3 3 A(x) dx, where A(xo) is the area of the isosceles right triangle 
whose hypotenuse lies along the line x = xo in the xy-plane. The length of the hypotenuse is 2 v9 — x 2 and the length of 
each leg is \[2 \/9 — x 2 . A(x) = | (\/2 \/9 — x 2 ) 2 = 9 — x 2 , so 

V = 2 / 3 A(x) dx = 2 f 3 (9 - x 2 ) dx = 2[9a: — |* 3 ] 3 = 2(27 - 9) = 36 


25. Equilateral triangles with sides measuring \x meters have height |a;sin60 o = ^x. Therefore, 

A(x) = i.i x .^x= gx 2 . V = C A(x) dx=g f 0 20 x 2 dx=£ [ix 3 ] ” * M = M m 3. 


27. f(x) = kx =>• 30 N = fc(15 - 12) cm => fc = 10 N/cm = 1000 N/m. 20 cm - 12 cm = 0.08 m 
W = / 0 0 08 kx dx = 1000 J° 08 x dx = 500 [x 2 ] ° 08 = 500(0.08) 2 = 3.2 N-m = 3.2 J. 


29. (a) The parabola has equation y = ax 2 with vertex at the origin and passing through 
(4,4). 4 = a- 4 2 => o=j =>■ y = \x 2 => x 2 = Ay => 

x = 2 sfy. Each circular disk has radius 2 sjy and is moved 4 — y ft. 
w = / 0 4 7T ( 2 y/y ) 62.5(4 - y) dy = 250tt J 4 y( 4 - y) dy 

= 250tt[2 y 2 - ±y 3 ] 4 = 250 tt( 32 - f) = SSOOzl ~ 8378 ft . lb 



(b) In part (a) we knew the final water level (0) but not the amount of work done. Here 
we use the same equation, except with the work fixed, and the lower limit of 
integration (that is, the final water level — call it h ) unknown: W = 4000 4=> 

250^-^ 3 ] 4 = 4000 4* f = [(32-f)-(2fc 2 -±fc 3 )] ^ 

h 3 — 6 h 2 + 32 — ^2 = 0. We graph the function f(h) = h 3 — 6 h 2 + 32—^2 
on the interval [0,4] to see where it is 0. From the graph, f(h.) = 0 for h « 2.1. 

So the depth of water remaining is about 2.1 ft. 



1 C x+h F(x + h) — F(x) 

31. lim /ave = lim - -—- / /(f) dt = lim —----, where F(x) = f* f(t) dt. But we recognize this 

h ►O h >0 f X | 0C j ™ h >0 /l 

limit as being F'(x) by the definition of a derivative. Therefore, lim / ave = F'(x) = f{x) by FTC1. 
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1. (a) The area under the graph of / from 0 to t is equal to f* /(x) dx, so the requirement is that f* f(x) dx = t 3 for all t. We 
differentiate both sides of this equation with respect to t (with the help of FTC 1) to get f(t) = 3 1 2 . This function is 
positive and continuous, as required. 

(b) The volume generated from x = 0 to * = 6 is f 0 n[f(x)] 2 dx. Hence, we are given that 6 2 = J Q 6 n[f(x)] 2 dx for all 

b > 0. Differentiating both sides of this equation with respect to b using the Fundamental Theorem of Calculus gives 

2 b = n[f(b)] 2 => m = y/ 2&7¥, since / is positive. Therefore, /(x) = \J2x/tx. 

3. Let a and b be the x-coordinates of the points where the line intersects the 

curve. From the figure, Ri = Ri =>■ 

J 0 “ [c — (8x — 27x 3 )] dx = [(8x — 27x 3 ) — c] dx 

[cx - 4x 2 + f X 4 ]; = [4x 2 - f X 4 - cx] b a 

ac — 4 a 2 + 21a 4 = (46 2 — ^Ifo 4 — be ) — (4a 2 — 21 a 4 _ ac ) 

0 = 46 2 - 21 b 4 — be — 46 2 - f 6 4 - 6(86 - 276 3 ) 

= 46 2 - 21 6 4 - 8b 2 + 27b 4 = ^ 6 4 - 46 2 
= b 2 (21b 2 - 4) 

So for 6 > 0, 6 2 = 6= |. Thus, c = 86- 276 3 = 8(f) - 27(^) = f - f| = §. 

5. (a) V = ivh 2 (r — 6/3) = |7r6 2 (3r — 6). See the solution to Exercise 5.2.49. 



(b) The smaller segment has height h = 1 — x and so by part (a) its volume is 

V = -2tt( 1 — x) 2 [3(1) — (1 — x)] = 17r(x — l) 2 (x + 2). This volume must be | of the total volume of the sphere, 
which is |7t(l) 3 . So |7r(x — l) 2 (x + 2) = |(|7r) => (x 2 — 2x + l)(x + 2) = | => x 3 — 3x + 2 = | 

3x 3 — 9x + 2 = 0. Using Newton’s method with f(x) = 3x 3 — 9x + 2, /'(x) = 9x 2 — 9, we get 


Xn-\-\ — Xri 


3x 3 — 9x„ + 2 
9x? _ 9 


. Taking xi = 0, we get X2 « 0.2222, and X3 « 0.2261 « X4, so, correct to four decimal 


places, x « 0.2261. 


(c) With r = 0.5 and s = 0.75, the equation x 3 — 3rx 2 + 4r 3 s = 0 becomes x 3 — 3(0.5)x 2 + 4(0.5) 3 (0.75) =0 => 
x 3 — |x 2 + 4(|) |=0 =>■ 8x 3 — 12x 2 +3 = 0. We use Newton’s method with f(x) = 8x 3 — 12x 2 + 3, 

8r 3 — I2x 2 + 3 

f'(x) = 24x 2 — 24x, so x n +i = x n - ” „ —- . Take xi = 0.5. Then X2 « 0.6667, and X3 « 0.6736 « X4. 

24x2 — 24x ?l 

So to four decimal places the depth is 0.6736 m. 
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(d) (i) From part (a) with r = 5 in., the volume of water in the bowl is 

V = | nh 2 (3 r — ft.) = (15 — ft) = 5nh 2 — |7Tft 3 . We are given that < ^~ =0.2 in 3 /s and we want to find ^ 

lit' CLL 

i 7 o XT dV , dh , 2 dh dh 0.2 . „ . 

when h = 3. Now —— = Wivn — -7r hr—, so — = —;— -—-. When h = 3, we have 

dt dt dt dt 7r(10ft - ft 2 ) 


dt 7r(10 • 3 - 3 2 ) 105 tt 


: 0.003 in/s. 


(ii) From part (a), the volume of water required to fill the bowl from the instant that the water is 4 in. deep is 

V = \ • f tt(5) 3 — |7r(4) 2 (15 — 4) = | • 1257T — ^ • lltr = ^ 7 r. To find the time required to fill the bowl we divide 
this volume by the rate: Time = 7 q 71 /' 3 = ~ 337 s ~ 6 5 m ; n 

dV 

7. We are given that the rate of change of the volume of water is = —kA(x), where k is some positive constant and A(x) is 

the area of the surface when the water has depth x. Now we are concerned with the rate of change of the depth of the water 
dx d\J dV dx 

with respect to time, that is, —. But by the Chain Rule, —— = —-—, so the first equation can be written 

dt dt dx dt 

dV dx x 

~~z — = — kA(x) (★). Also, we know that the total volume of water up to a depth x is V (#) = f* A(s) ds , where A(s) is 

C IX C LL 

the area of a cross-section of the water at a depth s. Differentiating this equation with respect to x, we get dV/dx = A(x). 
Substituting this into equation *, we get A(x)(dx/dt) = — kA(x ) => dx/dt = —k, a constant. 

9. We must find expressions for the areas A and B, and then set them equal and see what this says about the curve C. If 
P = (a, 2a 2 ), then area A is just J 0 “ (2a; 2 — x 2 ) dx = J 0 “ x 2 dx = ^a 3 . To find area B, we use y as the variable of 
integration. So we find the equation of the middle curve as a function of y: y = 2x 2 4=> x = \Jy/2, since we are 

concerned with the first quadrant only. We can express area B as 


r2a r j - "l r a ' n2a 

/ Jy/2-C(y) dy= Uy/2) 3 ' 2 - C{y) 

Jo L v J Jo Jo 


4 r 2a 

dy = -a 3 — / C{y)dy 


where C(y) is the function with graph C. Setting A = B, we get | a 3 = | a 3 — f Q a C{y)dy f g a C(y)dy = a 3 . 

Now we differentiate this equation with respect to a using the Chain Rule and the Fundamental Theorem: 

C(2a 2 )(4a) = 3a 2 => C(y) = § \Jy/2, where y = 2a 2 . Now we can solve for y: x = § \Jyf2 

x 2 = Uv/ 2 ) => V= f* 2 - 

11. (a) Stacking disks along the y-axis gives us V = f 0 Tv[f{y)] 2 dy. 

(b) Using the Chain Rule, ^ = % ' f = ^ [fWf f. 


dh _ dh 


(c)kAVh = n[f(h)} 2 —.Set—=C:n{f(h)] 2 C=kAy/h, => [/(ft)] 2 = ^ Vh => f(h) = ft 1/4 ; that 

[~kA dh 

is, /(y) = \ —— y 1 . The advantage of having — = C is that the markings on the container are equally spaced. 

V 7T G dt 
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13. The cubic polynomial passes through the origin, so let its equation be 

y = px 3 + qx 2 + rx. The curves intersect when px 3 + qx 2 + rx = x 2 -o- 
px 3 + (q — l)x 2 + rx = 0. Call the left side /(*). Since f(a) = f(b) = 0, 
another form of / is 

f(x) = px(x — a)(x — b) = px[x 2 — (a + b)x + ab] 

= p[x 3 — (a + b)x 2 + abx] 

Since the two areas are equal, we must have J 0 “ /( x) dx = — J' f(x) dx => 

[F(a;)]“ = [F (x)]l =>■ F(a) — F(0) = F(a) — F(b) =>■ F(0) = F(b), where F is an antiderivative of /. 

Now F(x) = f f(x) dx = f p[x 3 — (a + b)x 2 + abx] dx = p\\x A — |(a + b)x 3 + \abx 2 ] + C, so 
F{0) = F(b) =>• C = p[jb 4 - |(a + b)b 3 + fa& 3 ] + C => 0 = p[\b A - |(a + b)b 3 + \ab 3 } 

0 = 36 — 4(a + b) + 6a [multiply by 12/ (pb 3 ), b ^ 0] =>■ 0 = 36 — 4a — 46 + 6a =>■ b = 2a. 

Hence, b is twice the value of a. 







6 □ 


INVERSE FUNCTIONS: 

Exponential, Logarithmic, and Inverse Trigonometric Functions 


6.1 Inverse Functions 


1. (a) See Definition 1. 

(b) It must pass the Horizontal Line Test. 

3. / is not one-to-one because 2^6, but /(2) = 2.0 = /( 6 ). 

5. We could draw a horizontal line that intersects the graph in more than one point. Thus, by the Horizontal Line Test, the 
function is not one-to-one. 

7. No horizontal line intersects the graph more than once. Thus, by the Horizontal Line Test, the function is one-to-one. 

9. The graph of f{x) = x 2 — 2x is a parabola with axis of symmetry x = — ^ = 1. Pick any x-values equidistant 

from 1 to find two equal function values. For example, /(0) = 0 and /(2) = 0, so / is not one-to-one. 


11 . g(x) = 1/x. ii^i 2 =>■ 1/xi 7 ^ l/x 2 =>■ g (* 1 ) ^ g (* 2 ), so g is one-to-one. 

Geometric solution : The graph of g is the hyperbola shown in Figure 14 in Section 1.2. It passes the Horizontal Line Test, 
so g is one-to-one. 

13. h(x) = 1 + cos x is not one-to-one since h(a + 2mi) = h(a) for any real number a and any integer n. 

15. A football will attain every height h up to its maximum height twice: once on the way up, and again on the way down. 
Thus, even if H does not equal fo, /(ii) may equal /(fe), so / is not 1-1. 

17. (a) Since / is 1-1, /(6) = 17 <=> / _1 (17) = 6. 

(b) Since/is 1-1, Z " 1 (3) = 2 /(2) = 3. 


19. h(x) = X + Vx => h'(x) = 1 + 1/(2 \fx) > 0 on (0, 00 ). So h is increasing and hence, 1-1. By inspection, 

h( 4) = 4 + \fi = 6 , so h~ 1 (6) = 4. 

21. We solve C = § (F — 32) for F: |C = F — 32 => F = |C + 32. This gives us a formula for the inverse function, that 

is, the Fahrenheit temperature F as a function of the Celsius temperature C. F > —459.67 |C + 32 > —459.67 => 
| C > —491.67 => C > —273.15, the domain of the inverse function. 

23. y = f(x) = 3 — 2x 2x = 3 — y =» x = ^ — — . Interchange x and y: y = ^ X . So f~ 1 (x) = ^ '' . 

25. y = f(x) = 1 + V2 + 3x (y > 1) => y - 1 = s/2 + 3x => (y - l ) 2 = 2 + 3* => (y - l ) 2 - 2 = 3a; => 

x = \{y — l ) 2 — §. Interchange x and y: y = |(x — l ) 2 — |. So / _1 (*) = |(x — l ) 2 — |. Note that the domain of / -1 
is x > 1 . 
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I_ rji 

27. For /(x) = i the domain is x > 0. /(0) = 1 and as x increases, y decreases. As x —+ oo, 

1- y/I 1/y/x _ —I = —1 so the range of f is — 1 < y < 1. Thus, the domain of / -1 is — 1 < x < 1. 

1 + V® 1/V* 1/Vi+l 1 y- J 


1 - \Jx 
1 + \Jx 


y(l + V*) = 1 - \fx =+ y J ry\fx = \-\fx =>■ \fx + y y/x = 1 - y 


Vx{l + y) = l-y => y/x = 


1 -v 
1 + 2 / 


1 - 2 / 
1 + 2 / 


. Interchange a; and y: y = 


1 — x 

1 + x 


. So 


r 1 ^) = 


1 — X 
1 + X 


with — 1 < x < 1. 


29. y = f(x ) = x 4 + 1 j/ — 1 = a: 4 =>■ x = V2/ — 1 [not ± since 

x > 0]. Interchange x and y: y = V* — 1. So / _1 (x) = \/x — 1. The 
graph of y = \/x — 1 is just the graph of y = V* shifted right one unit. 
From the graph, we see that / and / _1 are reflections about the line y = x. 


31. Reflect the graph of / about the line y = x. The points (—1, —2), (1, — 1), 
(2,2), and (3, 3) on / are reflected to (—2, —1), (—1, 1), (2, 2), and (3, 3) 
on/- 1 . 


33. (a) y = /(x) = Vl — x 2 (0 < x < 1 and note that y > 0) =>■ 

y 2 = 1— x 2 =>■ x 2 = 1 — y 2 =>• x = 1 — y 2 . So 

/ _1 (x) = Vl — x 2 , 0 < x < 1. We see that /- 1 and / are the same 
function. 

(b) The graph of / is the portion of the circle x 2 + y 2 = 1 with 0 < x < 1 and 
0<y < 1 (quarter-circle in the first quadrant). The graph of / is symmetric 
with respect to the line y = x, so its reflection about y = x is itself, that is, 

r 1 = /• 


6 




35. (a) xi V *2 =>■ x? V *1 = 
(b) /'(x) = 3x 2 and /(2) = 8 


/(xi) V /(x 2 ), so / is one-to-one. 

► / _1 (8) = 2, so (/ _1 ) , (8) = 1 /nr 1 ®) = l//'(2) = i. 


(c) 2 / = x 3 


■ = y+ 3 . Interchanging x and y gives y = x 1 / 3 , 


so / 4 (x) = x 1 / 3 . Domain(/ = range(/) = R. 
Range(/ _1 ) = domain(/) = R. 

(d) f~\x)=x 1 ' 3 =*► (/~ 1 )'(x) = lx" 2 / 3 =*► 

(/ _1 )'(8) = |(i) = ^ as in part (b). 
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37. (a) Since x > 0, x\ ^ X 2 =>■ x 2 ^ xl =>■ 9 — x\ ^ 9 — x| =>■ f{xi) ^ fix?), so / is 1-1. 

(b) f'(x) = —2x and /(l) = 8 =*► f~ l (8) = 1, so (f~ L )'(8) = ^ = ~\- 


(c) y = 9 — x 2 =>■ x 2 = 9 — y =>■ x = -/9 — y. 

Interchange x and y: y = \/9 — x, so / -1 (x) = \/9 — x. 
Domain(/ -1 ) = range (/) = [0,9], 

Range(/ -1 ) = domain (/) = [0,3], 

(d) (f~ 1 )'{x) = 1/(2 \/9 -x) => (/ _1 ) , (8) = —| as in part (b). 



39. /(0) = 4 =» f- 1 (4) = 0, and /(x) = 2x 3 + 3x 2 + 7x + 4 
e-i 


f(x) = 6x 2 + 6x + 7 and /'(0) = 7. 


Thus, (/ 1 ) / (4) //(/ _ 1(4)) //(Q) r 


41. /(0) = 3 / x (3) = 0, and /(x) = 3 + x 2 + tan(7rx/2) =£■ f{x) = 2x + § sec 2 (-7rx/2) and 

/'(0) = f • 1 = f • Thus, (/- 1 )'(3) = l//'(/ _1 (3)) = l//'(0) = 2 /tt. 


43. /(4) = 5 =* / -1 (5) = 4. Thus, (/- 1 )'(5) = 7 — 


/'(/ -1 ( 5)) /'(4) 2/3 2‘ 


45. /(x) = fs V 1 + f 3 dt => f'{ x ) = Vl + x 3 > 0, so / is an increasing function and it has an inverse. Since 

/(3). /* vttf,, = o,/-no) = 3. Thus, (/-‘)'<o) = = 7^5 = 7=5 = ^s- 


47. We see that the graph of y = /(x) = Vx 3 + x 2 + x + 1 is increasing, so / is 1-1. 
(We could verify this by showing that /'(x) > 0.) Enter x = \Jy z + y 2 + y + 1 
and use your CAS to solve the equation for y. Using Derive, we get two 
(irrelevant) solutions involving imaginary expressions, as well as one which can be 
simplified to the following: 

y = /-!( x ) = (\/D- 27x 2 + 20- \JD + 27x 2 - 20 + ^2) 



-l 


where D = 3 \/3 \/27x 4 — 40x 2 + 16. 

Maple and Mathematica each give two complex expressions and one real expression, and the real expression is equivalent 


to that given by Derive. For example. Maple’s expression simplifies to - 

6 


1 M 2/3 - 8 - 2 M 1/3 


2M 1 / 3 


, where 


M = 108x 2 + 12 ^48 - 120x 2 + 81x 4 - 80. 


49. (a) If the point (x, y) is on the graph of y = /(x), then the point (x — c, y) is that point shifted c units to the left. Since / 


is 1-1, the point (y, x) is on the graph of y = / -1 (x) and the point corresponding to (x — c, y) on the graph of / is 
(y, x — c) on the graph of/ -1 . Thus, the curve’s reflection is shifted down the same number of units as the curve itself is 
shifted to the left. So an expression for the inverse function is gr -1 (x) = / -1 (x) — c. 
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(b) If we compress (or stretch) a curve horizontally, the curve’s reflection in the line y = x is compressed (or stretched) 
vertically by the same factor. Using this geometric principle, we see that the inverse of h(x) = f(cx) can be expressed as 
h-\x) = {l/c)f-\x). 


6.2 

1 . 

3. 


5. 


Exponential Functions and Their Derivatives 


(a) f(x) = a x , a > 0 (b) R (c)(0, oo) (d) See Figures 6(c), 6(b), and 6(a), respectively. 


All of these graphs approach 0 as x —> — oo, all of them pass through the point 
(0,1), and all of them are increasing and approach oo as x —> oo. The larger the 
base, the faster the function increases for x > 0, and the faster it approaches 0 as 

x —> —oo. 


The functions with bases greater than 1 (3* and lCU) are increasing, while those 
with bases less than 1 [(|)^ and (^)' E ] are decreasing. The graph of (|) x is the 
reflection of that of 3 X about the j/-axis, and the graph of () x is the reflection of 
that of 10 x about the ?/-axis. The graph of KU increases more quickly than that of 
3 X for x > 0, and approaches 0 faster as x —■> — oo. 


5 y = 20* y = 5 x y = e x 



y = (IF y-itfsy-i* y =r 



7. We start with the graph of y = 10 x 
(Figure 3) and shift it 2 units to the left 
obtain the graph of y = 10 x+2 . 




9. We start with the graph of y = 2 X (Figure 2), 
reflect it about the ?/-axis, and then about the 
cc-axis (or just rotate 180° to handle both 
reflections) to obtain the graph of y = —2~ x . 
In each graph, y = 0 is the horizontal 
asymptote. 





11 . 


We start with the graph of y = e x (Figure 12) and reflect about the y -axis to get the graph of y = e x . Then we compress 
the graph vertically by a factor of 2 to obtain the graph of y = \e~ x and then reflect about the x-axis to get the graph of 
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y — — | e 21 . Finally, we shift the graph upward one unit to get the graph of y = 1 — \ e x 



13. (a) To find the equation of the graph that results from shifting the graph of y = e x 2 units downward, we subtract 2 from the 
original function to get y = e x — 2. 

(b) To find the equation of the graph that results from shifting the graph of y = e x 2 units to the right, we replace x with x — 2 
in the original function to get y = e^ x ~ 2 \ 

(c) To find the equation of the graph that results from reflecting the graph of y = e x about the x-axis, we multiply the original 
function by —1 to get y = —e x . 

(d) To find the equation of the graph that results from reflecting the graph of y = e x about the y-axis, we replace x with — x in 
the original function to get y = e~ x . 

(e) To find the equation of the graph that results from reflecting the graph of y = e x about the x-axis and then about the 
y- axis, we first multiply the original function by —1 (to get y = —e x ) and then replace x with —x in this equation to 

get y = -e~ x . 

15. (a) The denominator is zero when 1 — e 1-3:2 =0 -(=> e 1-2:2 = 1 -(=> 1 — x 2 = 0 -(=> x = ±1. Thus, 

1 — e* 2 

the function /(x) = -- —j has domain {x | x ^ ±1} = (—oo, — 1) U (—1,1) U (1, oo). 

1 — e 1 ~ x 

1 H - x 

(b) The denominator is never equal to zero, so the function /(x) = cosx has domain R, or (—oo, oo). 

17. Use y = Ca x with the points (1,6) and (3,24). 6 = Ca 1 \C = |] and 24 = Ca 3 => 24=^—^ a 3 => 

4 = a 2 => a = 2 [since a > 0] and (7=1=3. The function is /(x) = 3 • 2 X . 

19. 2 ft = 24 in, /(24) = 24 2 in = 576 in = 48 ft. g( 24) = 2 24 in = 2 24 /(12 ■ 5280) mi « 265 mi 

21. The graph of g finally surpasses that of / at x « 35.8. 



23. lim (l.OOl) 1 = oo by (3), since 1.001 > 1. 

x —>oo 
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e 3x — e~ 3x 1 — e~ 6x 1 — 0 

25. Divide numerator and denominator by e 3x : lim —-— = lim -— = - = 1 

x^aa e 3x + e~ 3x i^oo 1 + e~ 6x 1 + 0 

27. Let 7 = 3/(2 — x). As x —> 2 + , 7 —> — oo. So lim e 3 /( 2_3 0 = R m e t =0by(10). 

x— >2+ t—>—oo 

29. Since —1 < cosx < 1 and e~ 2x > 0, we have — e~ 2x < e~ 2x cos* < e~ 2x . We know that lim (—e~ 2x ) = 0 and 

x —»oo 

lim ( e ~ 2x ) = 0, so by the Squeeze Theorem, lim (e~ 2x cos x) = 0. 

x —>oo ' ' X —too 


31. /(x) = e 5 is a constant function, so its derivative is 0, that is, f'(x) = 0. 


33. By the Product Rule, /(x) = (x 3 + 2x)e x =>• 

/'(*) = (* 3 + 2 x)(e x )' + e x (x 3 + 2x)' = (x 3 + 2x)e x + e x (3x 2 + 2) 
= e^x 3 + 2x) + (3x 2 + 2)] = e x (x 3 + 3x 2 + 2x + 2) 


35. By (9), y = e ax3 => y’ = e ax3 ^ (ax 3 ) = 3 ax 2 e ax3 . 

37 .y = xe~ kx => y' = x[e~ kx (~k)\ + e~ kx • 1 = e~ kx (-kx + 1) [or (1 - kx)e~ kx ] 

39 •/(”)='■'" * «■)■-( 5 ) = 

41. By (9), F(t) = e* sin 2t =>■ F' (7) = e* sin 2t (7 sin 2t)' = e* sin 24 (7 • 2 cos 27 + sin 2t • 1) = e‘ sin 2t (27 cos 27 + sin 27) 
43.,,, ^1+2^ =» # ' = i(l + 2«*-)-/^(l + 2 e»-) = J7T i 1 =(2e**.3), 7 J 

45. y , e'" ■> t/ - ■ + («*) = e’" ■ e* or «■'+• 

ax 

47. By the Quotient Rule, y = ———^ =>■ 

ce 31 + a 

, _ (ce 1 + d)(ae x ) — (ae 31 + b)(ce :c ) _ (ace 31 + ad — ace 31 — bc)e x _ (ad — bc)e x 
^ (ce x + d) 2 (ce x + d) 2 (ce x + d) 2 


49 ^= cos (lrt) =* 

y d ( 1 —e 2 * \ (l + e 2x )(-2e 2x )-(l-e 2x )(2e 2x ) 

y \l + e 2x J dx\l + e 2x J \l + e 2x J (1 + e 2x ) 2 

. /1 — e 2a: \ -2e 2 " [(1 + e 2 *) + (1 - e 2 *)] . (l~e 2x \ -2e 2 *(2) 4e 2 * . (l~e 2x \ 

SU1 \ 1 + e 2x ) (1 + e 2x ) 2 ~ Sm \l + e 2x ) ' (1 + e 2x ) 2 ~ (1 + e 2x ) 2 ' Sm \l + e 2x ) 

51. y = e 2x cos 7rx => y' = e 2x (— 7r sin nx) + (cos rrx) (2e 2x ) = e 2x (2 cos 7rx — 7r sin 7rx). 


At (0,1), y' = 1(2 — 0) = 2, so an equation of the tangent line is j/ — 1 = 2(x — 0), or y = 2x + 1. 
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53. z x/v ) = 4- 

ax ax 

{x - y) 

=4 

x/y / 

dx < 

fx N 

vy. 

) — 

1 / => 

r x/v yi-x- 


- y' 

=4 e x/y 

1 

xe x/y 

■y' = i-y' 

y 2 



yl 

,/ xe*/*\ 

_y-e 

x/y 

/ _ 

2/ - 

- e x/v 

y 

y(y - e x/y ) 


2 _ _ y ~ c / _ y _ yyy ~ ^ > 

y 2 ) y y 2 - xe x/v y 2 - xe x /v 

y 2 


, xe x/y , , e x/y 

y - 5 — -y = 1 - 

r y 


y' = e* - \e~ x ' 2 


y" =e x + \e~ x/2 , so 


55. y = e x + e~ x/2 

2 y" -y' -y = 2(e x + fe“ x/2 ) - (e x - \e~ x/2 ^ - (e x + e ~ x/2 ) = 0. 


57. y = e rx =>■ y' = re rx =>■ y" = r 2 e rx , so if y = e rx satisfies the differential equation y" + 6 y' + 8y = 0, 

then r 2 e rx + 6 re rx + 8e rx = 0; that is, e rx (r 2 + 6 r + 8 ) = 0. Since e rx > 0 for all x, we must have r 2 + 6 r + 8 = 0, 
or (r + 2)(r + 4) = 0, so r = —2 or —4. 


59 . f(x)=e 2x =$> f'{x) = 2e 2x =>■ f"(x) = 2 • 2e 2x = 2 2 e 2x =>• 

f"(x) = 2 2 -2e 2x = 2 3 e 2x => ■ ■ • =>• f (n \x) = 2 n e 2x 


61. (a) f(x) = e x + x is continuous on R and /(— 1) = e 1 — 1 < 0 < 1 = /(0), so by the Intennediate Value Theorem, 
e x + x = 0 has a root in (— 1 , 0 ). 

(b) f(x) = e x + x => f'(x) = e x + 1, so x^+i = x„ — -— Xn . Using xi = —0.5, we get X 2 ~ —0.566311, 

e Xn + 1 

£3 « —0.567143 se £4, so the root is —0.567143 to six decimal places. 


63. (a) lim p(t) = lim --— -- = -—-—- 

t —>00 t —>oo 1 4- ae kt 1 + a ■ 0 


= 1 , since k > 0 


(b) p(t) = (1 +ae~ kt y 


dp 


—kt —► —00 
kae 


0 . 


— kt 


= -(1 + ae~ kt )~ 2 (—kae~ kt ) = 
dt v ' v (1 + ae~ kt ) 2 


1 

From the graph of p(t) = (1 + 10e _0 ' 5t ) _1 , it seems that p(t) = 0.8 
(indicating that 80% of the population has heard the rumor) when 
t « 7.4 hours. 

10 

65. f(x) = x — e x =>■ f'(x) = 1 — e x = 0 44 e x = 1 44 x = 0. Now f'(x) > 0 for all x < 0 and f'(x) < 0 for all 
x > 0 , so the absolute maximum value is /( 0 ) = 0 — 1 = — 1 . 



67. f(x)=xe~ x2/8 , [-1,4], f'(x)=x-e- x2/8 ■(- f)+e“* 2/8 • 1 = e“ x2 / 8 (-^ + 1). Since e”* 2 / 8 is never 0, 

f'(x) = 0 =4- —x 2 /4+l = 0 =4- 1 = x 2 /4 =4 x 2 = 4 =4 x = ±2, but —2 is not in the given interval, [—1,4], 

/(—1) = —e _1//8 « —0.88, /(2) = 2e _1//2 « 1.21, and /(4) = 4e -2 ss 0.54. So /(2) = 2e _1,72 = 2/v^e is the absolute 
maximum value and /(—1) = —e” 1 ^ 8 = —1/-y/e is the absolute minimum value. 
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69. (a) /(x) = (1 — x)e x =>■ f'(x) = (1 — x)(—e x ) + e x (—l) = e X (x~2)>0 =>■ x > 2, so / is increasing on 

(2, oo) and decreasing on (— oo, 2 ). 

(b) f"(x) = e~ x (l) + (x — 2)(—e~ x ) = e~ x (3 — x) > 0 -t=> x < 3, so / is CU on (— oo, 3) and CD on (3, oo). 

(c) /" changes sign at x = 3, so there is an IP at (3, — 2e~ 3 ). 


71. y = f(x) — e 1 /( x+1) A. D = {x \ x ^ —1} = (— oo, —1) U (—1, oo) B. No x-intercept; y-intercept = /(0) = e 
C. No symmetry D. lim e ~ 1 /( x + 1 '> = 1 since — l/(x + 1) —> 0, so y = 1 is a HA. lim e ~ 1 /( x + 1 ') = o since 

x —>-±oo X —> — l + 

— 1 /(x + 1) —► — oo, lim e _1 /( a; + 1 ) — oo since — l/(x + 1) —► oo, so x = — 1 is a VA. 

X —F — 1 

E. f(x) = + l) 2 =>■ /'(x) > 0 for all x except 1, so 

/ is increasing on (— 00 , —1) and (—1, 00 ). F. No extreme values 

^ e - 1/(x+1) , e - 1/(x+1 \-2) e- 1/( " +1) (2x + l) 

/ (x) — / . -,+ 


(x+ir 


(x + l) 3 


(x + l) 4 



f"(x) > 0 2x + 1 < 0 x < — so / is CU on (— 00 , — 1) 
and (—1, — i), and CD on (— 5 , 00 ). / has an IP at (— 5 , e -2 )- 

73. j/ = 1/(1 + e~ x ) A. D = R B. No x-intercept; j/-intercept = /(0) = |. C. No symmetry 

D. lim 1/(1 + e~ x ) = = 1 and lim 1/(1 + e~ x ) = 0 since lim e~ x = 00 , so / has horizontal asymptotes 

y = 0 and y = 1. E. /'(x) = — (1 + e~ x )~ 2 (—e~ x ) = e ~ x /(1 + e~ x ) 2 . This is positive for all x, so / is increasing on I 

(1 + e~ x ) 2 {-e~ x ) - e~ x (2)(l + e~ x ){-e~ x ) _ e~ x {e~ x - 1) 


F. No extreme values G. f"(x) = 

1 v ' (1 + e~ x ) 4 

The second factor in the numerator is negative for x > 0 and positive for x < 0, 

and the other factors are always positive, so / is CU on (— 00 , 0) and CD 

on (0, 00 ). IP at (0, |) 


(1 + e~ x ) 3 



75. S(t) = At p e kt with A = 0.01, p = 4, and k = 0.07. We will find the 
zeros of f" for /(f) = t p e~ kt . 

f(t) = t p (-ke~ kt ) + e _fet (pf p_1 ) = e~ kt (—kt p +pf p_1 ) 

/"(f) = e-^i-kpt?- 1 +p(p-l)t p ~ 2 ) + (-fcf p +pf p - 1 )(-fce- fet ) 

= t p ~ 2 e~ kt [—kpt + p(p — 1) + k 2 t 2 — kpt] 

= t p ~ 2 e~ kt (k 2 t 2 - 2kpt + p 2 - p) 

Using the given values of p and k gives us /"(f) = f 2 e _0 ' 07t (0.0049f 2 — 0.56f + 12). So S'"(f) = 0.01/"(f) and its zeros 
are f = 0 and the solutions of 0.0049f 2 — 0.56f + 12 = 0, which are fi = 222 ~ 28.57 and f 2 = ^22 ~ 85.71. 

At f 1 minutes, the rate of increase of the level of medication in the bloodstream is at its greatest and at f 2 minutes, the rate of 
decrease is the greatest. 


2000 
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77. f(x) = e x ~ x —> 0 as x —» —oo, and 
f(x) —> oo as x —> oo. From the graph, 
it appears that / has a local minimum of 
about /(0.58) = 0.68, and a local 
maximum of about /(—0.58) = 1.47. 
To find the exact values, we calculate 

3 




f'{x) = (3a; 2 — l)e x x , which is 0 when 3a; 2 — 1 = 0 -£=>■ x = The negative root corresponds to the local 


maximum 


'(-*) 


- -(-1/V3) _ „2V3/9 


, and the positive root corresponds to the local minimum 


(73) = = e 2v/ ®/ 9 . To estimate the inflection points, we calculate and graph 

d 


/"( x) = [(3a: 2 - l)e x3 ~ x ] = (3a: 2 - l)e x3 ~ x (3x 2 - l) + e x3 - x (6a;) = e x3 ~ x (9x 4 - 6a: 2 + 6a: + l). 

From the graph, it appears that f"(x) changes sign (and thus / has inflection points) at x ~ —0.15 and x ~ —1.09. From the 
graph of /, we see that these axvalues correspond to inflection points at about (—0.15,1.15) and (—1.09, 0.82). 


79. 


81. 


[\x e + e x )dx = 
Jo 


„e+l 


e + 1 


i x 

+ e 


dx 


= / e nx dx = 


e + 1 


— _i e _2,r 


+ e ) _ (0 + i ) = _ + e - 1 


. 1 0 1/, -2vr\ 

+ -e = -(1 - e ) 


83. Let u = 1 + e x . Then du = e x dx, so f e x y/l + e x dx = f y/udu = |w 3 ^ 2 + C = |(1 + e x ) 3 ^ 2 + C. 

85. f(e x + e~ x ) 2 dx = f(e 2x + 2 + e~ 2x ) dx = |e 2x +2x- ±e~ 2x + C 

87. Let u = tan x. Then du = sec 2 x dx, so f e tan x sec 2 xdx = f e u du = e u + C = e tan x + C. 

89. Let u = 1/x, so du = —1/a; 2 dx. When x = 1, u = 1; when x = 2, u = Thus, 


/ Z \/x rL/Z 

~^rdx = J e u {-du) = - [e“] 3/2 = -(e 1/2 -e)=e-V~e. 

91. Area = fj (e 3x - e x ) dx = [§e 3 * - e*]J = (§e 3 - e ) - (I - l) = I e 3 - e + | « 4.644 
93. 1/ = £ n{e x ) 2 dx = ne 2x dx = = f (e 2 - l) 


95. erf (a;) = —= / 
Jo 


e * dt 


_ 1 2 \/7r 

e dt = 4L— erf (a;). By Property 5 of definite integrals in Section 4.2, 


Jo e-* 2 dt = f 0 a e-* 2 dt + f a b 


dt, so 


e * dt = f e * dt — f e t dt = erf(6) — erf(a) = \ y/n [erf(b) — erf (a)]. 


lo 


to 
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97. The rate is measured in liters per minute. Integrating from t = 0 minutes to t = 60 minutes will give us the total amount of oil 
that leaks out (in liters) during the first hour. 

So° r (i)dt= fg° 100e _o olt dt [u = — 0.011 ,du = — O.Oldf] 

= 100 f~°' 6 e u (—100 du) = -10,000 [e“]“°' 6 = -10,000(e“°' 6 - 1) « 4511.9 « 4512 liters 

99. We use Theorem 6.1.7. Note that /(0) = 3 + 0 + e° = 4, so / _1 (4) = 0. Also f'(x) = 1 + e x . Therefore, 


(r 1 )'(4) = 7777 z 


/'(/- 1 (4)) /'(0) l + e° 2- 


101 . 


' 



1 — p l ! x 


/w= i+^ 




From the graph, it appears that / is an odd function (/ is undefined for x = 0). 


To prove this, we must show that f(—x) = —f(x). 


/(-*) = 


l-e 1 /!-*) _ l - e (~ 1 / x ) _ 1 ~ ^I7T e 1/x _ e 1 '* - 1 


A/* AA 


l + e 1 /!-*) l + el-i/*) 1 _1_ e 1 /* e 1 /* + 1 

l_ e i/- ^ 

V = -^) 


1 + e 1 / 

so / is an odd function. 


103. (a) Let /(z) = e* — 1 — x. Now /( 0) = e° — 1 = 0, and for x > 0, we have f{x) = e x — 1 > 0. Now, since /(0) = 0 and 
/ is increasing on [0, oo), f(x) > 0 for a; > 0 =>■ e x — 1 — z > 0 =>■ e* > 1 + z. 

(b) For 0 < x < 1, x 2 < x, so e x2 < e x [since e x is increasing]. Hence [from (a)] 1 + x 2 < e* 2 < e x . 


So | = fg (l + x 2 ) dx < f* e x dx < f^e x dx = e— 1 < e 


| < Jo e* 2 dx < e. 


x 2 x k 

105. (a) By Exercise 103(a), the result holds for n = 1. Suppose that e x > 1 + x + — H - + — for x > 0. 

2! k\ 


Let f(x) =e x — 1 — x — — 


x k x k+1 x k 

— — ^ + . Then f'(x) = e x — 1 — x — ■ ■ ■ — — > 0 by assumption. Hence 


f(x) is increasing on (0, oo). So 0 < x implies that 0 = /(0) < f(x) = e x — 1 — x - 


fc! (fc + 1)! 


, and hence 


x k x k+1 

e x > 1 + x -F —r + 


x x 

,, i ., „,, for x > 0. Therefore, for x > 0, e x > 1 + x + — r + • • • H- r for every positive 

fc! (k + 1)! 2! n\ 


integer n, by mathematical induction. 

(b) Taking n = 4 and x = 1 in (a), we have e = e 1 >l + i + | + ^j = 2.7083 > 2.7. 


k +1 

(c) e x >l + x + -- - + — + ■ 


ft! (fc + 1)! 


1 _ 1 _ 1 _ 

x k x k + A , , A 


X X 


ft! (fc + 1)! - (fc + 1)!' 


X g 

But lim ,, ' + = oo, so lim —r = oo. 

x —*oo (fc + 1)! 
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6.3 Logarithmic Functions 


1. (a) It is defined as the inverse of the exponential function with base a, that is, log a x = y 4=> a y = x. 

(b) (0, oo) (c) R (d) See Figure 1. 

3. (a) log 5 125 = 3 since 5 3 = 125. 

5. (a) e ln4 ' 5 = 4.5 since e lnx = x for x > 0. 


(b) log 3 ^ = -3 since 3 3 = ^ = ^. 


(b) log 10 0.0001 = log 10 10 = -4 by (2). 


7. (a) log 2 6 - log 2 15 + log 2 20 = log 2 ( ^ ) + log 2 20 [by Law 2] 

= 1 o S2 (^-20) [by Law 1] 

= log 2 8, and log 2 8 = 3 since 2 3 = 8. 


52 1 

' 100 \ 


(b) log 3 100 - log 3 18 - log 3 50 = log 3 (- log 3 50 = log 3 ( I |^) 

= log 3 (|), and log 3 (±) = -2 since 3~ 2 = ±. 

9. In \fab = In (ab) 1 ^ 2 = 4 ln(afc) = | (In a + In 6) = i In a + \ In b [assuming that the variables are positive] 


11 . In 


y 3 z 4 


= In* 2 — In (y 3 z 4 ) = 2 In x — (lnj/ 3 + In;? 4 ) = 2 In* — 3 In y — 4 In a 


13. 2In* + 3In j/ — Inz = In* 2 + lny 3 — In 2 [by Law 3] 


= ln(* 2 ?/ 3 ) — lnz 


= In 


*v 


[by Law 1] 
[by Law 2] 


15. In 5 + 5 In 3 = In 5 + ln3 5 [by Law 3] 

= ln(5 • 3 5 ) [by Law 1] 

= In 1215 

17. | ln(* + 2) 3 + i [In* - ln(* 2 + 3* + 2) 2 ] = ln[(* + 2) 3 ] 1/3 + \ In 

p. 

= ln(* + 2) + In 


(* 2 + 3* + 2) 2 


* 2 + 3* + 2 


= In 


= In 


(* + 2)y/x 

(* + 1 )(* + 2 ) 

Vx. 

x + 1 


[by Laws 3, 2] 
[by Law 3] 

[by Law 1] 


Note that since In* is defined for * > 0, we have * + 1, * + 2, and x 2 + 3* + 2 all positive, and hence their logarithms 
are defined. 


19. (a) log 12 e = 


lne 


In 12 In 12 


: 0.402430 


(b) logg 13.54 = ln , 13 ; 54 « 1.454240 
In 6 


(c) log 2 7r = « 1.651496 

2 ln 2 
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, In X In x 

21 . To graph these functions, we use logj 5 x = -—— and log 50 x = ^ . 

These graphs all approach —oo as x —> 0 + , and they all pass through the 
point (1,0). Also, they are all increasing, and all approach oo as x —+ oo. 
The functions with larger bases increase extremely slowly, and the ones with 
smaller bases do so somewhat more quickly. The functions with large bases 



■y = log i.5* 

y = In x 
■y = l°gio* 
4 

■y = lo S5o* 


approach the //-axis more closely as x —+ O’* 


23. (a) Shift the graph of y = log 10 x five units to the left to 

obtain the graph of y = log 10 (* + 5). Note the vertical 
asymptote of x = —5. 



V = l°gio x y = log 10 (* + 5) 


(b) Reflect the graph of y = In x about the *-axis to obtain 
the graph oft/ = — In x. 



y = In x y = — lux 


25. (a) The domain of f(x) = In x + 2 is x > 0 and the range is R. 

(b) y = 0 =>■ In a: + 2 = 0 => Inx =—2 =>■ x = e~ 2 

(c) We shift the graph of y = In x two units upward. 



27. (a) e 7-4x = 6 7 - 4x = In 6 7 - ln6 = 4* x = ±(7 - In 6) 

(b) ln(3* - 10) = 2 3x — 10 = e 2 3x = e 2 + 10 * = i(e 2 + 10) 

29. (a) 2 X ~ 5 = 3 4=> log 2 3 = x — 5 4=> x = 5 + log 2 3. 

Or: 2 X ~ 6 = 3 ln(2*- 5 ) = In 3 (a: - 5) In 2 = In3 *-5 = ^ x = 5 + j^| 

ill Z ill z 

(b) in* + ln(x — 1) = ln(*(:r — 1)) = 1 4=> x(x — 1) = e 1 4=> x 2 — x — e = 0. The quadratic fonnula (with a = 1, 

b = — 1, and c = —e) gives x = \ (l ± V1 + 4e), but we reject the negative root since the natural logarithm is not 

defined for x < 0. So x = |(l + vT+~4e). 

31. e — e~ 2x = 1 e -l = e~ 2x <=> ln(e - 1) = lne" 2 * -2x = ln(e - 1) * = -§ln(e-l) 

33. ln(lnx) = 1 e ln(lnx) = e 1 4* ln.x = e 1 =e 44 e lnx = e e 4* x = e e 


35. e 2 * - e x - 6 = 0 44 (e x - 3)(e x + 2) = 0 44 e x = 3or-2 =4 x = in 3 since e* > 0. 

37. (a) e 2+5x = 100 =4 in (e 2+5x ) = in 100 =4 2 + 5* = in 100 =4 5* = in 100 - 2 =4 
x= i (In 100-2) « 0.5210 
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(b) \n(e x -2) = 3 => e x - 2 = e 3 => e x = e 3 + 2 =>• x = ln(e 3 + 2) « 3.0949 

39. (a) In x < 0 => x < e° => x < 1. Since the domain of f(x) = In* is x > 0, the solution of the original inequality 
is 0 < x < 1. 

(b) e x > 5 => In e x > In 5 =>■ x > hi 5 

41. 3 ft = 36 in, so we need x such that log 2 x = 36 -*=> x = 2 36 = 68,719,476,736. In miles, this is 

68,719,476,736 in-—-« 1,084,587.7 mi. 

12 in 5280 ft 


43. If/ is the intensity of the 1989 San Francisco earthquake, then log 10 (//S') = 7.1 
iogioU 67 / 5 ) = l°gio 16 + lo gio( / / s ') = l°gio 16 + 7 -! ~ 8.3. 


45. (a) n = /(f) = 100 • 2 t ' 3 ^ ^ = 2 t/3 


lo g 2 ( 


n \ _ t 
100/ “ 3 


t = 3 log 2 


V 

V100/ 


Using formula (7), we can 


write this as t = f 1 (n) = 3 • Tfu S function tells us how long it will take to obtain n bacteria (given the 


number n ). 
(b) n = 50,000 


In 2 


t = f- 1 (50,000) = 3 


ln(“ 


In 2 


= 3 


In 500 
hi 2 


26.9 hours 


47. Let t = x 2 — 9. Then as x —> 3 + , f —* 0 + , and lim ln(a; 2 — 9) = lim Inf = —oo by (8). 


3 + 


t—>0+ 


49. lim ln(cos x) = In 1 = 0. [ln(cos x) is continuous at x = 0 since it is the composite of two continuous functions.] 

x —»0 


51. lim [ln(l + x 2 ) — ln(l + x)\ 

x — ►OO 


lim In \ +X 

x—>oo 1 + X 


= In 



1 + ® 2 \ 
1 + x ) 


parentheses is oo. 


In 



oo, since the limit in 


53. f(x ) = log 10 (a: 2 — 9). Df = {x \ x 2 — 9 > 0} = j* j \x\ > 3| = (—oo, —3) U (3,oo) 

55. (a) For f(x) = V3 — e 2x , we must have 3 — e 2x > 0 =>■ e 2x < 3 =>■ 2x < In 3 =>■ x < \ In 3. 

Thus, the domain of / is (—oo, § In 3]. 

(b) y = f(x) = V3 — e 2x [note that y > 0] =>■ j/ 2 = 3 — e 2x =>■ e 2x =3 — y 2 => 2a; = ln(3 — y 2 ) => 

x = | ln(3 — y 2 ). Interchange x and y: y = \ ln(3 — x 2 ). So / -1 (x) = | ln(3 — x 2 ). For the domain of / -1 , 
we must have 3 — x 2 > 0 =>■ x 2 < 3 =>■ |x| < \/3 =>■ —\/3 < x < \/3 =>■ 0 < x < \/3 since x > 0. Note 

that the domain of/ -1 , [0, \/3), equals the range of /. 

57. (a) We must have e x — 3 > 0 =>■ e x > 3 =>- x > In 3. Thus, the domain of f(x) = \n(e x — 3) is (In 3, oo). 

(b) y = ln^* — 3) => e v = e x — 3 =>■ e x = e v + 3 => x = ln(e w + 3), so f^(x) = ln(e x + 3). 

Now e x + 3 > 0 =>- e x > — 3, which is true for any real x, so the domain of/ -1 is R. 

59. y = ln(a; + 3) =>- e y = e ln ^+ 3 ^ = * + 3 =>- x = e y — 3. 

Interchange x and y: the inverse function is y = e x — 3. 
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61 -y = f(x) = e x3 =4 
63. y = log 10 ^1 + ^ = 

Interchange x and y: y 


In y = x 3 => x = ^ln y ■ Interchange x and y: 


10 y = 1 + - =4 — = 10 y — 1 =4> x = 

x x 


-is the inverse function. 

10* - 1 


y = v^ln x. So / x (x) 
1 

lOw - 1' 


v^ln x. 


q p 3:e P x 

65. f(x) = e 3x — e x =4 f'(x) = 3e 3x - e x . Thus, f'{x) > 0 4* 3e 3 * > e* 44 ^ 44 3e 2x > 1 44 

e 2x > | 44 2x > ln (|) = — ln3 44 x > — | In3, so / is increasing on | In3, oo). 

67. (a) We have to show that —f(x) = f(—x). 


-f(x) = — In (x + y/x 2 + 1) = In ^(x + y/x 2 + 1) ^ 


= In ■ 


: + y/x 2 + 1 


= In 


1 


x — y/x 2 + 1 
X + y/x 2 + 1 X — \/x 2 + 1 


) = ln ^2 _^2 = 111 ( V ® 2 + 1 - ®) = /(-®) 


Thus, / is an odd function. 

(b) Let y = ln (x + y/x 2 + 1). Then e 17 = x + V* 2 + 1 44 (e y — x) 2 = x 2 + 1 44 e 2y — 2xe y + x 2 = x 2 + 1 44 

p 2 w — 1 

2xe v = e 2y — 1 44 x = ——— = \{e v — e~ v ). Thus, the inverse function is / _1 (x) = \{e x — e~ x ). 


69. X 1 ? ln x = 2 =4 lnfx 1 / ln x ) = ln(2) =4 —• ln x = ln 2 =4 1 = ln 2, a contradiction, so the given equation has no 

mx 

solution. The function /(x) = x x ^ irlx = (e 1111 ) 1 / 111 * _ g i _ e f ora q x > 0, so the function /(x) = x 1 ^ hxx is the constant 
function /(x) = e. 


71. (a) Let e > 0 be given. We need N such that la. 31 — 0| < e when x < N. But a x < e 44 x < log a e. Let N = log a e. 

Then x < N =4 x < log a e =4 \a x — 0| = a x < e, so lim a x = 0. 

X —F —OO 

(b) Let M > 0 be given. We need N such that a x > M when x > N. But a x > M 44 x > log a M. Let N = log 0 M . 

Then x > N =4- x > log a M =4 a x > M, so lim a x = oo. 


73. ln(x 2 — 2x — 2) < 0 =4 0 < x 2 — 2x — 2 < 1. Now x 2 — 2x — 2 < 1 gives x 2 — 2x — 3 < 0 and hence 
(x — 3)(x + 1) < 0. So — 1 < x < 3. Now 0 < x 2 — 2x — 2 =4 x<l — y/3 or x > 1 + y/3. Therefore, 
ln(x 2 — 2x — 2) < 0 44 — 1 < x < 1 — y/3 or 1 + y/3 < x < 3. 


6.4 Derivatives of Logarithmic Functions 


1. The differentiation formula for logarithmic functions, — (log. x) = -, is simplest when a = e because ln e = 1. 

ax xm a 


3. /(x) = sin(lnx) 


/'(*) 


cos(lnx) ■ — lnx = cos(lnx) • — 
ax x 


cos (lnx) 


x 
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5. f(x) = In ■ 


/'(*) = 


1 d (1 


1/a; dx \x 


x z x 


Another solution: f(x) = In — = In 1 — In a; = — lnx => f'( x ) = — — • 


7- f{ x ) = log 10 (a; 3 + 1) =+ f(x) = 1 -£-{x 3 


( x 3 + 1) In 10 dx ^ ^ (x 3 + 1) In 10 


„ . . 1 d \ sin*-5 . . sini , . 

9. t(x) = srni In(5x) =>■ t (x) = smx ■ — ■ — (5x)+ln(ox)-cosx =—--hcosa:In(5a;) =-l-cosa; m(5a;) 

5 xdx 5x x 


11. G(y) = In (2 y + ^ = ln(2 y + l) 5 - ln(j/ 2 + l) 1 ' 2 = 51n(2 y + 1) - § In {y 2 + 1) 

Vv 2 + 1 


G’(y) = 5 ■ • 2 - l ■ -T7T ■ 2 V = nT"T"T " TTT 


2y + \ 2 2/2 + 1 y 2y + l 2/ 2 + l [ i 2 V + l)(y 2 + 1) 


8y 2 - y + 10 


13. g(x) = ln(x y/x 2 — 1) = ln.x + ln(a: 2 — l) 1 / 2 = lnx + | ln(x 2 — 1) =+ 

,, . _ 1 1 1 _ 1 x _ x 2 — 1 + x - x _ 2x 2 — 1 

y * x 2 x 2 — 1 X x x 2 — 1 x(x 2 — 1) x(x 2 — 1) 


15. f(u) = 


/'(«) = 


1 + ln(2w) 

[1 + ln(2w)] • i - In u ■ ^ • 2 _ A [1 + ln(2it) - In w] _ 1 + (In 2 + In u) - lnw _ 1 + In 2 


[l + ln(2«)]2 


[1 + ln(2u)] 2 


u[l+ln(2w)]2 w[l + ln(2n)] 2 


17. f(x) =x s + 5 x => f(x) = 5x 4 + 5 X In 5 


19. y = tan [ln(air + 6)] =>■ y' = sec 2 [ln(ox + &)] ■ / ^ • a = sec 2 [ln(ax + &)] ^ ^ 


21. y = ln(e x + xe x ) = ln(e *(1 + x)) = ln(e x ) + ln(l + x) = —x + ln(l + x) 


y’ = -1 + 


1 _ — 1 — X + 1 _ X 

1 + X 1 + X 1 + X 


23. y = 2x log 10 yfx = 2x log 10 x 1/2 = 2x ■ \ log 10 x = xlog 10 x =+ y’ = x ■ * +log 10 a;' 1 = +log 10 x 


1 In e 
In 10 _ In 10 


= log 10 e, so the answer could be written as -—— + log 10 x = log 10 e + log 10 x = log 10 ex. 


25. /(t) = 10^ =* f(t) = IQ- 77 In 10 f t (Vi) = 10 ^ 10 


27. y = x 2 ln(2a;) =>■ y' = x 2 ■ — ■ 2 + ln(2a:) • (2x) = x + 2x ln(2x) 


y" = 1 + 2x ■ — ■ 2 + ln(2x) -2 = 1 + 2 + 21n(2x) = 3 + 21n(2x) 
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29. y = In (x + \/l + x 2 


V = - , — (x + V1 + x 2 ) = - 

x + s/l + x 2 dx K ' x + Vl + x 


1== [l+I(l + a: a )- 1/2 (2x)] 


x + V i + & 


= —1(1 + x 2 )~ 3 ^ 2 (2x) = 


(1 + X 2 ) 3 / 2 


31. f(x) = 


1 — ln(x — 1) 


/'(*) = 


[1 - ln(x - 1)] • 1 - x ■ — 

[1 - ln(x - l)] 2 

2x — 1 — (x — 1) ln(x — 1) 
(x — 1) [1 — ln(x — l)] 2 


-1 (x — 1)[1 — ln(x — 1)] + x 
~ = x- 1 

[1 — ln(x — l)] 2 


x — 1 — (x — 1) ln(x — 1) + x 
(x — 1)[1 — ln(x — l)] 2 


Dom(/) = {x | x — 1 > 0 and 1 — ln(x — 1) ^ 0} = {x \ x > 1 and ln(x — 1) ^ 1} 

= {x | x > 1 and x —l^e 1 } = {x|x>l and x ^ 1 + e} = (1,1 + e) U (1 + e, oo) 

33- f(x) = ln(x 2 — 2x) => f\x) = ^^(2x - 2) = 

Dom(/) = {x | x(x — 2) > 0} = (—oo, 0) U (2, oo). 


35. /(x) = 


/'(*) = 


(1 + x 2 ) - - (lnx)(2x) 


(1 + x 2 ) 2 


-.80 /'( 1 ) = 


2 ( 1 )- 0 ( 2 ) 2 _ 1 

2 2 " 4 ~~ 2' 


37. y = ln(x 2 — 3x + 1) =>■ y' = -=- • (2x — 3) =>■ j/'(3) = \ • 3 = 3, so an equation of a tangent line at 

x 2 — 3x + 1 

(3,0) is y — 0 = 3(x — 3), or y = 3x — 9. 


39. /(x) = sinx + lnx =>■ f'(x) = cosx + l/x. 

This is reasonable, because the graph shows that / increases when f is 
positive, and f'{x) = 0 when / has a horizontal tangent. 



41. f(x) = cx + ln(cosx) =>■ f'(x) = c H- • (—sinx) = c — tanx. 

cosx 

/'(f) = 6 =>■ c — tan j = 6 =>• c—1 = 6 =>■ c=7. 


43. y = (x 2 + 2) 2 (x 4 + 4) 4 => lny = ln[(x 2 + 2) 2 (x 4 + 4) 4 ] =>■ lny = 2 ln(x 2 + 2) + 41n(x 4 + 4) 


-y' = 2 • 


x 2 +2 


• 2x + 4 • 


x 4 + 4 


■ 4x 3 =>■ y' = y 


4x 16x 3 
x 2 + 2 ^ x 4 + 4 


y' = (x 2 + 2) 2 (x 4 + 4) 4 


x 2 + 2 x 4 + 4 
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45 ' 2/ = '\/JtT ^ lny = ln (j+r) ^ lnj/= iln(a:-l)- ^ ln(x 4 + 1) =► 

1,11 11 , 3 , ( I 2x 3 \ , lx- 1 /I 2a; 3 \ 

j/ y ^2*^l 2x 4 + r 4ir ^ y _y V2(a:-l) a: 4 + 1 ) ^ V ~ x 4 + 1 \2x - 2 x 4 + 1) 

47. y = x x =>■ lny = lnx x =>■ h\y = x\wx =>■ y'/y = x{l/x) + (lnx) ■ 1 =>■ y'= y( 1 + lnx) =>■ 
y' = x x (1 + In x) 


49. y = x s 


In y = lna; a 


V 1 

lny = sin x In x =>• — = (since) • —F (Ina:)(cosa;) 

y x 


/ I OJLJLJL O/ . 

y = y\ -1- in x cos x 


y = ar 


+ In x cos x 


51. y = (cosx) x => lny = ln(cosa;) x =>■ In y = x In cos x 


— y — x ■ —-— • (— sin x) + In cos x • 1 
y cos x 


y' = y[ In cos x — 


y' = (cos a;) 3 ’(In cos a; — a; tan a:) 


53. y = (tanx) 1 ^ => lnt/ = ln(tana;) 1 ' /x => In y = — In tan x 


y d x tan x 


,1 

• sec x + in tan x --- 


V = V 


sec 2 x In tan x 


a; tan a; 


<-*>■* (^ 5 -^)» 


esc x sec x — 


In tan x 


55. y = ln(x 2 + y 2 ) 


1 d / 2 . / _ 2x + 2 yy' 


x 2 + y 2 dx 


~{x+y) => y' = 


x 2 + y 2 


x y' + y V = 2a; + 2 yy' 


X y + y y - 2 yy = 2x ^ (x + y 2 - 2 y)y' = 2x => y = 


2 x 


57. f(x) = In (a: - 1) => f'(x) = 

f( 4 \x) = —2 • 3(a; — l) -4 => 

59. 2 y = (x- 4f 


(*- !) 


= ix-i y 


x 2 + y 2 — 2 y 
f"(x) = -( x- 1)- 2 


r (x) = 2(x-i )- 



> /(”)(*) = (-1) 11 - 1 • 2 • 3 • 4.(n - l)(x - 1)-" = (-l)"" 1 ^^ 

From the graph, it appears that the curves y = {x — 4) 2 and y = In a: intersect 
just to the left of * = 3 and to the right of x = 5, at about x = 5.3. Let 
f(x) = lna; — (x — 4) 2 . Then f'{x) = 1/x — 2(x — 4), so Newton’s Method 

says that x n+ i = x n - f(x n )/f'(x n ) = x n - -^2-iL. Taking 

1 /Xn - 2 [X n - 4) 


xo = 3, we get x\ « 2.957738, X 2 « 2.958516 « X 3 , so the first root is 2.958516, to six decimal places. Taking a~o = 5, we 


get x\ « 5.290755, a ~2 ~ 5.290718 « X 3 , so the second (and final) root is 5.290718, to six decimal places. 
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fi 1 fl ^- lnX ' f , ( , _ V^{l/x)-(\nx)[l/(2^)\ _2-\nx _ 

H ’ ~ A 1 ’ ~ x “ 2*3/2 =* 

„ 2 * 3 / 2 (—1/x) — (2 — ln*)(3x 1 / 2 ) 3In* — 8 8 8/3 . ^ TT . 8/3 . 

f (*) =--—------ =— ^ 5 ^ 2 — >0 44 In* > | 44 * > e 8/ , so / is CU on (e 8/3 , oo) 

and CD on (0, e 8 ^ 3 ). The inflection point is (e 8 / 3 , |e -4 ^ 3 ^. 

63. y = /(*) = ln(sin*) 

OO 

A. D — {x in R | sin * > 0} = (J ( 2nn , (2 n + 1) 7r) = • • • U (—47r, — 3tr) U (—27r, —7r) U (0, n) U (27T, 37t) U • • • 

n=—oo 

B. No y-intercept; *-intercepts: /(*) = 0 44 ln(sin*) = 0 44 sin* = e° = 1 44 x = 2mr + f for each 

integer n. C. / is periodic with period 27T. D. lim f(x) = —oo and lim /(*) = — oo, so the lines 

x —> (2n7r) + x —►[(2n+l)7r] — 

COS X 

x = 7 i 7 r are VAs for all integers n. E. fix) = - = cot *, so /'(*) > 0 when 2nn < x < 2mr + 5 for each 

sin* ^ 

integer n, and /'(*) < 0 when 2 ?X 7 T + ^ < * < (2n + l) 7 r. Thus, / is increasing on ( 2 n 7 r, 2mv + -|) and 
decreasing on (2niv + f, (2n + l) 7 r) for each integer n. 

F. Local maximum values f(2nn + f) = 0, no local minimum. 

G. /"(*) = — esc 2 * < 0, so / is CD on (2nn, (2 n + l) 7 r) for 
each integer n. No IP 

65. y = /(*)= ln(l + * 2 ) A. D = R B. Both intercepts are 0. C. /(—*) = /(*), so the curve is symmetric about the 

2 * 

y-axis. D. lim ln(l + * 2 ) = oo, no asymptotes. E. /'(*) = --r- > 0 44 

x—*±oo \ X z 

x > 0 , so / is increasing on ( 0 , oo) and decreasing on (—oo, 0 ). 

F. /(0) = 0 is a local and absolute minimum. 

2(1 + * 2 ) — 2 *( 2 *) 2 ( 1 -* 2 ) 

J [ ’ (1 + * 2 ) 2 (1 + * 2 ) 2 

|*| < 1, so / is CU on (—1,1), CD on (—oo, —1) and (1, oo). 

IP (1, In2) and (-l,ln2). 

„ ,,, , , , .... 2 + sin* + *cos* 

67. We use the CAS to calculate f (x) = --- ; -and 

2 x + x sm * 

..... , 2 * 2 sin * + 4 sin * — cos 2 * + * 2 + 5 _ 

J (*) = - 57 - 5 - -r~. - 77 -■ From the graphs, it 

* 2 (cos 2 * — 4 sm * — 5) 

seems that f > 0 (and so / is increasing) on approximately the intervals 
(0, 2.7), (4.5, 8.2) and (10.9,14.3). It seems that f" changes sign 
(indicating inflection points) at * ~ 3.8, 5.7, 10.0 and 12.0. 

Looking back at the graph of /(*) = ln(2x + * sin *), this implies that the inflection points have approximate coordinates 
(3.8,1.7), (5.7, 2.1), (10.0, 2.7), and (12.0,2.9). 
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69. (a) Using a calculator or CAS, we obtain the model Q = ab * with a « 100.0124369 and b « 0.000045145933. 

(b) Use Q'(t) = ab 4 In 6 (from Formula 7) with the values of a and b from part (a) to get Q'(0.04) ss —670.63 fiA. 
The result of Example 2 in Section 1.4 was —670 /rA. 


71. 


J — dx = 3 J — dx = 3 [in |®| j = 3(ln 4 — In 2 ) = 3 In ^ = 3 In 2 


73. 


dt 


/, 8 — 37 


-- In 1 8 - 3t\ 


= ln2- ( — ^ ln5 ) = ^(ln5- In2) = | In | 


Or: Let u = 8 — 37. Then du = —3 dt, so 


dt 


r 2 ~\du 


/, 8-37 


--ln|u| 


= — l n 2 — ( -^ln5 ) = | (In 5-In 2 ) = ^ln|. 


75. 


f e x 2 + x + 1 


dx= (ir + lH—J dx = [\x 2 +x + In a;]® = (±e 2 + e + l) - (§ + 1 + 0) 


= \e 2 +e- i 


77. Let u = In x. Then du = 


dx 


f X - dx = [ u 2 du = i u 3 + C = i(lnx) 3 + C. 
J x J 3 3 


79. 


sin 2 x 
1 + cos 2 x 


dx = 2 


sin x cos x 

1 + COS 2 X 


dx = 21. Let u = cos x. Then du = — sin x dx, so 


21 = — 2 f U 2 = —2 • | ln(l + u 2 ) + C = — ln(l + u 2 ) + C = — ln(l + cos 2 x) + C. 
J i- ~r U 


Or: Let u = 1 + cos 2 x. 


81. / 10 dt = 


10* 1 2 10 2 10 1 100 - 10 90 


[lnlOjj In 10 In 10 In 10 In 10 


83. (a) — (In I sin a: I + C) = —-— cos a: = cot® 
dx sin x 


(b) Let u = sin x. Then du = cos x dx, so / cot xdx = / cos x dx = 

J J sm a: J 

85. The cross-sectional area is 7r(l /\Jx + 1 ) 2 = 7r/(x + 1). Therefore, the volume is 
f 1 7 r 

/ -- dx = 7r[ln(® + 1)]J = 7r(ln 2 — In 1) = 7r In 2. 

io 1 + 1 


dx = / — = In Ini + C = In Isind + C. 


7*1000 7*1000 -j |- -| 1000 

87. W = jy 2 P dV = / dV = C — dV = C In \V\ = C(ln 1000 - ln600) = Cln ^ = Cln |. 

1 J 600 * J 600 L L J 600 

Initially, PV = C, where P = 150 kPa and V = 600 cm 3 , so C = (150)(600) = 90,000. Thus, 

W = 90,000In | « 45, 974 kPa • cm 3 = 45,974(10 3 Pa)(10 -6 m 3 ) = 45,974 Pa-in 3 = 45,974N-m [Pa = N/m 2 ] 

= 45,974 J 
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89. f(x) = 2x + lnx =>■ /'(*) = 2 + 1/x. If g = f \ then /(1) =2 = 

g'{ 2) = l//'(s(2)) = 1//'(1) = i 

91 . The curve and the line will determine a region when they intersect at two or 


gr(2) = 1, so 


more points. So we solve the equation x/(x 2 + 1) = mx 


x = 0 or 


, +->/—4 (m)(m — 1) 

mx + m — 1 = 0 =>■ X = 0 or X = —-- 

2m 


= / — 
m 


1. 



Note that if m = 1, this has only the solution a; = 0, and no region is 
determined. But if 1/m — 1 > 0 4=> 1 /m >1 4=> 0 < m < 1, then there are two solutions. [Another way of seeing this 

is to observe that the slope of the tangent to y = x/(x 2 + 1) at the origin is y' = 1 and therefore we must have 0 < m < 1.] 
Note that we cannot just integrate between the positive and negative roots, since the curve and the line cross at the origin. 

Since mx and x/(x 2 + 1) are both odd functions, the total area is twice the area between the curves on the interval 
|o, y/l/m — 1 j. So the total area enclosed is 
fy/l/m-l r 


X 2 + 1 


dx = 2 [| ln(x 2 + 1) — |mx 2 ] 1 


in 


1 + 1 




\m 


(in 1 - 0) 


= in ( — ) + m — 1 = m — in m — 1 
m, 


93. If f(x) = in (1 + x), then f'(x) = ^ , so /'(0) = 1. 

_ .. ln(l + a;) /(*) f(x) — /(0) . 

Thus, lim —^^ = lim = lim = f'(0) = 1. 

a; x—x x—»o x — 0 


6.2* The Natural Logarithmic Function 

1. in \/ab = ln(ab) 1 ' 2 = | ln(ab) = \ (in a + in b) = ^ in a + ^ in b [assuming that the variables are positive] 

x 2 

3. in —— j = in x 2 — ln(j/ 3 z 4 ) = 2 in x — (in y 3 + in z 4 ) = 2 in x — 3 in y — 4 in z 

y z 

5. 2 In x + 3 In y — In z — In x 2 + In y 3 — In z [by Law 3] 

= in (x 2 y 3 ) — in z [by Law 1] 

2 3 

= in X y [by Law 2] 

z 

7. in 5 + 5 in 3 = in 5 + in 3 5 [by Law 3] 

= ln(5 • 3 5 ) [by Law 1] 

= in 1215 
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| ln(* + 2) 3 + 2 [in a ; — ln (* 2 + 3 * + 2 ) 2 ] = ln[(* + 2) 3 ] 1/3 + | In 


(* 2 + 3x + 2) 2 


[by Laws 3, 2] 


= ln(* + 2) + In 


* 2 + 3* + 2 


= In 


= In 


(x + 2 ) x /i 
(* + l)(x + 2) 

Vx 

x + 1 


[by Law 3] 


[by Law 1] 


Note that since In x is defined for x > 0, we have x + 1, x + 2, and x 2 + 3* + 2 all positive, and hence their logarithms 
are defined. 



17. fix) = \fx\nx => /'(*) =—In* + Vx ( — | 

2 Vx \xj 


In* + 2 

2 Vx 


19. /(*) = sin(ln*) =>■ /'(*) = cos(ln*) ■ In* = cos(lnx) • — 


1 d 1 


21. /(x) = ln- =s> f( x ) = £ = * _ =-- 


1 /x dx \ x 


1 


Another solution: /(*) = In — = In 1 — In* = — In* => /'(*) 


cos(ln*) 

x 


1 

x' 


23. /(*) = sin* ln(5*) 


. . 1 d , sm*-5 . , sin* , . 

t (*) = sm* --— (5*1 +in(5*l - cos* =-|-cos*in(5*) =-hcos* fill5*1 

5 xdx 5* x 


25. g(x) = In - | X = ln(o — *) — ln(a + *) 


g'V) = 


a + x 

1 


1) 


— (a + *) — (a — *) — 2 a 


a + x (a — x) (a + *) a 2 — x 2 


27. G{y) = In { ^= = ln(2 y + l) 5 - In (y 2 + l) 1 ' 2 = 51n(2 y + 1) - ± In (y 2 + 1) 

Vv + 1 


G'(y) = 5 • 


2 y+l 


2 — - 


2 y 2 + 1 


•2 y = 


10 


2 y + 1 y 2 + 1 


8 3/ -y+10 


(2y + l)(y 2 + 1) 
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29. g(x) = ln(* V* 2 — 1) = In* + ln(x 2 — l) 1 / 2 = In* + \ ln(* 2 — 1) =>■ 

11 1 „ 1 * * 2 — 1 + * • * 2* 2 — 1 


</(*) = + + ^ 

31. /(w) = 

/'(«) = 


* 2 * 2 — 1 

lriM 


■2x = - + 


X x 2 — 1 x(x 2 — 1) x(x 2 — 1) 


1 + ln(2rt) 

[1 + ln(2w)] • i — In u ■ ^ ■ 2 _ A [1 + ln(2w) — In u] _ 1 + (In 2 + In u) — In u _ 1 + In 2 


[1 + ln(2u)] 2 
33. y = In 1 2 — * — 5* 2 1 => y 1 - 


[1 + 1ii(2m)] 2 


u[l + ln(2«)] 2 


u[ 1 + ln(2u)] 2 


1 


2 — * — 5* 2 

35. y = tan [ln(o* + 6)] =>■ y' = sec 2 [ln(a* + 6)] • 


( i ln N -10*- 1 10* +1 

(—1 — 10*) = --or 


ax + b 


2 — * — 5* 2 5* 2 + * — 2 


a = sec 2 [ln(ax + 6)] 


ax + b 


37. y = x 2 ln(2x) =>■ y' = x 2 ■ — • 2 + ln(2x) • (2*) = * + 2xln(2x) 


y" = 1 + 2*- — • 2 + ln(2*) • 2 = l + 2 + 21n(2x) = 3 + 21n(2x) 


39. /(*) = 


1 — ln(x — 1) 


/'(*) = 


[1 — ln(* — 1)] • 1 — * • 


— 1 (* — 1)[1 — ln(x — 1)] + * 


* — 1 


* — 1 


[1 - ln(x - l)] 2 

2* — 1 — (* — 1) ln(x — 1) 
(* — 1) [1 — ln(x — l)] 2 


[1 — ln(x — l)] 2 


* — 1 — (* — 1) ln(x — 1) + * 
(* — 1)[1 — ln(x — l)] 2 


Dom(/) = {* | * — 1 > 0 and 1 — ln(x — 1) ^ 0} = {* | * > 1 and ln(x — 1) ^ 1} 

= {*|*>1 and x —l^e 1 } = {*|x>l and * ^ 1 + e} = (1,1 + e) U (1 + e, oo) 


41. /(*) = y /1 — ln * is defined 4=> * > 0 [so that ln* is defined] and 1 — ln* > 0 4=> 

* > 0 and In* < 1 4=> 0 < * < e, so the domain of / is (0, e]. Now 


/'(*) = i(i - m *)- 1 / 2 -1 (1 - m *) = ^= 


-l 


43. /(*) = 


ln* 


(1 + * )( - I - (In*)(2*) 

fix) = --. so /'(l) = 


2* \/l — ln* 

2 ( 1 ) - 0 ( 2 ) _ 2 _ 1 


1 + x 2 ' (1 + x 2 ) 2 

45. /(*) = sinx + lnx =>• /'(*)= cos* + 1/*. 

This is reasonable, because the graph shows that / increases when f is 
positive, and /'(*) = 0 when / has a horizontal tangent. 


2 2 4 2' 

4 



67 T 
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2 2 

47. y = sin(2 In x) = 4 > j/' = cos(2 In x) • —. At (1, 0), y' = cos 0 • y = 2, so an equation of the tangent line is 
y — 0 = 2 • (x — 1 ), or y = 2 x — 2 . 


y = in ( * 2 +y 2 ) => y' = ^T 72 f x ^ 2 +y 2 ) =* y' = 2 -^f- 


x 2 y' + y 2 y' = 2x + 2 yy 1 


X 2 y' + y 2 y' - 2 yy' = 2x =>• (x 2 + y 2 - 2 y)y' = 2x => y' = 


x 2 + y 2 — 2 y 


51- f{x) = ln(x — 1 ) =>■ f'(x) = = (* — 1) 1 =* /"(*) = -(*-!) 2 => /"'(*) = 2 (x - 1 ) 3 


/^(x) = —2 ■ 3(x — 1)“ 


/ (n) (*) = (-1 )"- 1 • 2 • 3 ■ 4.(n - l)(x - l)- n = (-1) 


,-i (»-!)! 

(x - l) n 



From the graph, it appears that the curves y = (x — 4 ) 2 and y = In a: intersect 
just to the left of x = 3 and to the right of x = 5, at about x = 5.3. Let 
f{x) = lnx — (x — 4) 2 . Then f'{x) = 1/x — 2(x — 4), so Newton’s Method 


says that Xn+i — x n f{xri)l f ( x n ) — x 


hix n - (x n - 4 ) 2 
1 f Xn 2 (x n 4) 


Taking 


xo = 3, we get xi « 2.957738, X 2 ~ 2.958516 « * 3 , so the first root is 2.958516, to six decimal places. Taking xo = 5, we 
get xi « 5.290755, X 2 « 5.290718 ss * 3 , so the second (and final) root is 5.290718, to six decimal places. 


55. y = f{x) = ln(sinx) 

OO 

A. D = {x in R | sin x > 0} = (J ( 2 ?! 7 r, (2 n + 1) 7 r) = • • • U (— 47 r, — 37 r) U (—2 tx, —n) U (0, n) U (27r, 3n) U • • • 

n= — 00 

B. No (/-intercept; x-intercepts: f(x) = 0 -O- ln(sinx) =0 <=> sinx = e° = 1 -O- x = 2nn + f for each 

integer?!. C. / is periodic with period 27T. D. lim /(x) = — 00 and lim /(x) = — 00 , so the lines 

x —>( 27177 )+ x —>[(2n+l)7r] — 

COS X 

x = rnr are VAs for all integers n. E. f'(x) = —- = cot x, so f'(x) > 0 when 2mr < x < 2nn + for each 

integer n, and f'(x) < 0 when 2mr + \ < x < (2?! + l) 7 r. Thus, / is increasing on (2mr, 2nn + f) and 
decreasing on (2nn + , (2 n + l) 7 r) for each integer n. H. 

F. Local maximum values f(2mr + f) = 0, no local minimum. 

G. f" (x) = — esc 2 x < 0, so / is CD on ( 2 ?! 7 r, (2??. + l) 7 t) for 
each integer n. No IP 
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57. y = /(x) = ln(l + x 2 ) A. D — R B. Both intercepts are 0. C. /(—x) =/(x), so the curve is symmetric about the 


y- axis. D. lim ln(l + x 2 ) = oo, no asymptotes. E. f'{x) = 

x > 0, so / is increasing on (0, oo) and decreasing on (—oo, 0). 

F. /(0) = 0 is a local and absolute minimum. 

2(1 + x 2 ) — 2x(2x) 2(1 — x 2 ) 

f [ ’ (1 + x 2 ) 2 (1 + x 2 ) 2 

|*| < 1, so / is CU on (—1,1), CD on (—oo, —1) and (1, oo). 

IP (1, in2) and (-l,ln2). 


2 x 


1 + x- 


>0 +> 



„ ,,, , , , .... 2 + sm x + x cos x 

59. We use the CAS to calculate / (x) = --- ; -and 

2 x + x sm x 

..... , 2x 2 sin x + 4 sin x — cos 2 * + x 2 + 5 _ 

/ (*) = - 50 - 5 -T—:-TO-■ From the graphs, it 

x 2 (cos 2 x — 4 sm x — 5) 

seems that f > 0 (and so / is increasing) on approximately the intervals 
(0, 2.7), (4.5, 8.2) and (10.9,14.3). It seems that f" changes sign 
(indicating inflection points) at * ~ 3.8, 5.7, 10.0 and 12.0. 

Looking back at the graph of f(x) = ln(2x + x sin x), this implies that the inflection points have approximate coordinates 
(3.8,1.7), (5.7, 2.1), (10.0, 2.7), and (12.0,2.9). 



61. y = (x 2 + 2) 2 (x 4 +4) 4 

1 


lny = ln[(* 2 + 2) 2 (* 4 + 4) 4 ] => In y = 2 ln(x 2 + 2) + 4 ln(* 4 + 4) 


y V 2 ' x 2 + 2 


• 2x + 4 • 


x 4 + 4 


■ 4x J 


y =y 


4x 16x 3 

+ 


x 2 + 2 x 4 + 4 


y' = (x 2 + 2) 2 (x 4 + 4) 4 (^-^ + 


16ar 
x 4 + 4 


63. y = 


x — 1 
x 4 + 1 


lnj/ = In 


1 , 1 1 11 , ; 

y y 2 x — 1 2 x 4 + 1 


x - 1 y /2 
x 4 + 1 / 


y =y 


In y=\ ln(x - 1) - i ln(x 4 + 1) 


2 x 4 


65. 


/ — dx = 

h x 


2(x — 1) x 4 + l 
3 / — dx = 3 [in |x| ] = 3(ln4 — In 2) = 3 In ^ = 3 In 2 


x — 1 


2x 3 


x 4 + l V2x-2 x 4 + 1 


67. 


dt 


;-3 1 


-- ln |8 — 31 | 


= -^1 n2 ~ ( -^ ln 5 ) = ^(In5 - In2) = i In | 


Or: Let u = 8 — 37. Then du = —3dt, so 


dt 


f 2 —\du 


/i 8 — 31 


^ ln l M l 


= --in2- ( — - In 5 ) = -(In5-ln2) = - In-. 
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69 ' / + x + 1 dx = / ( X + 1 + ^) da:= [5 a;2 + a: + ln*]i = (|e 2 + e+l) - (5+ 1 + 0) 

= l e2 + e -| 

71. Let u = In*. Then du = — =4> f dx = [u 2 du= -u 3 + C = i(ln *) 3 + C. 

x J x J 3 3 


„ f sm 2 x „ f sin x cos x , „ T „ . 

73. / --— dx = 2 --— dx = 21. Let u = cos*. Then du = — sm xax, so 

J 1 + cos J x J 1 + cos 1 x 

21 = — 2 J = — 2 • | ln(l + u 2 ) + C = — ln(l + u 2 ) + C = — ln(l + cos 2 x) + C. 

Or: Let u = 1 + cos 2 x. 


75. (a) — (In I sin a: I + C) = —-— cos* = cot* 
dx sm * 


(b) Let u = 2x + x 2 . Then du = (2 + 2x) dx = 2(1 + *) dx and (* + 1) dx = | du, so 
J (x + 1 )V 2 * + * 2 dx = J Vu (| du) = i + (7 = | ( 2 * + * 2 ) 3/ “ + C. 


Or. Let u = \/2x + * 2 . Then u 2 = 2* + * 2 =>■ 2w dti = (2 + 2*) dx => udu 

/(* + !) \/2x + * 2 d* = f u ■ udu = f u 2 du = |-u 3 + C = | ( 2 * + * 2 ) 3 ^ 2 + C. 


(1 + *) d*, so 


77. The cross-sectional area is 7r(l/V* + 1 ) - 

p 1 

/ ——;- dx = 7r[ln(* + 1)]J = 7r(ln2 — 

Jo * + 1 


= 7 r/(* + 1). Therefore, the volume is 
In 1) = 7T In 2. 


r 1000 n *1000 i r -,1000 

79 ,W = f^ 2 PdV= ^dV = C -dV = C\\n\V\\ = C(ln 1000 - In 600) = Cln ^ = C\n |. 

1 J 600 r J 600 * L - 1600 

Initially, PV = (7, where P = 150 kPa and V = 600 cm 3 , so C = (150)(600) = 90,000. Thus, 

W = 90, 000 In | « 45, 974 kPa • cm 3 = 45,974(10 3 Pa)(10 -6 m 3 ) = 45,974Pa-m 3 = 45,974N-m [Pa = N/m 2 ] 

= 45,974 J 


81. /(*) = 2* + In* =>• /'(*) =2 + 1/x. If g = f 1 , then /(1) = 2 =>■ g( 2) = 1, so 
ff '( 2 ) = l//'( fl ( 2 )) = !//'(!) = I. 



We interpret In 1.5 as the area under the curve y = 1/x from * = 1 to 
* = 1.5. The area of the rectangle BCDE is \ ■ \ = |. The area of the 
trapezoid ABCD is \ ■ 5 (l + §) = jh- Thus, by comparing areas, we 
observe that | < In 1.5 < 


(b) With f(t) = l/t,n= 10, and At = 0.05, we have 


In 1.5 = dt « (0.05)[/(1.025) + /(1.075) + • • • + /(1.475)] 

= (0-05) [TT 25 + TfrTS + • • • + O 75 ] « 0.4054 



276 □ CHAPTER 6 INVERSE FUNCTIONS 



87. The curve and the line will determine a region when they intersect at two or 
more points. So we solve the equation x/(x 2 + 1) = mx =>• x = 0 or 


Note that if m = 1, this has only the solution x = 0, and no region is 
determined. But if 1/m — 1 > 0 4=> 1 /m >1 4=> 0 < m < 1, then there are two solutions. [Another way of seeing this 

is to observe that the slope of the tangent to y = x/(x 2 + 1) at the origin is y' = 1 and therefore we must have 0 < m < 1.] 
Note that we cannot just integrate between the positive and negative roots, since the curve and the line cross at the origin. 

Since mx and x/(x 2 + 1) are both odd functions, the total area is twice the area between the curves on the interval 
ft), \J\jm — 1 . So the total area enclosed is 



= inf— —1 + 1]— ml— —1] —(in 1 — 0) 
\m J \m J 

+ m — 1 = m — in m — 1 



mx 2 + m — 1 = 0 


x = 0 or x = 


/—4 (m)(m — 1) 
2m 
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6.3* The Natural Exponential Function 



The function value at x = 0 is 1 and the slope at * = 0 is 1. 


3. (a) e ~ 2,n5 = (e ln5 )~ 2 ( => 5 ~ 2 = 1 = _L (b) l n (lne el °) i l n (e 10 ) ® 10 


5. (a) e 7 ~ 4x 

= 6 44 

7 — 4* = In 6 44 

7 — In 6 = 4* 44 

I 

t- 

rH|^ 

II 

(b) ln(3* 

- 10) = 2 

44 3* — 10 = e 2 

44 3* = e 2 + 10 

44 * = |(e 2 - 


7. (a) e 3x+1 = k 44 3* + 1 = In k 44 * = | (In k — 1) 

(b) In* + ln(* — 1) = ln(*(* — 1)) = 1 44 *(* — 1) = e 1 44 x 2 — x — e = 0. The quadratic formula (with a = 1, 

b = — 1, and c = —e) gives * = |(l ± V 1 + 4e), but we reject the negative root since the natural logarithm is not 
defined for x < 0. So x = |(l + VI + 4e). 

9. e — e _2x = 1 44 e — 1 = e~ 2x 44 ln(e — 1) = lne _2x 44 —2* = ln(e — 1) 44 x = — | ln(e — 1) 

11. e 2x -e x -6 = 0 44 (e x - 3)(e x + 2) = 0 44 e* = 3 or -2 =4- x = In 3 since e x > 0. 

13. (a) e 2+5x = 100 =4 In (e 2+5x ) = In 100 =4 2 + 5* = In 100 =4 5* = In 100-2 =4 
x= | (In 100 - 2) « 0.5210 

(b) \n(e x -2) = 3 =4 e x -2 = e 3 =4 e x =e 3 + 2 =4 x = ln(e 3 + 2) « 3.0949 


15. (a) In* < 0 =4 * < e° =4 * < 1. Since the domain of /(*) = In* is * > 0, the solution of the original inequality 

is 0 < * < 1. 

(b) e x > 5 =4 In e x > In 5 =4 * > In 5 




19. We start with the graph of y = e x (Figure 2) and reflect about the y-axis to get the graph of y = e x . Then we compress 
the graph vertically by a factor of 2 to obtain the graph of y = | e~ x and then reflect about the *-axis to get the graph of 
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21. (a) For f(x) = V3 — e 2x , we must have 3 — e 2x > 0 =>• e 2x < 3 =>■ 2x < In 3 =>■ x < \ In 3. 

Thus, the domain of / is (—oo, \ In 3]. 

(b) y = f[x) = V3 — e 2x [note that y > 0] =>■ y 2 = 3 — e 2x =+■ e 2x = 3 — y 2 =>■ 2x = ln(3 — y 2 ) =>■ 

x = \ ln(3 — y 2 ). Interchange x and y: y = | ln(3 — x 2 ). So / -1 ( x) = | ln(3 — x 2 ). For the domain of / -1 , 
we must have 3 — x 2 > 0 =>■ x 2 < 3 =4> |x| < \/3 =>■ — ^3 < x < \/3 =>• 0 < x < \/3 since x > 0. Note 

that the domain of/ -1 , [0, \/3), equals the range of /. 

23. y = ln(x + 3) =>■ e y = e ln ( x + 3 ) = x + 3 => x = e y — 3. 

Interchange x and y: the inverse function is y = e x — 3. 

25. y = f(x) = e x3 => In y = x 3 =>■ x = v^ln y. Interchange x and y: y = yTnx. So / -1 (x) = \/lnx. 

e 3x — e~ 3x 1 — e~ 6x 1 — 0 

27. Divide numerator and denominator by e 3x : lim —-— = lim -— = - = 1 

i^oo e 3x + e~ 3x i^oo 1 + e~ 6x 1 + 0 

29. Let 7 = 3/(2 — a;). As x —+ 2 + , 7 —> — oo. So lim e 3 /( 2_a 0 = R m e t =0by(6). 


31. Since —1 < cos x < 1 and e 2x > 0, we have —e 2x < e 2x cos x < e 2x . We know that lim (—e 2x ) = 0 and 

x —»oo 

lim ( e ~ 2x ) = 0, so by the Squeeze Theorem, lim (e~ 2x cos x) = 0. 

33. f{x) = e 5 is a constant function, so its derivative is 0, that is, f'{x) = 0. 

35. By the Product Rule, f(x) = (x 3 + 2x)e x =+ 

f'{x) = ( x 3 + 2 x){e x )' + e x (x 3 + 2x)' = (x 3 + 2x)e* + e x {3x 2 + 2) 

= e x [(x 3 + 2x) + (3x 2 + 2)] = e x {x 3 + 3x 2 + 2x + 2) 

37. By (9), y = e ax3 =+ y' = e ax3 4~ (ax 3 ) = 3 ax 2 e ax3 . 

ax 

39 .y = xe~ kx =+ y' = x[e~ kx {-k)\ + e~ kx • 1 = e~ kx {-kx + 1) [or (1 - kx)e~ kx ] 

43. By (9), F{t) = e* sin 2t =+ F' ( t ) = e 4sin 24 (7 sin 2 1)' = e 4sin 24 (7 • 2 cos 27 + sin 27 • 1) = e 4 sin 24 (27 cos 27 + sin 27) 
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45. y = yjl + 2e 3x 


y' = \( 1 + 2e 3x )~ 1/2 4- (1 + 2e 3x ) = — 1 ( 2e 3x ■ 3) 

y 2' dx K ’ 2 VI + 2e 3x v 


3e 3j! 

VI + 2e 3a: 


47. y = e eX => y' = e e * • 4~ (e*) = e e * • e* or e eX+x 

ax 

49. By the Quotient Rule, y = ———^ => 

ce x + a 

, _ ( ce x + d)(ae x ) — ( ae x + b)(ce x ) _ (ace x + ad — ace x — bc)e x _ (ad — bc)e x 
V ~ ( ce x +d ) 2 ~~ (ce x +d ) 2 ~ (ce x + d ) 2 ' 


51. y = cos(iq-^) =* 

?/ ,J l -z 2X \ d( l-e 2x \ (1 + e 2 x )(— 2 e 2x ) — (1 — e 2 x )( 2 e 2x ) 

y \l + e 2x J dx\l + e 2x ) \l+e 2x ) (1 + e 2 *) 2 

. / 1 — e 2x \ -2e 2x [(1 + e 2x ) + (1 - e 2x )\ . /l-e 2 *\ -2e 2 x (2 ) 4e 2:c . /l-e 2 *\ 

Sm \ 1 + e 2x ) (1 + e 2x ) 2 ~ Sm \l + e 2x ) ' (1 + e 2x ) 2 ~ (1 + e 2x ) 2 ' Sm \l + e 2x ) 


53. y = e 2x cosnx => y' = e 2x (— 7rsin7rx) + (cos nx)(2e 2x ) = e 2x (2cos nx — 7rsin7ra;). 

At (0,1), y' = 1(2 — 0) = 2, so an equation of the tangent line is j/ — 1 = 2(x — 0), or y = 2x + 1. 


55. 4~(e x/v ) = 4~( 
dx dx 


r 

p i/» 


y'( i 


r 


- y) 


e x/y ■ 

-( 

dx \ 

'x N 

kV; 

) =1-7/ 

' => 


= i - 

~ 1 / 

=>■ 

e x/y 

1 

xe x/y 

y’ = 

i -y' 





y 

y 2 







y- 

-e x/y 



y-e 

z/«/ 

— 1 i 1 



y 

y(y- 

- e x/y ) 

y 


y 

V 

2 

- xe x/v 

y 2 - 

Xe x /y 


, xe x/y 

y y 2 


px/y 

y' = i-=*• 

y 


57. y = e x + e ~ x/2 


y' = e x — \e ~ x ' 2 


y" =e x + \e~ x/2 , so 


2 y" -y' -y = 2 (e x + \e ~ x/2 ) - (e x - ±e~ x/2 ^) - (e x + e ~ x / 2 ) 


= 0 . 


59. y = e rx =>■ y' = re rx =>■ y" = r 2 e rx , so if y = e rx satisfies the differential equation y" + 6 y' + 8 y = 0, 

then r 2 e rx + 6 re rx + 8 e rx = 0; that is, e rx (r 2 + 6r + 8) = 0. Since e rx > 0 for all x, we must have r 2 + 6 r + 8 = 0, 
or (r + 2)(r + 4) = 0, so r = —2 or —4. 


61. f(x) = e 2x =>• f'(x) = 2 e 2x => f" (x) = 2 ■ 2 e 2x = 2 2 e 2x => 

f"'(x) = 2 2 - 2 e 2x = 2 3 e 2x => ••• =>• f (n \x) = 2 n e 2x 


63. (a) f(x) = e x + x is continuous on R and /(—1) = e 1 — 1 < 0 < 1 = /(0), so by the Intermediate Value Theorem, 
e x + x = 0 has a root in (—1,0). 

(b) f(x) = e x + x => f'(x) = e x + 1, so x n +i = x„ — - — Xn . Using xi = —0.5, we get X 2 ~ —0.566311, 

e Xn + 1 

X 3 & —0.567143 « X 4 , so the root is —0.567143 to six decimal places. 



280 □ CHAPTER 6 INVERSE FUNCTIONS 


65. (a) lim pit) = lim --—r- = --- = 1, since k > 0 => —kt —> —oo =>■ e kt —> 0. 

i-oo n ; t^oo 1 + ae~ kt l + o-0 

(I b)p(t) = (l + ae - k *)- 1 =* f = -(l + ae-^)~\-kae-^) = (1 )2 

From the graph ofp(f) = (1 + lOe -0 ' 54 ) -1 , it seems thatp(f) = 0.8 
(indicating that 80% of the population has heard the minor) when 
t « 7.4 hours. 

10 

67. f(x) = x — e x =>■ f'(x) = 1 — e x = 0 e x = 1 •<=> x = 0. Now f'(x) > 0 for all x < 0 and f(x) < 0 for all 

x > 0, so the absolute maximum value is/(0) = 0 — 1 = — 1. 

69. f{x)=xe~ x2/8 , [-1,4], f'{x) = x ■ e ~ x2/8 ■ (-f) + e ~ x2/8 ■ 1 = e~ x2/s (-^ + 1). Since e ~ x2/8 isneverO, 

f(x) = 0 =>■ —x 2 /4 + l = 0 =4> 1 = x 2 /4 =>■ x 2 = 4 => x = ±2, but —2 is not in the given interval, [—1,4], 

/(— 1) = — e -1 / 8 « —0.88, /( 2) = 2e ~ 1 ! 2 w 1.21, and /(4) = 4e -2 « 0.54. So /(2) = 2e _1//2 = 2/^/e is the absolute 
maximum value and/(—1) = —e -1 ^ 8 = — 1/is the absolute minimum value. 

71. (a) f(x) = (1 — x)e~ x =>■ /'(x) = (1 — x)(—e~ x ) + e~ x (—l) = e~ x (x — 2) > 0 =>■ x > 2, so / is increasing on 

(2, oo) and decreasing on (—oo, 2). 

(b) f"(x) = e _a: (l) + (a: — 2)(—e - *) = e~ x (3 — x) > 0 4^ x < 3, so / is CU on (—oo, 3) and CD on (3, oo). 

(c) f" changes sign at x = 3, so there is an IP at (3, — 2e~ 3 ). 



73. y = f(x) = e 1 ^ x+1) A. D = {x\x ^ —1} = (—oo, —1) U (—1, oo) B. No x-intercept; y-intercept = /(0) = e 1 
C. No symmetry D. lim e ~ 1 H x + 1 '> = 1 since —l/(x + 1) —> 0, so y = 1 is a HA. lim e ~ 1 /i x + 1 ') = o since 

x —>±oo a;—► —1 + 

— 1 /(x + 1) —> — oo, lim e _1 ^ a:+1 ^ = oo since — l/(x + 1) —» oo, so x = — 1 is a VA. 

X —► — 1 

E. f(x) = e _1/(a:+1) /(x + l) 2 =>■ /'(x) > 0 for all x except 1, so 


/ is increasing on (—oo, —1) and (—1, oo). F. No extreme values 
g-i/O+i) g-i/O+i) (_ 2 ) g 1 /( sc + 1 ) (2x + 1) 

/ (a:j ~ (x+1) 4 + (x + 1) 3 ~ (x + 1) 4 ^ 

f"(x)> 0 44 2x + 1 < 0 44 x < — i, so / is CU on (—oo, — 1) 
and (—1, — i), and CD on (—|, oo). / has an IP at (— |, e -2 ). 



75. t/ = 1/(1 + e x ) A. D = R B. No x-intercept; y-intercept = /(0) = |. C. No symmetry 

D. lim 1/(1 + e~ x ) = -r-j-r; = 1 and lim 1/(1 + e~ x ) = 0 since lim e~ x = oo, so / has horizontal asymptotes 

x —>oo ' u x—* — oo x —► — oo 

y = 0 and y = 1. E. /'(x) = —(1 + e~ x )~ 2 (—e~ x ) = e~ x /(l + e~ x ) 2 . This is positive for all x, so / is increasing onR. 


F. No extreme values G. f" (x) 


(1 + e~ x ) 2 (—e~ x ) - e~ x {2)(l + e~ x ){-e~ x ) 
(1 + e~ x ) 4 


e~ x (e~ x - 1) 
(1 + e~ x ) 3 
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The second factor in the numerator is negative for x > 0 and positive for x < 0, 
and the other factors are always positive, so / is CU on (—oo, 0) and CD 
on (0, oo). IP at (0, 1) 



77. 5(7) = At p e kt with A = 0.01, p = 4, and k = 0.07. We will find the 
zeros of f" for f(t) = t v e~ kt . 

/'(7) = t p {-ke~ kt ) + e~ kt (pt p ~ 1 ) = e~ kt {~kt p + pt p_1 ) 
f"(t) = eT kt (—kpt p ~ 1 + p(p - 1 )t p ~ 2 ) + (- kt p + pt p - 1 )(-ke~ kt ) 

= t p ~ 2 e~ kt [—kpt +p{p — 1) + k 2 t 2 — kpt] 

= t p ~ 2 e~ kt (k 2 t 2 - 2 kpt+p 2 - p) 

Using the given values of p and k gives us f"(t) = £ 2 e - °' cm (0.0049£ 2 — 0.567 + 12). So 5 " (7) = 0.01/"(7) and its zeros 
are t = 0 and the solutions of 0.00497 2 — 0.567 + 12 = 0, which are 7i = 292 rj 28.57 and 72 = ^ ~ 85.71. 

At 7i minutes, the rate of increase of the level of medication in the bloodstream is at its greatest and at 72 minutes, the rate of 
decrease is the greatest. 


2000 



79. f(x) = e x ~ x —» 0 as x — » —oo, and 
/(*)—» oo as x —> oo. From the graph, 
it appears that / has a local minimum of 
about /(0.58) = 0.68, and a local 
maximum of about/(—0.58) = 1.47. 
To find the exact values, we calculate 

,3 




1.2 


f{x) = (3x 2 — l)e x x , which is 0 when 3 .t 2 — 1 = 0 <<=>■ x = ±^-. The negative root corresponds to the local 


maximum 


'(-*) 


_ „(-l/x/3) 3 - (-1/V^) _ „2\/3/9 


, and the positive root corresponds to the local minimum 


f (i/Vs) _ e 2 s/ 3 / 9 . es ti ma te the inflection points, we calculate and graph 

d 


/"( x) = ^ [(3a: 2 — l)e x3_x j = (3x 2 - l)e x3 - x (3x 2 - l) + e x3 ~ x (6x) = e x3 ~ x (9x 4 - 6x 2 + 6x + l). 

From the graph, it appears that f"(x) changes sign (and thus / has inflection points) at x ~ —0.15 and x ~ —1.09. From the 
graph of /, we see that these axvalues correspond to inflection points at about (—0.15,1.15) and (—1.09, 0.82). 


81. 


f 1 (x e + e x ) dx = 

Jo 


„e+r 


e + 1 


I 

+ e 


e + 1 


+ e - (0 + 1) = 


e + 1 


+ e — 1 


83. 


dx 


r 2 _ 

r i i 

/ e dx = 

x —TTX 

-e 

Jo 

7r 


— — — e~ 2n 

TV 


I 1 0 1/1 -2 7T1 

+ -e = -(1 - e ) 

7T 7T 

85. Let u = 1 + e x . Then du = e x dx, so f e x \J\ + e x dx = f y/udu = | u 3 ^ 2 + C = |(1 + e x ) 3 ^ 2 + C. 
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i e~ 2x +C 


87. f(e x + e ~ x ) 2 dx = f(e 2x + 2 + e~ 2x ) dx = ±e 2x + 2x 
89. Let u = tan x. Then du = sec 2 x dx, so f e tan x sec 2 xdx = f e u du = e u + C = e tan x + C. 
91. Let u = 1/x, so du = —1/x 2 dx. When x = 1, u = 1', when x = 2,u=h. Thus, 


/ 2 1/X r 1/2 

ft^dx^J e u (—du) = — [e“] ft = —(e 1/2 — e) = e — Ve. 

93. Area = ft (e 3 * - e x ) dx = [§e 3 * - e x ] J = (±e 3 - e) - (± - l) = ±e 3 - e + § « 4.644 
95. V = ft fte x ) 2 dx = n ft e 2x dx = ft [e 2 *] J = f (e 2 - l) 


97. erf(x) = —= 


'ft Jo 


dt 


_ft2 V7T 

e dt = erf (a;). By Property 5 of definite integrals in Section 4.2, 


ft e -* dt = ft e“* dt + ft e-* dt, so 

f e~ t dt = f e _t dt — f e _t dt = erf(6) — erf(a) = | ftr [erf(6) — erf(a)]. 

Ja Jo Jo 2 2 ~ 

99. The rate is measured in liters per minute. Integrating from t = 0 minutes to t = 60 minutes will give us the total amount of oil 

that leaks out (in liters) during the first hour. 

ft°r(t)dt= ft 0 100 e~ 0 01t dt [u = —0.017, du = —O.Oldf] 

= 100 f ~ 0 6 e u (-100 du) = -10,000 [e 11 ]" 0 ' 6 = -10,000(e“°' 6 - 1) « 4511.9 « 4512 liters 

101. We use Theorem 6.1.7. Note that /(0) = 3 + 0 + e° = 4, so / _1 (4) = 0. Also f'(x) = 1 + e x . Therefore, 


(/- 1 ) W = 77773 


103. 


1 _ 1 _ 1 
/ / (/- 1 (4)) " f(0) ~ l + e° - 2‘ 

2 



1 - e ,,x 
m= 1 + e* 


n_ - 




From the graph, it appears that / is an odd function (/ is undefined for x = 0). 
To prove this, we must show that f(—x) = —f(x). 


/(-*) = 


1 - e 1/(_j:) _ 1 - e (_1/x) _ 1 “ e 1/x _ e 1/x - 1 

1 + e 1 /!-*) — 1 + el -1 / 11 ) ~~ 1 1 ' e x / x ~~ e 1 / x + 1 

i/ ei/* 

1 - e 1/x 

ITT = -/(*) 


1 + e 1 / 

so / is an odd function. 


105. Using the second law of logarithms and Equation 5, we have \n(e x /e v ) = In e x — In e v = x — y = \n(e x v ). Since In is a 
one-to-one function, it follows that e x /e v = e x ~ y . 

107. (a) Let f(x) = e x — 1 — x. Now /(0) = e° — 1 = 0, and for * > 0, we have f'(x) = e x — 1 > 0. Now, since /(0) = 0 and 

/ is increasing on [0, oo), f(x) > 0 for a; > 0 =>• e x — 1 — x > 0 =>• e x > 1 4- *. 

cy 2 cy 2 

(b) For 0 < x < 1, x < x, so e x < e x [since e x is increasing]. Hence [from (a)] 1 + x < e x < e x . 

So | = ft (l + x 2 ) dx < ft e x dx < ft e x dx = e — 1 < e | < ft e x dx < e. 
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xk 

109. (a) By Exercise 107(a), the result holds for n = 1. Suppose that e x > 1 + x + + ■ ■ ■ + yy for * > 0. 


Ut/(*) = «--!-*- {k + i)] 


x k x k+1 x k 

Then f'(x) = e x — 1 — x — ■ ■ ■ — -jj > 0 by assumption. Hence 


f(x) is increasing on (0, oo). So 0 < x implies that 0 = /(0) < f(x) = e x — 1 — x - 


fc! (k + 1)! 


, and hence 


x k x k+1 x 2 x n 

e x >l + x + -- - + — + -rr - -T-T for x > 0. Therefore, for x > 0, e x > 1 + * + — + ■ ■ ■ + — for every positive 

fc! (fc + 1)! 2! n! 

integer n, by mathematical induction. 

(b) Taking n = 4 and x = 1 in (a), we have e = e 1 >l + | + | + ^j = 2.7083 > 2.7. 


(c) e* > 1 + x + • • • + tt + 


fc! (fc + 1)! 


e x ^ 1 1 1 x ^ x 

—T — —Z 4 Z —i f * ' ’ + 77 + T7-7T7 + 

X k X k X k_1 W 


k\ (fc + 1)! “ (fc + 1)!' 


X 

But lim — -777 = oo, so lim —r = oo. 

x —>oo (k + I): x > oo x k 


6.4* General Logarithmic and Exponential Functions 


1 . (a) a x = e x,na 

(b) The domain of f(x) = a x is R. 

(c) The range of f(x) = a x [a yF 1] is (0, oo). 

(d) (i) See Figure 1. (ii) See Figure 3. 

3. Since a x = e xlna , 4~ n = e~ nln4 . 

5. Since a x =e xlna , lO" 2 = e* 2 *" 10 . 


(iii) See Figure 2. 


3 27 
[by Law 2] 

[by Law 1] 


7. (a) log 5 125 = 3 since 5 3 = 125. 

9. (a) log 2 6 - log 2 15 + log 2 20 = log 2 (^) + log 2 20 

= log 2 (^- 20 ) 

= log 2 8 , and log 2 8 = 3 since 2 3 = 8 . 

(b) log 3 100 - log 3 18 - log 3 50 = log 3 (^) - log 3 50 = log 3 ( 7 ^) 

= log 3 (§), and lo S 3 (|) = -2 since 3 -2 = §. 
11. All of these graphs approach 0 as x —* — 00 , all of them pass through the point 
(0,1), and all of them are increasing and approach 00 as x —> 00 . The larger the 
base, the faster the function increases for x > 0 , and the faster it approaches 0 as 

x —> — 00 . 


(b) log 3 ^ = - 3 sillce 3 3 = ^3 = 



13. (a) log 12 e = 


lne 


In 12 In 12 


: 0.402430 
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In 1 3 54 

(b) log 6 13.54 = - ^ « 1.454240 

In 6 

(c) log, 7r = ~ 1-651496 

2 In 2 


, In X In x 

15. To graph these functions, we use logj 5 x = -—— and log 50 x = 


In 1.5 050 In 50' 

These graphs all approach —oo as x —* 0 + , and they all pass through the 
point (1,0). Also, they are all increasing, and all approach oo as x —> oo. 
The functions with larger bases increase extremely slowly, and the ones with 
smaller bases do so somewhat more quickly. The functions with large bases 
approach the j/-axis more closely as x —> 0 + . 



17. Use y = Ca x with the points (1,6) and (3, 24). 6 = Ca 1 \C = |] and 24 = Ca 3 



4 = a 2 => a = 2 [since o > 0] and (7=1=3. The function is f{x) = 3 • 2 X . 

19. (a) 2 ft = 24 in, /(24) = 24 2 in = 576 in = 48 ft. g{ 24) = 2 24 in = 2 24 /(12 • 5280) mi « 265 mi 

(b) 3 ft = 36 in, so we need x such that log 2 x = 36 -(=> x = 2 36 = 68,719,476,736. In miles, this is 

68,719,476,736 in --5-^- « 1,084,587.7 mi. 

12 in 5280 ft 

21. lim (1.001) x = oo by Figure 1, since 1.001 > 1. 

x —>oo 


23. lim 2 4 = lim 2 U [where u = — i 2 ] = 0 

t—>oo u —►— oo 


25. f(x) = x 5 + 5" =* /'(*) = 5a; 4 + 5" In 5 

27. f(t) = lO' 7 * =>■ f'(t) = lO^lnlO-^ i^/t) = 


lO^lnlO 

2^1 


29. 


L(v) = tan(4 1 ’ 2 ) =>■ L'(v) = sec 2 ^4 t|2 ^ 4- ^4”“^ = sec 2 ^4 t|2 ^ • 4 l '~ In 4 4- ( v 2 ) = 2uln4sec 2 ^4 t|2 ^ • 4 11 


31- f(x) = log 2 (l - 3x) =b f'(x) = 


1 d_ 

(1 — 3x) In 2 dx 


(1 - 3x) = 


-3 


33. y = 2x log 10 sfx = 2a: log 10 x 1,72 = 2a: • | log 10 x = x log 


(1 — 3a:) In 2 (3a; — 1) In 2 

/ 1 , 1 
V = x ' TTTTn + lo Sio * • 1 = j —[q + ° Sl ° * 


a: In 10 


Note: - ^ = l°gio e > so the answer could be written as - ^ + log 10 x = log 10 e + log 10 x = log 10 ex. 

35. y = x x =>■ lny = lnx x =>■ lnj/ = x Inx =>- y'/y = a;(l/x) + (lna:) -1 =>■ y' = y( 1 + lna;) =>■ 

y’ = x x (l + lna;) 


37 ,y = x Binx =>• In t/ = lna: 8 
f sin a; 


In y = sin x In x 


y' 1 

— = (sin a:) ■ —b (In a;) (cos a;) 

y x 


y =y\ 


4- In x cos x 


V =x 


+ In x cos x 
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39. y = (cosx) x =>• In ?/ = ln(cosx) a: =>• In y = x In cos x 


— y' = x ■ —-— • (— sin x) + In cos x ■ 1 
y cosx 


y' = y[ In cos x — 


y' = (cos a;) 1 '(In cosx — xtanx) 


41. y = (tanx) 1 ^ = 4 > \ny = ln(tanx) 1,/x =4> lnr/=—lntanx 


1/11 2 

— y = — ■ -- sec x + in tan x • 

y x tan x 


V = V 


sec 2 x In tan x 


x tan x x 2 


, , .■./_/ sec 2 x lntanx\ . , 1/ lntanx\ 

u = tanx) '-^— or y = tanx) ' • — cscxsecx- 

y v ’ y x tan x x 2 ) y v ’ x \ x ) 

43. y — 10 x =>■ y' = 10* In 10, so at (1,10), the slope of the tangent line is 10 1 In 10 = 10 In 10, and its equation is 
y - 10 = 10 In 10(x - 1), or y = (10 In 10)x + 10(1 - In 10). 


45. / 10* dt = 


10* 1 2 10 2 10 1 100 - 10 90 


[In 10 J 1 In 10 In 10 In 10 In 10 


47. 


logioX 


dx = 


(lnx)/(In 10) dx _ _L 


, , n i ~~ dx. Now put u = In x, so du = — dx, and the expression becomes 
In 10 / x x 


In 10 


udu = 


In 10 


0“ 2+c, ‘) = 5ino (1 “ )2+c 


dec l Jog CC 2 

Or: The substitution u = log 10 x gives du = — -and we get / -—— dx = \ In 10(log ln x) 2 + C. 

x In 10 J x 2 

49. Let u = sin 9. Then du = cos 9 dO and f 3 sm 6 cos 9 dO = f 3 U du = 7 ^- \- C = — 3 sm 6 + C. 


In 3 


In 3 


51. A. = J ( 2 *-5 X )dx + j (5 x -2 X )dx = 


2 X 5 X 

In 2 In 5 


1/2 1/5 


+ 


+ 


1 


5 X _ 2 X 

In 5 In 2 


In 2 In 5 / \ In 2 In 5 / \ In 5 In 2 / \ In 5 In 2 

16 1 


5 In 5 2 In 2 

53. We see that the graphs of y = 2 X and y = 1 + 3~ x intersect at x « 0.6. We 
let /(x) = 2 X — 1 — 3 -a: and calculate f'(x) = 2 X In 2 + 3 -x In 3, and 
using the fonnula Xn+i = x n — /(x n ) /f'{x n ) (Newton’s Method), we get 
xi = 0.6, X 2 « X 3 w 0.600967. So, correct to six decimal places, the root 
occurs at x = 0.600967. 




55. y = log 10 1 


10 “ = 1 + - => — = 10 y — 1 =» x = — 1 , . 

x x 10 ^ — 1 


Interchange x and y: y = 


10 * - 1 


is the inverse function. 
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57. If/ is the intensity of the 1989 San Francisco earthquake, then log 10 (//S') = 7.1 =>• 

logi 0 (16//S) = log 10 16 + log 10 (//5) = log 10 16 + 7.1 « 8.3. 

59. We find / with the loudness fonnula from Exercise 58, substituting Iq = 1CP 12 and L = 50: 


50 = 101og 10 ^ 5 = log io^l2 


44 10 5 = 


io - 12 

1 


44 / = 10 ' watt/m 2 . Now we differentiate L with 


respect to /: L = 10 log 10 => § = 10 ^ 


10 


In 10 \I 


— . Substituting I = 10 , we get 


L' (50) = 


10 


10 s 


: 4.34 x 10 7 


dB 


lnlO^lO -7 ,/ In 10 watt/m 2 ’ 

61 . (a) Using a calculator or CAS, we obtain the model Q = a&* with a « 100.0124369 and b « 0.000045145933. 

(b) Use Q'(t) = atf In b (from Fonnula 4) with the values of a and b from part (a) to get Q'(0.04) se —670.63 pA. 
The result of Example 2 in Section 1.4 was —670 yA. 


x In a x 

63. Using Definition 1 and the second law of exponents for e x , we have a x ~ v = e^ x ~ ^ ln “ = e x ln a ~ v ln a — —.— = —. 

e y\na a y 

65. Let log 0 x = r and log 0 y = s. Then a r = x and a s = y. 

(a) xy = a r a s = a r + s =4 log a ( xy) = r + s = log a x + log a y 

(b) y = ^ = ar_s ^ log “ ~ = r ~ s = log « x_ log a y 

(c) x v = ( a r ) v = a ry => log a ( x v ) = ry = t/log a x 


6.5 Exponential Growth and Decay 

1 dP dP 

1. The relative growth rate is — —— = 0.7944, so —— = 0.7944P and, by Theorem 2, P(t) = P( 0)e 0,7944 * = 2e°' 7944t . 

1 (IL lit/ 

Thus, P( 6) = 2e°' 7944(6 - ) « 234.99 or about 235 members. 

3. (a) By Theorem 2, P(t) = P(0)e kt = 100e fc *. Now P(l) = 100e fc(1) = 420 =4 e k = f§§ =4 fc = ln4.2. 

So P{t) = 100e (ln4 ' 2)t = 100(4.2)*. 

(b) P(3) = 100(4.2) 3 = 7408.8 « 7409 bacteria 

(c) dP/dt = kP =4 P'(3) = k ■ P(3) = (ln4.2) (l00(4.2) 3 ) [frompart (a)] « 10,632 bacteria/h 

(d) P(f) = 100(4.2)* = 10,000 =4 (4.2)* = 100 =4 t = (ln 100)/(ln4.2) « 3.2 hours 

5. (a) Let the population (in millions) in the year t be P(t). Since the initial time is the year 1750, we substitute t — 1750 for t in 
Theorem 2, so the exponential model gives P(f) = P(1750)e fc< '* _175 °\ Then P(1800) = 980 = 790e ,s ^ 1800_1750 - ) =4- 

||o _ e fe(50) 9|o _ e;Q£. fc = -L In ||2 « 0.0043104. So with this model, we have 
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P(1900) = 790e fe(19O °- 175O) « 1508 million, and P(1950) = 790e fc(19S0 ” 1750) « 1871 million. Both of these 
estimates are much too low. 

(b) In this case, the exponential model gives P(7) = P(1850)e*^ t_1850) =>■ P(1900) = 1650 = 1260e fe)1900_1850) =>• 

In y||j = fc(50) => k = In |||2 « 0.005393. So with this model, we estimate 

P(1950) = 1260e fe)1950_1850) « 2161 million. This is still too low, but closer than the estimate of P(1950) in part (a). 

(c) The exponential model gives P(t) = P( 1900)e fe(t “ 19OO) =>• P(1950) = 2560 = 1650e fe(195 °" 1900) 

In |||2 = fc(50) =4- k = ^ i n 2||2 ~ 0.008785. With this model, we estimate 

P(2000) = 1650e fe(2000_1900) « 3972 million. This is much too low. The discrepancy is explained by the fact that the 
world birth rate (average yearly number of births per person) is about the same as always, whereas the mortality rate 
(especially the infant mortality rate) is much lower, owing mostly to advances in medical science and to the wars in the first 
part of the twentieth century. The exponential model assumes, among other things, that the birth and mortality rates will 
remain constant. 


7. (a) If y = [N 2 0 5 ] then by Theorem 2, -£ = -0.0005?/ =4> y{t) = y{ o) e -° ooost = Ce - omo5t . 

(b) y(t) = Ce~ 0 0005t = 0.9C => e“ 0 0005t = 0.9 =4> -0.00057 = In 0.9 =>• 7 = -2000 In 0.9 « 211 s 

9. (a) If y(t) is the mass (in mg) remaining after 7 years, then y(t) = y(0)e kt = lOOe . 

2/(30) = lOOe 30 * = |(100) =4> e 30k = \ =4> k =-{ ln2)/30 =>■ y(t) = 100e" (ln2)t/3 ° = 100 • 2-* /30 

(b) 2/(100) = 100 • 2- 100/30 « 9.92 mg 


(c) 100e“ (ln 2)4/30 = 1 =>■ - (In 2)7/30 = In =s> 7 = -30 « 199.3 years 

11. Let y(t) be the level of radioactivity. Thus, y(t) = y(0)e~ kt and k is detennined by using the half-life: 

1/(5730) = iy(0) =* ?/(0)e-^ 573O) = i?/(0) =* e" 5730 * = ± =* -5730fe = In i =* k = -|^ = 

If 74% of the 14 C remains, then we know that y(t) = 0.74?/(0) =>■ 0.74 = e _4< - ln 2)/573 ° => In 0.74 = — =>■ 

O 1 OU 


5730(ln0.74) 
In 2 


2489 « 2500 years. 


13. (a) Using Newton’s Law of Cooling, — = k(T — T s ), we have — = k(T — 75). Now let y = T — 75, so 

LLL CLL 

2/(0) = T( 0) — 75 = 185 — 75 = 110, so y is a solution of the initial-value problem dy/dt = ky with y( 0) = 110 and by 
Theorem 2 we have y(t) = y(0)e kt = 110e kt . 

2/(30) = llOe 30k = 150 - 75 => e 30fc = ^ = ±§ => k = ± In ±§, so y(t) = 110ero tln (M) and 

2/(45) = HOe® ln (M) ss 62°F. Thus, T(45) « 62 + 75 = 137°F. 
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(b) T(t) = 100 =+ y(t) = 25. y{t) = 110e^ f ln (^) 


= 25 


= 30 * ln ( 22 ) — 


J-tlniS = In — 

30 ° llL 22 111 110 


301n^L 

In 15 
22 


116 min. 


15. = k(T — 20). Letting y = T — 20, we get ^ = ky, so y(t ) = y(0)e kt . y( 0) = T(0) — 20 = 5 — 20 = —15, so 

1/(25) =y(0)e 25,,: = -15e 2Sfe , and y(25) = T(25) - 20 = 10 - 20 = -10, so-15e 25fe = -10 =+ e 25fc = |. Thus, 
25fc = ln(§) andfc = iln(§),soj/(l) = t/(0)e fct =-15e (1/2B)ln(2/3)t . More simply, e 25fc = § =+ e fc = (§) 1/25 +> 

e- = (|) t/2S =* r,(l) = -15-(§)‘ /25 . 

(a) T(50) = 20 + y(50) = 20 - 15- (|) 5 ° /25 = 20 - 15- (f ) 2 = 20 - f = 13.3°C 

(b) 15 = T(t) = 20+ y(t.) = 20- 15- (§) t/25 =+ 15 • (f) t/2S = 5 +> (|) t/2S = § => 

(1/25) ln(|) = ln(|) =>■ 1 = 25 ln(i)/ln(|) « 67.74 min. 


17. (a) Let P(h ) be the pressure at altitude h. Then dP/dh = kP =+ P(h) = P(0)e kh = 101.3e kh . 
P(1000) = 101.3e looofe = 87.14 +> lOOOfe = ln(f^|) =+ k = ^ In (f^|) =+ 

P(h) = 101.3 so P(3000) = lOl.Se 311 ^^) « 64.5 kPa. 

(b) P(6187) = 101.3 e?ro5 H%ri) « 39.9 kPa 


/ r \nt 

19. (a) Using A = Ao ^1 H-J 

(i) Annually: n = 1; 

(ii) Semiannually: n = 2; 

(iii) Monthly: n = 12; 

(iv) Weekly: n = 52; 

(v) Daily: n = 365; 

(vi) Continuously: 


with Ao = 3000, r = 0.05, and t = 5, we have: 
A = 3000(1 + L05) 1 ' 5 = $3828.84 
A = 3000(1 + M5) 2 -5 = $3 8 4 0 25 
A = 3000(1 + SL|5) 12 ' 5 = $3850.08 
A = 3000(1 + ^) 52 5 = $3851.61 
A = 3000(1 + |^) 365 ' 5 = $3852.01 
A = 3000e (0 05)5 = $3852.08 


(b) dA/dt. = 0.05A and A{ 0) = 3000. 


6.6 Inverse Trigonometric Functions 

1. (a) sin _1 (0.5) = |- since sin j = 0.5. 

(b) cos -1 (—1) = 7T since cos7r = —1 and -k is in [0,7r]. 

3. (a) esc -1 \[2 = j since esc \ = \[2. 

(b) sin^ 1 -±= = i since sin f = and f is in [-f, f ]. 
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5. (a) In general, tan(arctanai) = x for any real number x. Thus, tan(arctan 10) = 10. 

(b) sin -1 (sin = sin -1 (sin = sin” 1 ^ = f since sin | ^ and J is in [—f, f ] • 

[Recall that ^- = j + 2ir and the sine function is periodic with period 27r.] 

7. Let 6 = sin” 1 (|). 

Then tan (sin” 1 (|)) = tan 9 = 

V5 




11. Let y = sin 1 x. Then — f < y < => cos y > 0, so cos(sin 1 x) 

13. Let y = tan” 1 x. Then tan y = x, so from the triangle we see that 

. , _ 1 \ x 

smltan x) = sin y = — — 

v ; y v / T+? 


cos y 


= \/l" 


- sin 2 y 






The graph of sin 1 x is the reflection of the graph of 
sin x about the line y = x. 


17. Let y = cos 1 x. Then cos y = x and 0 < y < 7r => — sin y = 1 => 


dx 


dy 

dx 


sin y 


sj 1 — cos 2 y Vi — x 2 


[Note that sin y > 0 for 0 < y < ir.] 


19. Let y = cot 1 x. Then cot y = x 


2 dy dy 

■ CSC y — = 1 => — 

dx dx 


esc 2 y 1 + cot 2 y 1 + x 2 


21 . Let y = esc 1 x. Then esc y = x => — esc y cot y = 


dx 


dy = 1 = _ 1 

dx esc y coty cscy y/ese 2 y - 1 


1 => 

Note that cot y > 0 on the domain of esc” 1 x. 


x Vx 2 — 1 
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23 . y = (tan 1 *) 2 => y' = 2(tan 1 *) 1 •(tan 1 *) = 2tan 1 x- , „ 

y v ' y v ) dx \ J 1 + x 2 1 + x 2 


25 . y = sin 1 (2x + 1) 


s/l - (2* + l) 2 dx 


(2x + 1) = 


■ 2 = 


^/l — {Ax 2 + 4x + 1) s/—4x 2 — Ax s/—x 2 — : 


27 . y = x sin 1 x + sjl — x 2 


V =x- 




L= + (sin’ 1 *)(1) + 1(1 - x^!\-2x) = 


29 . y = cos 1 (e 2a: ) =>■ j/'= 




a: . x . _i 

+ sin x - , = sin x 


s/1 — x 2 


s/1 - (e 2x ) 2 dx 


(e 2x ) = ~ 


VT 


1 + cos 2 9 


.. , 1 . . . sin# 

31 . u = arctanlcos 9 ) => ii =---— -sin0 = 

y v ’ y i + (cos ey y ’ 

33 . h(t) = cot- 1 ^) + cot _1 (l/f) =4> 

1 I d I 1 


h'{t) = - 


r 


i + t 2 i + (i /t) 2 dtt i + t 2 t 2 + i \ t 2 J i + t 2 t 2 +1 


1 + ^ = 0. 


Note that this makes sense because h(t) = for t > 0 and h(t) = for t < 0. 


35 . y = arccos 


V = ~ 


b + a cos x \ 
a + b cos x J 

1 


(a + bcos*)(—a sin*) — (b + a cos*) (—b sin*) 


/h + acos*\ 2 
\ a + b cos x J 


(a + b cos*) 2 


(a 2 — 6 2 ) sin* 


s/a 2 + b 2 cos 2 x — b 2 — a 2 cos 2 x a + 6cos*| 

1 (a 2 — b 2 ) sin* s/a 2 — b 2 sin* 


sfaF^W vT^cos 2 "* |a + 6cos*| \a + bcos*| |sin*| 


But 0 < * < it, so |sin*| = sin*. Also a > b > 0 =>■ 6cos* > —b > —a, so a + b cos* > 0. Thus y' = 


s/a 2 — b 2 

a + b cos * ’ 


37 . g{x) = cos J (3 — 2x) => </(*) = -- 


(- 2 ) = 


-y/l — (3 — 2*) 2 Vl-(3-2x) 2 ' 

Domain(gr) = {* | — 1 < 3 — 2* < 1} = {* —4 < —2* < —2} = {* | 2 > * > 1} = [1,2], 

Domain(gr') = {* | 1 — (3 — 2*) 2 > 0} = {* | (3 - 2*) 2 < 1} = {* | |3 - 2*| < 1} 

= {* | -1 < 3 - 2* < 1} = {* | ^4 < -2.x <-2} = {*|2>*>l} = (l, 2) 

39. <;(*)=*sin -1 f — ) + V^lG^-a^ 2 => </(*) = sin -1 (— ) 4- 1 =-—!= = sin -1 ( — ) 

’ V4 ) v \aJ As/1-{x/A) 2 s/16 - x 2 V AJ 


g'( 2) = sin- 1 (i) = f 
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41. /(*) = y/l — x 2 arcsin x =>• f'{x) 

2 





1 ■ 1 

, + arcsm x • - 1 — x I 

VI-X 2 2 v ' 


2\ —1/2 / „ . , a:arcsm* 

' (—2*) = 1 


\f\ — x 2 

Note that f' = 0 where the graph of / has a horizontal tangent. Also note 
that f is negative when / is decreasing and f is positive when / is 
increasing. 


43. lim sin -1 * = sin _1 (-l) = - f 

X —*■ — 1 + 


45. Let t = e x . As x —+ oo, t — > oo. lim arctan(e :E ) = lim arctani = f by (8). 

x —>oo £—»oo ^ 


47. 



Now ^ = 0 
ax 


x 2 + 25 * 2 (3 — *) 2 + 4 (3 — *) 2 ’ 

2* 2 + 50 = 5x 2 - 30* + 65 = 


x 2 +25 x 2 — 6x + 13 

3* 2 — 30* + 15 = 0 =>■ x 2 — 10* + 5 = 0 =>■ * = 5±2 V%. We reject the root with the + sign, since it is 

larger than 3. dd/dx > 0 for * < 5 — 2 y/5 and dd/dx < 0 for * > 5 — 2 y/E, so 6 is maximized when 


\AP\ = * = 5-2^5 « 0.53. 


49. 



dx 

dt 


2 ft/s, sin0 


x 

10 


l f x ^ dd _ 1/10 

'10/’ dx ^1 - (*/10) 2 ’ 


dd _ dO dx _ 1/10 rnH /g dd 

dt dx dt ^1 - (*/10) 2 ’ dt 


2/10 

V 1 - (6/10) 2 


rad/s 


2 rad/s 


51 . 1/ = /(*) = sin 1 (x/(x + 1)) A. D = {x | —1 < */(* + 1) < 1}. For * > —1 we have —* — l<*<*+l /A 
2* > — 1 <=> * > — i, so D = [—5,00) . B. Intercepts are 0 C. No symmetry 

D. lim sin -1 ( ——— | = lim sin^ 1 ( -—— | = sin -1 1 = £ so y = f is a HA. 

*=00 VZ + 1 / \ 1 + 1 /xJ 2 2 
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E. f'(x) = 


(x + 1 ) — x 


\Jl — [x/{x + l)] 2 (* + l ) 2 (x + l)y/2x + T 

so / is increasing on (— \, oo) . F. No local maximum or minimum, 
/(—= sin -1 (— 1 ) = —^ is an absolute minimum 


> 0 , 


G. /"(*)=- 


cJ2x ± 1 ± (a; ± l)/\/2x ± 1 
(x + l) 2 (2a: + 1) 

(x + 1 )^ + 1 ) 3/2 < 0 on L>, so / is CD on (-§, °° ) . 



53. y = f(x) = x — tan 1 x A. D = R B. Intercepts are 0 C. f{—x) = —f(x), so the curve is symmetric about the 


origin. D. lim (a; — tan 1 x) = oo and lim (a; — tan 1 x) = — oo, no HA. 


But f(x) — (x — f) = — tan 1 x + f 0 as a; —> oo, and 

f{x) — (x + ^) = — tan -1 a; — > 0 as a; —» —oo, so y = x ± f are 

1 a ; 2 

slant asymptotes. E. f'(x) = 1--- = —- > 0, so / is 

x 2 + 1 a ; 2 + 1 


2x 


increasing on R. F. No extrema 

r r( n = (1 + x 2 )(2x) — x 2 (2x) _ _ 

; W (1 + a; 2 ) 2 (1 ± a; 2 ) 2 

/ is CU on (0, oo), CD on (— oo, 0). IP at (0, 0). 


>0 x > 0 , so 



55. f(x) = arctan(cos(3 arcsin x)). We use a CAS to compute f and f", and to graph /, /', and f": 





From the graph of f, it appears that the only maximum occurs at x = 0 and there are minima at x = ±0.87. From the graph 
of f", it appears that there are inflection points at x = ±0.52. 

r-r Cl \ 2 ± X 2 1 ± (1 ± X 2 ) 1 rcl \ —1 

57 ■ f{x) = 2 = - T, 2 = 1 , 2 + 1 => F{x) = tan 1 a : + x + C 

1 ± X 2 1 ± X 2 1 + X 2 


c\/3 


59. 


■ dx = 8 arctan x 


Ji/V3 1 + * 2 l 

61. Let u = sin ' 1 x, so du = 


V3 

1/V3 


7T 7T 

3 _ (5 


Ms) 


47T 

T 


da; 




= . When x = 0, u = 0; when a; = \,u= Thus, 


nl/2 sin ' 1 a; 




da; = 


^7t/6 


udu = 


n /6 ^2 

n = 72' 
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63. Let u — 1 + x 2 . Then du = 2x dx, so 

1 + x 


. dx = tan 1 x + 
+ x 2 


b du i , , _ 

—- = tan x + b In m + C 

u 2 


/ Vi dx = I rh dx+ I t 

= tan -1 x -f | ln| 1 + x 2 \ + C = tan -1 x + | ln(l + x 2 ) + C [since 1 + x 2 > 0]. 

1 f dx [ 1 

65. Let u = sin -1 x. Then du = , dx, so / ' : -t — = / — du = In Iwl + C = In Isin -1 x\ + C. 

Vl -x 2 J Vl-x 2 sin -1 x J u 1 


67. Let u = t 3 . Then du = 3 1 2 dt and 

69. Let u = Vx. Then du = dx ' an( j 
2 vi 

71. Let u = x/a. Then du = dx/a, so 


r 


V 1 — x* sin 
4 du 


f dx 


dt = 




= | sin 1 u + C = | sin 1 (t 3 ) + C. 


72 3 


2 Vx J Vx (1 + x) 

dx 


f dx _ f 

J Va 2 - x 2 ~ J 


f ,^ dU 0 = 2tan 1 u + C = 2tan 1 Vx + C. 
J 1 + u 2 

1 


\Ja 2 — x 2 J a^J 1 — (x/a) 2 J Vl 


du . _i . -i 

= = sm u + C = sin 


73. 



The integral represents the area below the curve y = sin -1 x on the interval 
x € [0,1]. The bounding curves are y = sin -1 x 44 x = siny, y = 0 and 
x = 1. We see that y ranges between sin -1 0 = 0 and sin -1 1 = ^. So we have to 
integrate the function x = 1 — sin y between y = 0 and y =|: 

J, sin -1 xdx = JJ r ^ 2 (l — siny) dy = (f + cos f) — (0 + cosO) = f — 1. 

i i i 

\ n 
= arctan 1 = — 

4 


/ i + i \ 

75. (a) arctan 4 + arctan 4 = arctan ( —-— . 3 . ] 

Vl-5-5/ 

( i + i A 

(b) 2 arctan | + arctan | = (arctan | + arctan 4) + arctan 4 = arctan — i ~T J + arctan 1 


o 1 (a I 7 \ -i 71” 

= arctan j + arctan ± = arctan —-— „ , = arctan 1 = — 


\ i_ 3 . I 

V 4 7 


77. Let f(x) = 2 sin 1 x — cos X (1 — 2x 2 ). Then f(x) = 


Ax 


Ax 


VT^: 


x Y 1 “ (1 — 2x 2 ) 

[since x > 0]. Thus f'{x) = 0 for all x € [0,1). Thus /(x) = C. To find C let x = 0. Thus 
2sin _1 (0) — cos _1 (l) = 0 = C. Therefore we see that f(x) = 2 sin” 1 x — cos _1 (l — 2x 2 ) = 0 
2 sin” 1 x = cos _1 (l — 2x 2 ). 


2 v/l — x 2 2x v/1 — i 


= 0 


79. j/ = sec 1 x =4 sec y = x =4 sec y tan y — = 1 

dx 


dy , dy 


dx sec y tan y 


Now tan 2 y = sec 2 y — 1 = x 2 — 1, so 


tan y = ±\/x 2 — 1. For y € [ 0 , f), x > 1, so sec y = x = |x| and tan? / >0 =4 '-y- = - ^ 

dx x \ x 2 1 j x| vX“ 1 

For j/ € (f, 7r], x < —1, so |x| = —x and tany = —\/x 2 — 1 =4- 

dy 1 1 1 1 


dx secy tany x(-Vx 2 - l) (-x) Vx 2 - 1 |x| Vx 2 - 1 


b | e 
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6.7 Hyperbolic Functions 


1. (a) sinhO = §(e° — e°) = 0 


(b) coshO = ^(e u + e°) = |(1 + 1 ) = 1 


3. (a) sinh(ln2) = 


e ln2 _ e -ln2 _ gin 2 _ (gln2)-l _ 2 -2" 1 _2-±_3 


(b) sinh2 = ±(e - e~ 2 ) « 3.62686 

Ma) sech0 = Jho = T = 1 


2 4 


(b) cosh 1 1 = 0 because cosh 0 = 1 . 


7. sinh(—*) = ±[e~ x - e -(-a:) ] = ±(e“ x - e*) = -i(e _4! - e x ) = - sinh.. 


9. cosh x + sinh x = \{e x + e~ x ) + \(e x - e~ x ) = \{2e x ) = e x 


11 . sinh x cosh y + cosh x sinh y = [§(e x — e x )][^(e y +e y )\ + \\{e x + e x )][^(e y — e v )\ 

= j[( e x+v + e x ~ y - e~ x+v - e~ x ~ y ) + (e x+y - e x ~ v + e~ x+v - e ~ x ~ y )] 
= \{2e x+y - 2e~ x ~ y ) = \[e x+y - e~ (x+v) \ = sinh(x + y) 

13. Divide both sides of the identity cosh 2 x — sinh 2 x = 1 by sinh 2 x: 


cosh 2 x sinh 2 x 1 
sinh 2 x sinh 2 x sinh 2 x 


4=> coth 2 x — 1 — csch 2 x. 


15. Putting y = x in the result from Exercise 11, we have 

sinh 2 * = sinh(x + x) = sinh a; cosh a: + cosh a; sinh a; = 2 sinh a: cosh a;. 


17. tanh(ln x) = 


sinh (In a;) _ (e x — e )/2 _ x — (e x ) _ x — x _ x — 1/x _ (x — l)/x _ x — 1 

cosh(lnai) (e lnx + e~ lnx )/2 x + (e lnx )~ 1 x + x ” 1 x + l/x (a ; 2 + l)/x x 2 + 1 


19. By Exercise 9, (cosha; + sinha:)" = ( e x ) n = e nx = coshnx + sinhnx. 


21 . sechx = 


secha: 


3 

5/3 ~~ 5' 


cosh 2 x — sinh 2 x = 1 =>■ sinh 2 x = cosh 2 x — 1 = (|)“ — 1 = 


sinh a; = | [because x > 0 ]. 


csch a: = 


tanha: = 


csch a; = 


tanha; 


3 

4/3 _ 4' 

4/3 4 

: 5/3 “ 5' 


coth a; = 


tanha: 


coth a; = 


1 _ 5 
4/5 ~~ 4' 


e x _ e -x e -x 1 _ e -2x I _ Q 

23. (a) lim tanha; = lim -- - = lim --= --- = 1 

x —»oo x—>oo C x -p e x e x X—>oo \ c 2x 1 —|— 0 

x _ -x x g2x _ 1 0-1 

(b) lim tanha; = lim -■ — = lim —-- = —-- = —1 

x —> — oo x—* — oo € x 6 x € x x —► — oo C^ x 1 0 1 


(c) lim sinh a; = lim 
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6 — 6 

(d) lim sinh a; = lim -- = —oo 

x — * — oo x — oo 2 


(e) lim sech a: = lim 


(f) lim coth a; = lim 


= 0 


e x _|_ e -x 

x , -x -x 1 i g-2a; 1 i Q 

= lim --— = --- = 1 [Or: Use part (a)] 


x —>oo C x — 6 


-x p — X 


1 - e- 2 * 1-0 


cosh x 

(g) lim cotha; = lim ——— = oo, since sinh a; —► 0 through positive values and cosh a; —► 1 . 

x ^o+ x-»o+ sinh a; 

cosh x 

(h) lim cothx = lim -—- = — oo, since sinh* —> 0 through negative values and cosh x —> 1 . 

a:->0- x->0~ Sinhl 


(i) lim csch a: = lim 


X —► — OO 


x —>—oo g x — g 


X _ p — X 


= 0 


25. Let y = sinh 1 x. Then sinh?/ = x and, by Example 1(a), cosh 2 y — sinh 2 y = 1 =>• [with coshy > 0] 

cosh y =\J\ + sinh 2 y = \/l + x 2 . So by Exercise 9, e y = sinh y + cosh y = x + \/l + x 2 => y = ln(x + \/\ + x 2 ). 

27. (a) Let y = tanh ^ 1 x. Then x = tanh y = = (e v - e y )/2 = e 2y - 1 ^ xe 2y + x = e 2y - 1 => 

cosh y (e y + e~ y )/2 e y e Zy + 1 


1 + x = e 2y — xe 2y => l + x = e 2y (l — x) => e 2y = 


1 + a; 
1 — x 


2 ^ ln (l±£) . 


(b) Let y = tanh 1 x. Then x = tanh y, so from Exercise 18 we have 


2u 1 + tanh y 1 + x 

e = - = - 

1 — tanh y 1 — x 


29. (a) Let y = cosh 1 x. Then cosh y = x and y > 0 => sinh y = 1 


dy_ 

dx 


1 


sinh?/ yj cosh 2 y - 1 V * 2 - 1 


[since sinh y > 0 for y > 0]. Or: Use Fonnula 4. 


ay 


(b) Let y = tanh 1 x. Then tanh?/ = x =>■ sech 2 y = 1 — — -=— — -=— — -=■. 

dx dx sech 2 ?/ 1 - tanh 2 y 1 - x 2 

Or: Use Fonnula 5. 


cti / / 

(c) Let y = csch -1 x. Then csch y = x => — csch y coth?/ —— = 1 =>• —— = 


dy 


dx csch y coth?/ 


. By Exercise 13, 


coth?/ = ±-\/csch 2 y + 1 = ±\/x 2 + 1. If x > 0, then coth?/ > 0, so coth?/ = \Jx 2 + 1. If x < 0, then coth?/ < 0, 


i coth y = —\Jx 2 + 1. In either case we have ^ =--—-—-— =- 1 

dx csch?/coth?/ |a;| Va ? 2 + 1 


(d) Let y = sech 1 x. Then sech?/ = x => — sech?/ tanh?/ ^ = 1 

dx. 


dy 


dx sech?/tanh?/ sech?/ ^1 - sech 2 ?/ xy/l-x 2 


[Note that y > 0 and so tanh y > 0.] 
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(e) Let y = coth 1 x. Then coth y = x 
by Exercise 13. 


_ csch 2 y ^l = i 
y dx 


dy _ 1 1 1 

dx csch 2 y 1 — coth 2 y 1 — x 2 


31 . f(x) = x sinh x — cosh x =>■ f (a;) = x (sinh x)' + sinh x ■ 1 — sinh x = x cosh x 

33. h(x) = ln(coshx) =>■ h'(x) = —^—(cosh a;)' = S ^ n | 1 X = tanh a: 

cosh x cosh x 

35. y = e coah 3 * =>■ y' = e cosh 3a: • sinh 3a; • 3 = 3e cosh 3:r sinh 3a; 

37. f(t) = sech 2 (e 4 ) = [sech(e*)] 2 =>■ 

f'(t) = 2[sech(e 4 )] [sech(e t )] / = 2sech(e 4 ) [— sech(e 4 ) tanh(e 4 ) • e 4 ] = — 2e* sech 2 (e 4 ) tanh(e 4 ) 


39. G{x) 


1 — cosh x 
1 + cosh x 


G'{x) 


(1 + cosha;)(— sinh a;) — (1 — cosh a;) (sinh a:) 
(1 + cosh a ;) 2 

—2 sinh a: 

(1 + cosh a :) 2 


— sinh x — sinh x cosh x — sinh x + sinh x cosh x 
(1 + coshx ) 2 


41 . y = cosh 1 sjx => y' = 




2 ^ dx 


d t 1 

(Vx) = 


\/x — l 2^Jx 2^/x(x — 1 ) 


43. y = a; sinh J (a;/3) — V9 + x 2 

1/3 


a/' = sinh 1 (!) +x-^ 


2x 


+ (x/3) 2 2 v / 9^Fx 2 


= sinh' 


"(I) 


+ 


\/9 + x 2 \/9 + x 2 


= sinh 


"(I) 


45. y = coth 1 (sec x) 

1 


y 


d , . sec x tan x sec x tan x 

— (sec x) = 


sec a; tana; 


1 — (sec x) 2 dx v 1 — sec 2 x 1 — (tan 2 x + 1 ) — tan 2 x 

sec x 1 / cos x 1 

-=- -—- - =-= — esc x 

tana; sinx/ cosx smx 


47. arctan(tanh a;) = -- , - - 

dx 1 +(tanh a ;) 2 dx 


d , . . sech 2 x 

— (tanh X) = 


1 / cosh 2 x 


1 + tanh 2 x 1 + (sinh 2 x) / cosh 2 x 


cosh 2 x + sinh 2 x cosh 2 a: 


[by Exercise 16] = sech 2x 


49. As the depth d of the water gets large, the fraction gets large, and from Figure 3 or Exercise 23(a), tanh 

Lj 


f 2 ?) 


approaches 1. Thus, v = \ j tanh 




L / 


2tt 


2tt 


51 . (a) y = 20 cosh(a;/20) — 15 =>■ y' = 20 sinh(a;/20) • ^ = sinh(x/20). Since the right pole is positioned at x = 7, 


we have y'(7 ) = sinh ^ 


0.3572. 
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(b) If a is the angle between the tangent line and the x-axis, then tana = slope of the line = sinh so 

a = tan ” 1 (sinh ss 0.343 rad « 19.66°. Thus, the angle between the line and the pole is 9 = 90° — a « 70.34°. 

T / pox \ 

53. (a) From Exercise 52, the shape of the cable is given by y = f(x) = — cosh^-^J- J. The shape is symmetric about the 

y- axis, so the lowest point is (0, /(0)) = ^0, —^ and the poles are at x = ±100. We want to find T when the lowest 

point is 60 m, so — = 60 T = 60pg = (60 m)(2 kg/m)(9.8 m/s 2 ) = 1176 —, or 1176 N (newtons). 

P9 s 


The height of each pole is /(100) = — cosh 


P9 ■ 100 
T 


= 60 cosh 


100 

60 


164.50 m. 


T 2 T 

(b) If the tension is doubled from T to 2T, then the low point is doubled since — =60 => — = 120. The height of the 

pg pg 


poles is now /( 100 ) = — cosh ^ 


= 120 cosh 


100 

120 


164.13 m, just a slight decrease. 


55 . (a) y = A sinh mx ± B cosh mx =>■ y' = mA cosh mx + mB sinh mx =>■ 
y" = m 2 Asinhmx + m 2 B cosh mx = m 2 {A sinh mx + B coshjnx) = m 2 y 

(b) From part (a), a solution of y" = 9y is y(x) = A sinh 3 x + B cosh 3x. So —4 = y( 0) = A sinh 0 + B cosh 0 = B, so 
B = —4. Now y\x) = 3A cosh 3x — 12 sinh 3x ^ 6 = y'(0) = 3A => A = 2, so y = 2 sinh 3x — 4 cosh 3x. 

57 . The tangent to y = coshx has slope 1 when y' = sinhx = 1 => x = sinh ” 1 1 = ln(l ± \/2), by Equation 3. 

Since sinh x = 1 and y = cosh x = \J\ + sinh 2 x, we have cosh x = y/2. The point is (In (l + \/2 ) , \/2 ). 

59 . Let u = cosh x. Then du = sinh x dx, so f sinh x cosh 2 xdx = f u 2 du = |it 3 ± C = | cosh 3 x + C. 

— dx f sinh \/~x f t — 

61. Let u = vi. Then du = —— and / - ‘ dx= sinh u ■ 2 du = 2 cosh u ± C = 2 cosh Vx + C. 

2 Vx J vi J 


63. 


coshx 
cosh 2 x — 1 


■ dx = 


2 \fx 

cosh x 
sinh 2 x 


dx = 


Vx 

coshx 1 


sinh x sinh x 


dx= cothx csch xdx = — csch x + C 


65. Let t = 3 u. Then dt = 3 du and 

c2 


[ , dt = f , = 3 du = [ - — [cosh 1 wl = cosh 1 2 — cosh 1 (I) 

A A/s V9 u 2 - 9 A/sAS^ L J 4/3 


j^cosh 1 wj = |Al(w + yju 1 — 1) j = ln(2 ±-\/3) — ln^ 


4 + V7 


= In 


6±3 V3 
4 ± y/7 


67. Let u = e x . Then du = e x dx and 


/rAWr 


= tanh 1 u + C = tanh 1 (e x ) ± C 


1 , / 1 ± e a 
or — In 


1 — e a 


+ C 
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69. (a) From the graphs, we estimate 

that the two curves y = cosh 2 ® 
and y = 1 + sinh x intersect at 
x = 0 and at x = a w 0.481. 

-0.1 

0.8 1.4 

(b) We have found the two roots of the equation cosh 2x = 1 + sinh x to be x = 0 and x = o « 0.481. Note from the first 
graph that 1 + sinh® > cosh 2 ® on the interval ( 0 , a), so the area between the two curves is 

A = J 0 “ (1 + sinh ® — cosh 2 x) dx = [® + cosh ® — | sinh 2®] “ 

= [a + cosh a — \ sinh 2a] — [0 + cosh 0 — | sinh 0] ss 0.0402 

71. If ae x + be~ x = a cosh(® + /3) [or a sinh(® + /?)], then 

ae x + be~ x = § (e x+p ± e~ x ~ p ) = § ( e x e p ± e~ x e~ p ) = (f e p )e x ± (f e~ p )e~ x . Comparing coefficients of e* 
and e~ x , we have a = fe p ( 1 ) and b = ±^e _/3 ( 2 ). We need to find a and 3. Dividing equation ( 1 ) by equation ( 2 ) 
gives us | = ±e 2p => (*) 2/3 = ln(±|) /3 = i ln(±f). Solving equations ( 1 ) and ( 2 ) for e p gives us 

e p = and e p = ±-^-, so — = ±-^- a 2 = ±4ab = 4 > a = 2 \/±ab. 
a 2b a 2b 

(*) If ^ > 0, we use the + sign and obtain a cosh function, whereas if ^ < 0, we use the — sign and obtain a sinh 
function. 

In summary, if a and b have the same sign, we have ae x + be~ x = 2 \fah cosh(® + | In |), whereas, if a and b have the 
opposite sign, then ae x +be~ x = 2 \/—ab sinh (x + \ In (— |)). 



6.8 Indeterminate Forms and I'Hospital's Rule 


Note: The use of I’Hospital's Rule is indicated by an H above the equal sign: = 

f(x) 0 

1 . (a) lim J ; is an indeterminate fonn of type -. 

x->a g{x) 0 

f( x ) 

(b) lim ' = 0 because the numerator approaches 0 while the denominator becomes large. 

x^a p[x) 

Jl(x) 

(c) lim —'-A = 0 because the numerator approaches a finite number while the denominator becomes large. 

z-xj p(®) 

(d) If lim p(x) = oo and fix) —» 0 through positive values, then lim = oo. [For example, take a = 0, pix) = l/® 2 , 

x^a x^a /(®) 

rt-\ I /y* | 

and /(®) = ® 2 .] If /(®) —» 0 through negative values, then lim ) = — oo. [For example, take a = 0, pix) = 1 /® 2 , 

x^aJ[x) 

and f(x) = —® 2 .] If /(®) —» 0 through both positive and negative values, then the limit might not exist. [For example, 
take a = 0 , p(x) = l/® 2 , and f(x) = ®.] 
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T)\%) OO 

(e) lim 1 7 - is an indeterminate form of type —. 

x->a q[x) OO 


3 . (a) When * is near a, f(x) is near 0 andp(x) is large, so /(*) — p(x) is large negative. Thus, lim [/(*) — p(x)] = — oo. 


(b) lim [p(x) — q(x)] is an indeterminate form of type oo — oo. 

x—*a 


(c) When x is near a, p(x) and q{x) are both large, so p(x) + q(x) is large. Thus, lim \p(x) + q(x)] = oo. 


5. From the graphs of / and g, we see that lim /(*) = 0 and lim g(x) = 0, so l’Hospital’s Rule applies. 

x —>2 x—*2 

ZM = IM = a 2) 1.8 9 

x ^2 g(x) x -^2 g'(x) lim <;'(+) g'( 2) | 4 

x—*2 b 

7. This limit has the form 2. We can simply factor and simplify to evaluate the limit. 


x 2 — 1 .. (x + l)(x— 1 ) x + 1 1 + 1 

™ - = lim ---- — - — - 


lim 


= lim 


1 X 2 — X a-»l *(*—1) *-►! X 


= 2 


9 . This limit has the form 2 lim -- _ + 1 = lim 3,1 4x 


o - x“i x 3 -l 
Note: Alternatively, we could factor and simplify. 


*i 3x 2 


11 . This limit has the form 2. lim „ cosx — h_ p m —simr _ jj m tan x = —oo. 


*(tt/ 2 )+ 1 — sin* 


■»+/2) + — COS* x— »(7t/2) + 


13. This limit has the form 2. lim —-- = lim —— = = 2 

u t->o sin t t-»o cos t 1 


15. This limit has the form 2. lim z ~——= lim — „ C ° S f „ = lim 


°’ a—* 7 r /2 1 + cos *26 fl^ir/ 2 —2sin2 6 e^w /2 —4 cos 20 4 


17. This limit has the form ■ 


lim lim T Vf-= lim A =0 

X^OO y/ X X^OO -X 1 / 2 X^oo ^* 


19. lim [(In*)/*] = — oo since In* —> — oo as * —> 0 + and dividing by small values of * just increases the magnitude of the 

x—»0+ 

quotient (In*)/*. L’Hospital’s Rule does not apply. 

. o t 8 - 1 h .. 8 t 7 8 .. . 8, . 8 

21. This limit has the fonn 2. lim —- = lim —- = - lim t 3 = —( 1) = — 

0 t-i t 5 - 1 t -.i 5t 4 5 t-,i 5 w 5 

23. This limit has the fonn 2. 

.. /I+S-VniH,. |(1 + 2*) -1 ^ 2 • 2 — |(1 — 4*) - 1 / 2 (—4) 
lim-= lim --+=- 

x —*0 X x—*0 1 


= lim 


1 


o V^l + 2* VI - 4 *) s/l Vl 


1 2 _ 3 


25 . This limit has the fonn 2. lim —- \— — = lim —- = lim 

u x—»o x 2 x —>0 2x x—*o 2 2 
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, n tanhx h .. sech 2 x sech 2 0 1 

27. This limit has the form hm- = hm -r— = -r— = - = 1 

u x >o tan x at— o sec 2 x sec 2 0 1 


29. This limit has the form 2. lim 


sin 1 X h_ l/\/l — x 2 


= lim 

x—>0 X cc—>0 1 


= lim 




■*° \/l — X 2 1 


31. This limit has the form §. lim 

0 x —>o 3 X - 1 


x3 x h .. xS^lnS + S^ .. 3 x (xln3 + l) .. xln3 + l 1 
= lim --—-— - = lim —+-—-—-—- = hm — 


S 33 In 3 


*o 3 X In 3 


*o In 3 


In 3 


t -I- sin t 0-1-0 0 

33. lim -I-- = - = - = 0. L’Hospital’s Rule does not apply. 

at— 0 X + COS X 0 + 1 1 


„ . , , . n .. 1 —x + lnx h .. —1 + 1/a; h .. —1/a; 2 

35. This limit has the form g. lim —- = hm- ; - = hm 


*1 1 + COS7TX x —*1 —7TSin7TX at — 1 — 7T 2 COS 7TX — 7T 2 (— 1) 


,, ,, . 0 r x“-ax + a- 1 H ax a -an a(a - l)x“ a(a - 1) 

37. This limit has the form + lim- 7 -r-r- = hm —7 -r— = hm-= — 1 - 1 

0 at— 1 (a; - l ) 2 at— 1 2(x - 1 ) at— 1 2 2 

. .. . il , .. o cosx — 1 + §x 2 h ,. — sinx + x h ,. —cosx + 1 h ,. sinx h ,. cosx 1 

39. This limit has the form + lim-r--— = hm --- = hm --- = hm- = hm- = — 

U at— 0 X 4 at— 0 4x 3 at— 0 12x 2 at— 0 24x at— 0 24 24 


41. This limit has the form oo • 0. We’ll change it to the form 2. 


.... sin(7r/x) h ,. cos(7r/x)(-7r/x 2 ) ... . 

lim xsm(7r/x) = hm —++— 1 = hm - -- = n hm cos(7r/x) = 7r(l) = 7r 


1/x 


— 1/x 2 


43 . This limit has the form oo • 0. We’ll change it to the form 2. 

sin 6 x h .. 6 cos 6 x 6 ( 1 ) 

hm cot 2x sin 6 x = hm -— = hm -- tt-— = = 3 

at— o at— otan 2 x at— o 2 sec 2 2 x 2 ( 1) 2 

45 . This limit has the form oo • 0. lim x 3 e~ x = lim = lim 2 = lim = lim ——j = 0 

x —>oo x —>oo g x x —> oo 2 xc x x — >o ° 2,e x x — >QO 4 XC x 

47 . This limit has the fonn 0 ■ (—oo). 

lim In a; tan(7rx/2) = lim -= lim - -— = --i——- = — — 

at—1+ x—1+ COt(7rx/2) X— 1+ (—7r/2) CSC 2 (7rx/2) (—7 t/2)(1) 2 7T 

49 . This limit has the form oo — oo. 


lim 


.. xlnx — (x — 1) e .. x(l/x) + lnx — 1 

= hm — 7 --+t- 1 = hm -7 — ' ,, , . - = hm 


lnx 


i\x —1 lnx/ at—1 (x — l)lnx at-1 (x — l)(l/x) + lnx at—1 1 — (1/x) + lnx 


= lim 


1/x X 2 .. X 

—— = hm 


1 


at— 1 1/X 2 + 1/X X 2 


1 1 + X 1 + 1 2 


51 . This limit has the form 00 — 00 . 


lim 

X— 0+ \ X 


1 


gX _ 


lim 


0 + x(e x — 1 ) 


x e .. 

= lim 


e x - 1 


* 0 + xe x + e x — 1 


H 


lim - 

x— 0 + xe x + e x + e x 


1 _ 1 
0 + 1 + 1~~2 
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53. The limit has the form oo — oo and we will change the form to a product by factoring out ®. 


In® 


In® 


1 /® 


lim (® — In ®) = lim ® ( 1 -] = oo since lim - = lim —— = 0 

■ ■ ■ - -- x — >QO 2C x—* oo 1 


55. y = x^ => lnj/ = sfx In®, so 


lim In y = lim Jx In ® = lim = lim — }^ X 0 ._ 

x-»0+ x~ 0+ x=0+ ® 1/2 x=0+ — 4® -3 / 2 


= —2 lim Jx = 0 =>■ 

33—►() + 


lim ®^ = lim e lnH = e° = 1 . 

33—►() + 33—»0 + 

57. y = (1 — 2®) 1 ^ =4> lny = i ln(l — 2®), so lim lnj/ = lim 1^11-—^ = lim —^ = —2 

X x —>0 x —^0 X x >0 1 

lim(l — 2®) 1 ^ x = lim e lny = e -2 . 


59. y = x 1 ^ 1 x ^ => lnj/ = ———In®, so lim Iny = lim ———In® = lim = lim 33221 = — 1 


In® 


1 — x 

lim x 1/a - x) = lim e lny =e~ 1 = -. 

x—>l+ x—>l+ 6 


+ 1 + 


*i+ l — ®' 


♦i+ 1 — x 


1 /® 
3 + ~ 


61. y = x 1/x 

lim x 1/x = lim e lny = e° = 1 


Iny = ( 1 /®) In® => lim In y = lim = lim —^ =0 =3> 

x —>oo x — >00 X X — »oo 1 


63. y=( 4® + l) c 


1 x i /a , ln(4® + 1) H .. 4® +1 , 

mu = cot® m(4® + 1), so inn my = hm —--- = lim - 2 — =4 => 

x—»o+ x—»o+ tan® x =o+ sec 2 ® 


lim (4® + l) cot:c = lim e lny = e 4 . 

33— »0 + X— >0 + 


65. y = (cos#) 1//a; => In y = — In cos# 

x 1 


.. . .. In cos# h —tan# h —sec 2 # 

lim In y = lim --— = lim - = lim - 

33^0 + 33^0 + # 1 X-^0+ 2# 33^0 + 2 

lim (cos #) 1 ^ 2 = lim e lny = e -1 ^ 2 = 1/Ve 

33—»0 + 33—►() + 


67. 



From the graph, if ® = 500, y « 7.36. The limit has the fonn 1° 


Now y = ( 1 H— 


In y = x In ( 1 H— 


,. , ,. ln(l + 2/®) h ,. 1 + 2/® V ® 2 

50 q inn in y = inn —-=r^—-— 1 = lim 


= 2 lim 


1 /® 

1 


- l /® 2 


= 2 ( 1 ) = 2 


x >oo 1 + 2/# 

lim (1 + — ^ = lim e lny = e 2 [« 7.39] 

33—>00 V X ) X—* OO 
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69. 


0.35 



fix) 

From the graph, it appears that lim —- 

—o g{x) 


lim 


fix) 
o g'(x) 


0.25. 


We calculate lim 


fix) 

o g(x) 


= lim 


e x - 1 
o x 3 + 4x 


= lim 


o 3a; 2 + 4 


1 

4' 


71. 


lim — = lim —-—- 

x —>oo x n x —>oo nx rL ~ 1 


= lim 


n{n — l )® 71 


H 


H 


lim i—-=oo 

x —>oo Tl\ 


X R \ yj X ^ —(- 1 

73 . lim • = lim -r----——-= lim ——-. Repeated applications of FHospital’s Rule result in the 

V® 2 + 1 x ^°° U X + l)“ 1/2 (2®) ® 

original limit or the limit of the reciprocal of the function. Another method is to try dividing the numerator and denominator 
by x: lim x = lim x ^ x — = lim 1 = - = 1 

x ^°° V ® 2 +1 i /® 2 /® 2 + 1/® 2 x ^°° a/i + 1/® 2 1 

75 . y = /(®) = xe x A. D = R B. Intercepts are 0 C. No symmetry 

X h 1 

D. lim xe x = lim — = lim — = 0, so y = 0 is a FIA. lim xe x = — oo 

x —>oo x —>oo C X x —>oo C x x —»■— oo 

E. f\x) = e~ x — xe~ x = e~ x (l — ®) > 0 •<=> ® < 1, so / is increasing H. 

on (—oo, 1 ) and decreasing on ( 1 , oo). F. Absolute and local maximum 
value /(1) = 1/e. G. f"(x) = e~ x (® — 2) > 0 •<=>• x > 2, so / is CU 
on (2, oo) and CD on (—oo, 2). IP at (2, 2/e 2 ) 



77. y = f(x) = xe~ x2 A. D = R B. Intercepts are 0 C. /(—®) = — fix), so the curve is symmetric 

2 ££ h I 

about the origin. D. lim xe~ x = lim — T = lim -=- = 0, so y = 0 is a HA. 

x —>ioo x —>-ioo Q x x —»ioo 2xe x 

E. fix) = e~ x2 — 2x 2 e~ x2 = e _x2 (l — 2® 2 ) >0 •<=>• ® 2 < | •<=> ®| < ^=, so / is increasing on (—-^ 75 , - 775 ) 

and decreasing on 00 ,— -^f \ and ^-^=, 00 ^. F. Local maximum value = l/\/2e, local minimum 

value / 775 ) = — l/\/2e G. /"(®) = —2®e _a! (1 — 2® 2 ) — 4®e _a: = 2®e -x (2 ® 2 — 3) > 0 -o- 

® > or — | < ® < 0, so / is CU on f , 00 j and H. 

^/f, 0 ) and CD on 00 , — j and (o, 

IP are (0, 0) and ^±^/|, ±^/| e -3 ^ 2 j. 



79. y = /(®) = x — ln(l + ®) A. D = {® | ® > —1} 
D. lim [® — ln(l + x)] = 00 , so ® = —1 is a VA. 

S -.-1 + 


= (—l,oo) B. Intercepts are 0 
lim [® — ln(l + ®)] = lim ® 


C. No symmetry 
ln(l + ®) 


® 


= 00, 
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ln(l + *) h 1/(1 + *) n 

since Iim —-- 1 = iim - 1 = 0. 

33—»oo X x — >oo 1 


E. /'(*) = 1 - - 


+ x 1 + * 


>0 44 * > 0 since x + 1 > 0. 


So / is increasing on (0, oo) and decreasing on (—1,0). 

F. /(0) = 0 is an absolute minimum. 

G. f"(x) = 1/(1 + x) 2 > 0, so / is CU on (—1, oo). 

81. (a) f(x) = x~ x 1-6 _, 




(b) y = f{x) = x x . We note that ln/(*) = In* x = — *ln* = , so 

lim ln/(*) = lim- _ = lim * = 0. Thus lim /(*) = lim e ln ^^ = e° = 1. 

33 —►() + 33 —►() + X 33 —►() + 33 —►() + 33 —►() + 

(c) From the graph, it appears that there is a local and absolute maximum of about /(0.37) fa 1.44. To find the exact value, we 

differentiate: f(x)=x~ x =e~ xlnx =3* /'(*) = e~ x,nx —*^i^ + ln*(—1) = — x~ x (l + In*). This is 0 only 

when 1 + In* = 0 44 * = e _1 . Also f'(x) changes from positive to negative at e -1 . So the maximum value is 

/( 1 /e) = (l/e)- 1 /* = e 1 /*. 

(d) 1 __ We differentiate again to get 

n /"(*) = —x~ x (l/x) + (1 + ln*) 2 (* -x ) = * _a: [(l + In *) 2 — 1 /*] 

From the graph of /"(*), it seems that /"(*) changes from negative to 
positive at * = 1, so we estimate that / has an IP at * = 1. 


83. (a) /(*)=* 


_ t 1 /* 



(b) Recall that a b = e blna . lim x 1/x = lim e (1/x)ln + As * -*• 0+, — -oo, so x 1/x = e (1/x)lnx -*• 0. This 

1^0+ ai^0+ * 

indicates that there is a hole at (0,0). As * —> oo, we have the indetenninate fonn oo°. lim * 1//x = lim e*- 1 ^ lnx , 

33— *00 X — * OO 

In x h \ / x 

but lim —— = li m _ L — = o, so lim x x ' x = e° = 1. This indicates that y = 1 is a HA. 

33—HOO X X —MOO 1 33—>00 
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(c) Estimated maximum: (2.72,1.45). No estimated minimum. We use logarithmic differentiation to find any critical 

numbers, y = * 1/x =>■ lny=-lnx => ^ = - ■ - + (In*) ( -2- ) =>■ y' = x 1/x ( 1 ~ - ) =0 => 

x y x x \ x 2, ) \ x 1 ) 

In x = 1 =>• x = e. For 0 < x < e, y' > 0 and for x > e, y' < 0, so /(e) = e 1 ^ e is a local maximum value. This 

point is approximately (2.7183,1.4447), which agrees with our estimate. 

(d) ° ( i_ r -- From the graph, we see that f"(x) = 0 at x « 0.58 and x « 4.37. Since /" 

f" 

changes sign at these values, tliey are ^-coordinates of inflection points. 


85. f(x) = e x — cx => f'(x) = e x —c = 0 <=> e x = c 4=> x = lire, c > 0. f"(x) = e x > 0, so / is CU on 

[ ( e x \\ e x H e x 

(—oo, oo). lim ( e x — cx) = lim a; I- c ) = L\. Now lim — = lim — = oo, so L\ = oo, regardless 

x —»oo cc—»oo V X ) x —>00 X X —>oo 1 

of the value of c. For L = lim (e x — cx), e x —> 0, so L is determined __ _. 

x—* — OO ** 

\ c— 5\ »ii | 

\ \ / I 

by —cx. If c > 0, —cx —► oo, and L = oo. If c < 0, —cx —► —oo, and = i\ /// 

J \ \ ii 

V N V 

L = — oo. Thus, / has an absolute minimum for c > 0. As c increases, the -to M—-C-to 

minimum points (In c, c — c In c), get farther away from the origin. c = r / 


87. First we will find lim f 1 + — , which is of the form 1°°. y = ( 1 + — =>• \ny = nt\n(l + — V so 

n — >oo \ nJ \ nJ \ n) 

lim Iny = lim nt Infl + I) = t lim MI+lM 1 1 lim = t Um = * 

n —>00 n—*-oo V nJ n —>oo 1 /n n—>oo ( 1 + V 71) ( — 1 7l Z ) n—*oo ±4-1/71 


n —hoo n—*■ oo 


n) n->oo 1/n n^oo (1 + r/n)(—1/n 2 ) n^oo 1 + i/n 


\ nt 

1 H— ) —*• ^4oe r 

71/ 


( e E + e _£; 1 

89. lim P(E) = lim ( —-^ - — 

b^o+ b^o+ \e E — e~ E 7? 


S(e B + e- B )-l(e B -e- B ) + £e- B - e £ + 

= lim —------- = lim - 

e^o+ (e E -e~ E )E E ^o+ Ee E - Ee~ E 


e^o+ {e E ^e~ E )E E ^o+ Ee E - 

Ee E + e E ■ 1 + E(-e~ s ) +e - E -l-e E + (-e~ E ) 
' e ™o+ Ee E +e E ■ 1 - [. E(-e~ E ) + e~ E ■ 1] 


Ee E - Ee~ E _ e E - e~ E 

e^o+ Ee E + e E + Ee~ E — e~ E e-> o+ e E _ e _B 

e , + _ +e -,__ 


[divide by if] 


0 e B — e~ E 

-— , where L = lim -—- 

2 + L e^o+ E 


[form is @1 = lim -- 

L UJ E-. o+ 1 


e E + e~ E 1 + 1 


Thus, lim P(E) = —— = 0. 
E—> 0+ 2 2 
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91. Both numerator and denominator approach 0 as x —> 0, so we use l’Hospital’s Rule (and FTC1): 


lim 


Sjx) 

o x 3 


= lim 

x —>0 


fo sin(nt 2 /2)dt h_ sin(7rx 2 /2) _h ttx cos(7TX 2 /2) 


= lim 

x —>0 


3x 2 


= lim 

x —>0 


6x 


= - • cos 0 = - 
o o 


93. We see that both numerator and denominator approach 0, so we can use l’Hospital’s Rule: 

\/2a 3 x -x 4 - a^/aax ±(2a 3 x - x 4 ) _1/2 (2a 3 - 4x 3 ) - a(±)(aax) _2/3 a 2 

x ^ a a — \/ax 3 x ^ a — |(ax 3 ) _3 / 4 (3ax 2 ) 

|(2 a 3 a - a 4 )- 1 / 2 (2a 3 - 4a 3 ) - §a 3 (a 2 a)- 2 / 3 
“ -i(aa 3 )- 3 / 4 (3aa 2 ) 

_ (o 4 ) _1/2 (—a 3 ) - ±a 3 (a 3 )“ 2/3 _ -a - \a _ 4 (4 16 

— |a 3 (a 4 ) -3 / 4 -| 3U<J; 9 


95. The limit, L = lim 

[x x 2 ln( 1+X \ 

= lim 

x — x 2 In ( - + 1 ] 

x — >oo 

\ x J. 

33—»00 

L V* J\ 


Let t = 1/x, so as x —> oo, t —» 0 4 


L = lim 

t^o+ 




t — ln(f + 1 ) h ,. 

= hm ---- = hm 


1 - 


1 


t+ 1 = lim tlMH = Hm 


1 


t— >o+ t 2 t— *o+ 2 1 o+ 2 1 t— *o+ 2 (i + 1) 2 

Note: Starting the solution by factoring out x or ar leads to a more complicated solution. 


97. Since /(2) = 0, the given limit has the form 2. 

r /(2 + 3a:) + /(2 + 5s) n f'{2 + 3s) • 3 + f'(2 + 5x) • 5 


lim 

x —>0 


= lim 

x —>0 


= /'(2)-3 + /'(2).5 = 8/'(2) =8-7 = 56 


99. Since lim [f(x + h) — f(x — ft)] = /(x) — f(x) = 0 (/is differentiable and hence continuous) and lim 2 ft = 0, we use 

h—* 0 h —>0 

rHospital’s Rule: 

/(x + ft) - f(x - ft) H f'jx + ft)(l) — f'{x — ft)(—1) = f'(x) + f'{x) = 2f'(x) = , 
o 2ft h—*o 2 2 2 ' ' 


fix + ft) - fjx - ft) 


2ft 


is the slope of the secant line between 


(x — ft., f{x — ft)) and (a; + ft, f{x 4- ft)). As ft —> 0, this line gets closer 
to the tangent line and its slope approaches f'{x). 



fix) 1 

101. (a) We show that lim = 0 for every integer n > 0. Let y = —. Then 


f[x) ,. e 

lim —— 

x 2n 


.. ~ 1/x .. y n h ny n 1 h h ,. n! 

= hm , = lim — = hm — - = • • • = lim — =0 =>■ 


*o (x 2 


y —>oo e» y —>oo 


y—*oo cV 


= lim x n ^- = lim x n lim = o. Thus, /'(0) = lim ^^ = lim = 0. 
x^O x n x^0 x 2n x—>0 x 2n x—>-0 x — 0 “ - rt ~ 


hm /(X) 


X— 1-0 X— *-0 x^ n X— >0 x — 0 X— »0 x 

(b) Using the Chain Rule and the Quotient Rule we see that /^ (x) exists for x/0. In fact, we prove by induction that for 
each n > 0, there is a polynomial p n and a non-negative integer k„ with f^ n \x) = p n ix)f(x)/x kn for x/0. This is 
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true for n = 0; suppose it is true for the nth derivative. Then f'(x) = /(*)(2/* 3 ), so 

f (n+1 \x) = [x kn \p'„(x) /(*) +p n (x)f'(x)\ - k n x kn ~ r p n {x) f{x)\x~ 2k 
= [x k "p' n (x) + p„(*)(2/* 3 ) - k n x kn ~ 1 p n (x)\ f(x)x~ 2kn 
= \x kn+3 p' n (x) + 2p n (x) - k n x k "+ 2 p n (x)\f(x)x-^+V 


which has the desired form. 

Now we show by induction that (0) = 0 for all n. By part (a), /' (0) = 0. Suppose that /^ (0) = 0. Then 


/ (n+1) (0) = lim 

x —>0 


/(")(x)-/<">(0) _ / (,l) (*) _ .. p n (x)f(x)/x k " _ .. p n (x)f(x) 


x — 0 


= lim 

x->0 X 


= lim 

x —>0 


= lim 

X— >0 X‘ 


kn + 1 


= lim p n (x) lim 

x^O x —>0 x kn + 1 


= p„(0) -0 = 0 


6 Review 


CONCEPT CHECK 


1. (a) A function / is called a one-to-one function if it never takes on the same value twice; that is, if f(x i) f f(x 2) whenever 
X\ f X 2 - (Or, / is 1-1 if each output corresponds to only one input.) 

Use the Horizontal Line Test: A function is one-to-one if and only if no horizontal line intersects its graph more 
than once. 

(b) If / is a one-to-one function with domain A and range B, then its inverse function f~ 1 has domain B and range A and is 
defined by 

f~ 1 {y)=x }{x) = y 

for any y in B. The graph of / -1 is obtained by reflecting the graph of / about the line y = x. 


(c) (rYw 


1 

/'(/-») 


2. (a) The function f(x) = e x has domain R and range (0,00). 

(b) The function f(x) = In* has domain (0, 00) and range R. 

(c) The graphs are reflections of one another about the line y = x. See Figure 6.3.3 or Figure 6.3*. 1. 

,, In* 

(d) i ° gaa; = T_ 

3. (a) The inverse sine function f(x) = sin -1 x is defined as follows: 


sin x = y sin y = x and 

7T 7T 

Its domain is — 1 < * < 1 and its range is — — < y < —. 

(b) The inverse cosine function /(*) = cos -1 * is defined as follows: 

cos -1 x = y cos y = x and 

Its domain is — 1 < * < 1 and its range is 0 < y < n. 


n it 

-< y < — 

2 “ 2 


0 <y <7t 
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(c) The inverse tangent function /(x) = tan 1 a: is defined as follows: 


tan x = y 4=> tan y = x 


and 


7T 7T 

~ 2 <V< 2 


7r 7T 

Its domain is R and its range is — — < y < —. 


f , e x — e~ x , e^ + e"* , sinh:r 

4. sinhx = - , cosh x = - , tanh x = --— 

2 2 cosh x 

5. (a) y = e x => y'= e x 
(c)j/ = lnx =>■ y' = l/x 

(e) y = sin -1 x => y' = l/\]l — x 2 
(g) y = tan -1 x =» y' = 1/(1 + x 2 ) 

(i) y = cosh x =>• y' = sinh a; 

(k) y = sinh -1 x => y' = l/y/l + x 2 
(in) y = tanh -1 x => y' = 1/(1 — x 2 ) 


e 21 + e~ x 

(b) y = a x ^ y' = a x In a 
(d) y = log a x => y' = l/(x In a) 

(f) y = cos -1 x => y' = — 1/Vl — x 2 
(h) ?/ = sinh x =£■ y' = cosh x 
(j) y = tanhx => t/' = sech 2 x 

(1) y = cosh -1 x => y' = l/Vx 2 — 1 


e — 1 

6 . (a) e is the number such that lim —-- = 1. 

h—*0 h 

(b) e = lim (1 + x) 1 ^ 

(c) The differentiation formula for y = a x [y' = a x In a] is simplest when a = e because In e = 1. 

(d) The differentiation formula for y = log a x [y = 1 /(x In a)] is simplest when a = e because In e = 1. 

7 . (.) % - % 


(b) The equation in part (a) is an appropriate model for population growth, assuming that there is enough room and nutrition to 
support the growth. 

(c) If y(0) = t/o. then the solution is y(t) = yoe kt . 

8. (a) See l’Hospital’s Rule and the three notes that follow it in Section 6.8. 

(b) Write fg as or . 

1/3 1 // 

(c) Convert the difference into a quotient using a common denominator, rationalizing, factoring, or some other method. 

(d) Convert the power to a product by taking the natural logarithm of both sides of y = f 9 or by writing / 9 as e 9 ln ?. 


TRUE-FALSE QUIZ 

1. True. If / is one-to-one, with domain R, then / (/(6)) = 6 by the first cancellation equation [see (4) in Section 6.1]. 

3. False. For example, cos § = cos (— f), so cos x is not 1-1. 

5 . True. The function y = ln x is increasing on (0, oo), so if 0 < o < b, then ln a < ln b. 


7. True. 


We can divide by e x since e x ^ 0 for every x. 
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9 . False. Let * = e. Then (In*) 6 = (lne) 6 = l 6 = 1, but 61n* = 61ne = 6 ■ 1 = 6 7^ 1 = (In*) 6 . What is true, however, 
is that ln(* 6 ) = 6 in * for * > 0. 

11 . False. In 10 is a constant, so its derivative, — (in 10), is 0, not t-L. 

13 . False. The “—1” is not an exponent; it is an indication of an inverse function. 

15 . True. See Figure 2 in Section 6.7. 

17. True. f — = [in 1*1 1 f = in 16 - in2 = in — = in8 = in2 3 = 31n2 

i 2 * L I U 2 2 

EXERCISES 

1. No. / is not 1-1 because the graph of / fails the Horizontal Line Test. 

3 . (a) f~\3) = 7 since /(7) = 3. (b) (/“7(3) = ! = = | 

' l 


X 



y = in * y = — in * 


11. (a) e 21n3 = (e ln3 ) 2 = 3 2 = 9 

(b) log 10 25 + log 10 4 = log 10 (25 • 4) = log 10 100 = log 10 10 2 = 2 
13. in* =| <=> log e * = | => x = e 1 / 3 

15. e e * = 17 =>• lne 6 * = in 17 =>• e x = in 17 =>• lne x = ln(ln 17) => * = in in 17 

17. ln(* + 1) + ln(* — 1) = 1 =>■ in [(* + 1)(* — 1)] = 1 =>■ ln(* 2 — 1) = lne =>■ * 2 — 1 = e =>• 
* 2 =e + l =>■ x = \/e + l since ln(* — 1) is defined only when * > 1. 
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19. tan 1 x = 1 =>• tan tan 1 x = tan 1 =>• a: = tanl (« 1.5574) 


21. f(t) = t 2 lnt =>■ f'(t) = t 2 - —I- (\nt)(2t) = t + 2tlnt. or t(l + 21nt) 


23. h(9) = e* 


t 


ti ( 9 ) = e tan 26 • sec 2 29-2 = 2 sec 2 (29) e t 


25. y = In |sec 5x + tan 5* 
, 1 


2 . 5 sec 5x (tan 5* + sec 5x) 


y = ---— (sec 5x tan 5x ■ 5 + sec 2 5x ■ 5) = 

sec 5* + tan 5x sec ox + tan ox 


= 5 sec 5x 


27. y = x tan 1 (4*) =>■ y' = x ■ 


"I /I /~v* 

4 + tan -1 (4a;) • 1 = ‘ + tan -1 (4a:) 


1 + (4a:) 2 v ' 1 + 16a: 2 

29. y = ln(sec 2 x) = 21n|secx| => y' = (2/ sec x) (sec x tan x) = 2tana; 

^' x , _ x 2 (e 1/x Y - e 1/x (x 2 )' _ X 2 (e 1/x )(-l/x 2 ) - e 1/x (2x) _ -e 1/x (l + 2x) 


31. y=—= => y' = 


(x 2 ) 2 


33. y = 3 x 


d 


y > = 3 xllxx (ln3)-^(xlnx) = 3 xln:r (hi3) ( x- ^+lnx- 1 ) = 3 a:lnx (ln3)(l + lnx) 


1 V 

35. H(v) = v tan -1 v =>■ H'(v) = v- -- + tan -1 v • 1 = -r-+tan~ 1 n 

1 + v 2 1 4- v 2 

37. y = xsinh(x 2 ) =>■ y' = xcosh(x 2 ) • 2a: + sinh(x 2 ) • 1 = 2x 2 cosh(a~ 2 ) + sinh(x 2 ) 

39. y = In sin x — 4 sin 2 x => y' = —-— • cos x — i • 2 sin x ■ cos x = cot x — sin x cos x 

sin x 

41. y = ln( — ] + —— = lnx -1 + (lnx ) -1 = —lnx + (lnx ) -1 =>■ y’ = — 1 • — + (—l)(lnx ) -2 ■ — = — - 

lii Ini xxx 


x 


43. y = ln(cosh3x) =>■ y' = (l/cosh3x)(sinh3x)(3) = 3tanh3x 


45. y = cosh 1 (sinhx) => y 1 = (cosh x)/\/ sinh 2 x — 1 
47. j/ = cos(e Vtan3a: ) => 

y' = ^sin(e Vtan3:E ) • ^e' /ia ^ V = - sin(^e' /iaa ^) e' /Jaa ^ • i(tan3x)^ 1/2 • sec 2 (3x) • 3 


—3 sin 


in(e' /tan3:c ) 


vtan3x 2 


sec 2 (3a:) 


2 v tan 3x 

49. f(x) = e a{x) =* f'(x) = e g{x) g’(x) 

51. f(x) = In \g(x)\ => f(x) = g’(x) = 


1 

x (In a;) 2 


53.f(x) = 2 x => f (x) = 2 X In 2 f"(x) = 2 x (\n2) 2 => ••• => f (n \x) = 2 x (\n2) n 



310 □ CHAPTER 6 INVERSE FUNCTIONS 


55 . We first show it is true for n = 1 : f'(x) = e" + xe x = (x + l)e". We now assume it is true for n = k: 
f (k \x) = {x + k)e x . With this assumption, we must show it is true for n = k + 1: 

f (k+1 \x) = [/ (fc) 0r)] = [(* + k)e x ] =e x + {x + k)e x = [x + {k + 1)] e x . 

Therefore, f^ n \x) = (x + n)e x by mathematical induction. 


57. y = (2 + x)e 


y 1 = (2 + *)(—e“") + e“"•1 = e~ x [-(2 + *) + !]= e~ x (-x - 1). At (0, 2), y' = 1(-1) = -1, 


so an equation of the tangent line is j/ — 2 = — l{x — 0), or y = —x + 2. 

59. y = [ln(x + 4)] 2 =>■ y = 2[ln(* + 4)] 1 • —3— -1 = 2 ^ and y' = 0 •<=>• ln(a: + 4) = 0 •<=> 

X I X I JL 


a: + 4 = e 


x + 4 = 1 4=> x = —3, so the tangent is horizontal at the point (—3,0). 


61. (a) The line x — 4y = 1 has slope A tangent to y = e x has slope j when y' = e x = \ => x = In | = — In 4. 

Since y = e x , the {/-coordinate is j and the point of tangency is (— In 4, Thus, an equation of the tangent line 
is 7/ \ = \{x + In4) or y = \x + |(ln4 + 1). 

(b) The slope of the tangent at the point (a, e a ) is e x — e a . Thus, an equation of the tangent line is 

ax 

x = a 

y — e a = e a (x — a). We substitute x = 0, y = 0 into this equation, since we want the line to pass through the origin: 

0 — e a =e“(0 — a) •<=>• —e“ = e°(—a) •<=> a = 1. So an equation of the tangent line at the point (a, e a ) = (1, e) 

is y — e = e(x — 1) or y = ex. 

63. lim e~ 3x = 0 since —3* —^ — oo as x —> oo and lim e 4 = 0. 

X —HDO t —► — OO 

65. Let t = 2/(x — 3). As x —+ 3+ t —> — oo. lim e 2 /(*-3) _ lim e* = 0 

x— >3“ i—* —oo 

67. Let t = sinhx. As x —> 0 + , t —» 0 + . lim ln(sinhx) = lim Inf = — oo 

x~ 0+ t^0+ 

M (1 + 2")/2" 1/2"+ 1 0 + 1 
69. lim —- „ , . = lim ——-- = -- = — 1 

X —>00 (1 — 2")/2" X —>00 1/2" — 1 0—1 

^X g X -j^ 

71. This limit has the form lim --= lim —-— = — = 1 

u x->o tana: x^o sec 2 x 1 


P 4x — 1 _ A r „ A p 4x — A it 1 f\ P 4x 

73. This limit has the form lim ---= lim — -= lim —-— = lim 8e 4x = 8 • 1 = i 

u a:—*-0 X 2 :c—>0 2,X x —>0 2 x—►() 


75. This limit has the form oo • 0. 


lim ( x 2 — x 3 )e 2x = lim 


lim -—I" °° form] = lim ——form] 

x^-oo e~ 2x Lo ° 1 x^-oo — 2e -2 " Lo ° 1 


= lim -—P form] I lim = 0 

x —*■—oo 4e~ 2x ^°° ^ cc —>—oo— 8e~ 2x 
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77. This limit has the form oo — oo. 


lim 

x —♦ !+ 




lim 

x —► !+ 


/ x In x — x + 1 \ 
\ (a; — 1) In x ) 


h x ■ (1/x) + In* — 1 

= * lm 7-77— , . --- 

x^i+ (x — 1) • (1/a;) + In a; 


lim — 

x— >1+ 1 - 


In* 


1/x + In * 


H ,. 1/* _ 1 

“ * ™+ i /* 2 + i/* - ITT 


1 

2 


79. y = /(*) = e x sin*, —7r < x <tx A. D = [—7r, n] B. //-intercept: /(0) = 0; /(*) = 0 44 sin* = 0 =4- 
* = —7T,0,7r. C. No symmetry D. No asymptote E. /'(*)= e x cos* + sin* • e x = e x (cos* + sin*). 

/'(*) = 0 44 — cos* = sin* 44 —l=tan* =4 x = — f,^. /'(*)> 0 for —j <*< and /'(*)< 0 
for —7r < * < — j and < * < 7r, so / is increasing on (—^, and / is decreasing on (—7t, — j) and (^, 7r). 

F. Local minimum value/(—f) = (—v / 2/2)e -7r / 4 « —0.32 and 
local maximum value f(^f) = (\/2/2) e 3 ”"/ 4 « 7.46 

G. /"(*)= e x (— sin* + cos*) + (cos* + sin*)e a: = e 31 (2cos*) > 0 =4 

— § < x < f and /"(*) <0 =4 —7r < * < — f and ^ < * < 7r, so / is 

CU on (— f, f), and / is CD on (—7T, — f ) and (f, 7r). There are inflection 
points at (-§,-e _,r/2 ) and (f.e 7 ^ 2 ). 


H. 



81. j/= /(*)= * In* A. D = (0,oo) B. No y-intercept; x-intercept 1. C. No symmetry D. No asymptote 
[Note that the graph approaches the point (0,0) as * —> 0 + .] 

E. /'(*) = x(l/x) + (lnx)(l) = 1 + In*, so /'(*) —+ — oo as * —+ 0 + and 
/'(*)—» oo as x—» oo. /'(*) = 0 44 ln* = —1 44 x = e^ 1 = 1/e. 

/'(*) > 0 for * > 1/e, so / is decreasing on (0, 1/e) and increasing on 
(1/e, oo). F. Local minimum: /(1/e) =—1/e. No local maximum. 

G. /"(*) = 1/*, so /"(*) > 0 for * > 0. The graph is CU on (0, oo) and 
there is no IP. 



83. y = /(*) = (* - 2)e~ a: A. D = 
C. No symmetry D. lim 


*- 2 


cc—>oo P. 35 


B. {/-intercept: /(0) = —2; x-intercept: /(*) 
lim — = 0, so y = 0 is a HA. No VA 

x —>oo C x 


0 44 * = 2 


E. /'(*) = (* - 2)(— e _x ) + e~ x (l) = e“ x [-(* - 2) + 1] = (3 - x)e~ x . 
/'(*) > 0 for * < 3, so / is increasing on (— oo, 3) and decreasing on (3, oo). 

F. Local maximum value /(3) = e^ 3 , no local minimum value 

G. /"(*) = (3 - x)(—e~ x ) + e~ x (—l) = e-[-(3 - *) + (-1)] 

= (* — 4)e~ x > 0 

for x > 4, so / is CU on (4, oo) and CD on (—oo, 4). IP at (4, 2e -4 ) 
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85. If c < 0, then lim f(x) = lim xe cx = lim = lim - = 0, and lim f(x) = oo. 

~ ™ ■ — x —► — oo C cx x —►— oo CG cx x —>oo 


x —»— oo 


x —►— oo 


H I 

If c > 0, then lim f(x) = — oo, and lim f(x) = lim - = 0. 

x —> — oo x —>oo x —>oo CC cx 

If c = 0, then f(x) = x, so lim f(x) = ±oo, respectively. 

x —>-±oo 

So we see that c = 0 is a transitional value. We now exclude the case c = 0, since we know how the function behaves 
in that case. To find the maxima and minima of /, we differentiate: f(x) = xe~ cx =>■ 
f'(x) = x(—ce~ cx ) + e~ cx = (1 — cx)e~ cx . This is 0 when 1 — cx = 0 +> x = 1/c. If c < 0 then this 
represents a minimum value of /(1/c) = l/(ce), since f'{x) changes from negative to positive at x = 1/c; 
and if c > 0, it represents a maximum value. As |c| increases, the maximum or 
minimum point gets closer to the origin. To find the inflection points, we 
differentiate again: f'(x) = e~ cx (l — cx) =>■ 

f"(x) = e~ cx (—c) + (1 — cx){—ce~ cx ) = (cx — 2)ce~ cx . This changes sign 
when cx — 2 = 0 4=> x = 2/c. So as |c| increases, the points of inflection get 

closer to the origin. 


r 

-2- 

y* 


-2 


-3 

87. s(t) = Ae~ ct cos(txt + 5) =4> 

v(t) = s’(t) = A{e~ ct [— cusin(u>£ + 5)] + cos(xt + 5)(—ce~ ct )j = —Ae~ ct [wsin(cuf + 5) + ccos (tot + <5)] =>■ 

a(t) = v'(t) = — A{e~ ct [x 2 cos(wf + 5) — cwsin(u)f + <$)] + [wsin(wf + 5) + ccos(cuf + <5)](—ce _c *)} 

= —Ae~ ct [c o 2 cos(cuf + (5) — ax sin(wf + 5) — ax sin(c vt + 5) — c 2 cos(wf + 5)] 

= — Ae~ ct [((x 2 — c 2 ) cos(cuf + 5) — 2axsai(xt + 5)] = Ae~ ct [(c 2 — tx 2 ) cos(c xt + 5) + 2cu>sin(cuf + <5)] 


89. (a) y(t) = y(0)e kt = 200e fc 


y( 0.5) = 200e°' 5k = 360 


= 1.8 =>• 0.5fc = In 1.6 


k = 2 In 1.8 = ln(1.8) 2 = In 3.24 =>■ y(t) = 200e (ln3 ' 24) * = 200(3.24)* 

(b) y( 4) = 200(3.24) 4 « 22,040 bacteria 

(c) y'(t) = 200(3.24)* • In 3.24, so?/ (4) = 200(3.24) 4 ■ In 3.24 « 25,910 bacteria per hour 

(d) 200(3.24)* = 10,000 => (3.24)* = 50 => fin 3.24 = In 50 =>■ t = In 50/ In 3.24 « 3.33 hours 

91. Let Pit) = : + 31 e 4 o.7944t = = A(1 + where A = 64 ’ B = 31, and c = -0.7944. 

P'(t) = -A( 1 + Be ct )~ 2 (Bce ct ) = -ABce ct ( 1 + Be ct )~ 2 

P"(t) = —ABce ct [ — 2(1 + Be ct )~ 3 (Bce ct )] + (1 + Be ct )~ 2 ( - ABc 2 e ct ) 

= -ABcV*(l + Be ct )~ 3 [-2Be ct + (1 + Be ct )] = - ^cV*^-^e c *) 

The population is increasing most rapidly when its graph changes from CU to CD; that is, when P" (t) = 0 in this case. 

P"(t) = 0 =>■ Be ct = 1 =>• e c * = 4 => cf = In 4 =>■ t = ~ 4.32 days. Note that 

w B B c -0.7944 


Pi - hi 4 1 = 


A 


A 


A 


c B) 1 + Be c ( 1 / c ) ln (i/B) 1 + Be ln ( 1 / S > 1 + B(1/B) 1 + 1 2 


A A 

= —, one-half the limit of P as t —► oo. 
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93. Let u = —2j/ 2 . Then du = —4j/ dy and f* ye 2y2 dy = f 0 2 e u (-\du) = [e“] Q 2 = -±(e 2 -l) = i(l-e 2 ). 

95. Let u = e x , so dtt = e* dx. When x = 0, u = 1; when x = 1, u = e. Thus, 

fi e x r e 1 e 

/ -— dx = -- du = f arctan ul e , = arctan e — arctan 1 = arctan e — T. 

y 0 1 + e 2 * J 1 1 + u 2 L Jl 4 

97. Let u = v 7 ®- Then du = _^£_ = 4 , f ( — = dx = 2 f e u du = 2e u + C = 2e^ + C. 

2 \fx J sfx J 


99. Let u = x 2 + 2x. Then du = (2x + 2) dx = 2(x + 1) dx and 


r x + i 
J x 2 + 2x 


— Hi 1 

— - = | In |u| + C = \ In |x 2 + 2x| + C. 


101. Let u = ln(cosx). Then du = - dx = — tailed* =4 

cos * 

J tan x ln(cos x) dx = — f udu = — ^u 2 + C = — ^[ln(cosat)] 2 + C. 


103. Let u = tan 9. Then du = sec 2 6 d6 and / 2 tan 0 sec 2 9 d6 = / 2 U du = - -R C = —- 1 - C. 


dx = f ■ — 1 j dx = f + lj dx = —— — 2\n\x\ + x + C 


107. cos x < 1 =4- e x cos x < e x =4- f* e x cos xdx < e x dx = e x ] J = e — 1 

,, , e s , , d e s J d r 1 

109. fix) = — ds =4- / (x) = — — ds = —= — \/x = -=- — 7 = = —— 

Jx s dx J 1 s *Jx dx v /x 2 v / x 2x 


1- /ave = J* i dx = i [In |x|]J = i[In4 — In 1] = ± In4 


113. y = 


r ‘ 1 27rx 
1 1 + x 4 


dx by cylindrical shells. Let u = x 2 => du = 2x dx. Then 


v = f 0 l^r dM = 7r [ tan lu ]o = 7r ( tan 11 " tan lo ) = 7r (l) = T' 

115. f{x) = lnx + tan -1 x =4- /(l) = In 1 + tan -1 1 = j =4- g(|) = 1 [where g = / _1 ], 


/,(a:) = ^ + TT^’ S 05 '(l) 


1 1 _ 2 
7(1) “ 3/2 ~ 3' 


117. v 



We find the equation of a tangent to the curve y = e *, so that we can find the 
x- and y-intercepts of this tangent, and then we can find the area of the triangle. 


The slope of the tangent at the point (a, e a ) is given by — e 


2 x and so the equation of the tangent is y — e “ = — e a (x — a) 44 
y = e~ a (a -x + 1). 


The y-intercept of this line is y = e “(a — 0 + 1) = e “(a + 1). To find the x-intercept we set y = 0 
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e “(o — a; + 1) = 0 =>■ x = a + 1. So the area of the triangle is A{a) = \ [e “(o + 1)] (a + 1) = \e “(a + l) 2 .We 

differentiate this with respect to a: A' (a) = \ [e _ “(2)(a + 1) + (a + l) 2 e _ “(— 1)] = |e _ °(l — a 2 ). This is 0 
at a = ±1, and the root a = 1 gives a maximum, by the First Derivative Test. So the maximum area of the triangle is 
A{ 1) = |e _1 (l + l) 2 = 2e -1 = 2/e. 

b x + 1 — a x + 1 h b x + 1 In b — n x + 1 In a 

119. lim Fix) = lim ---= lim ---= In b — In a = F(— 1), so F is continuous at — 1. 

X —> — 1 x —► — 1 X + 1 * 1 1 

121. Using FTC1, we differentiate both sides of the given equation, f(t) dt = xe 2x + f* e~ l f(t) dt , and get 

f(x) = e 2x + 2xe 2x + e~ x f{x) => f(x) (l - e~ x ) = e 2x + 2xe 2x => f(x) = • 



□ PROBLEMS PLUS 


1. Let y = f(x) = e~ x . The area of the rectangle under the curve from —x to x is A(x) = 2xe~ x where x > 0. We maximize 
A(x): A'(x) = 2e~ x — 4x 2 e~ x = 2e~ x (l — 2a: 2 ) = 0 => x = This gives a maximum since A'(x) > 0 
for 0 < x < and A' (x) < 0 for x > -j-. We next determine the points of inflection of f(x). Notice that 
f'{x) = —2xe~ x2 = —A{x). So f"(x) = —A'[x) and hence, f"(x) < 0 for — A= < x < and f"(x) > 0 for x < — -j= 
and x > ^=. So f(x) changes concavity at x = ±^=, and the two vertices of the rectangle of largest area are at the inflection 
points. 


3. f{x) has the fonn e g ^ x \ so it will have an absolute maximum (minimum) where g has an absolute maximum (minimum). 

„ f 10(a: -2)-x 2 if x - 2 > 0 (-x 2 + 10a: - 20 if a; > 2 

g(x) = lOjx — 2| — x 2 = < = < => 

1 10[—(re - 2)] - x 2 if * - 2 < 0 1 - x 2 - Wx + 20 if x < 2 


-x 2 + 10a: ^20 if * > 2 


-x — 10a: + 20 if x < 2 


9'{x) 


—2x + 10 ifx > 2 
— 2x — 10 if x < 2 


g'(x) = 0 if x = —5 or x = 5 , and g'{ 2) does not exist, so the critical numbers of g are — 5 , 2, and 5 . Since g"(x) = —2 for 
all x 7 ^ 2, g is concave downward on (—oo, 2) and (2, oo), and g will attain its absolute maximum at one of the critical 
numbers. Since g{— 5 ) = 45 , g( 2) = — 4 , and g(5) = 5 , we see that /(— 5 ) = e 4B is the absolute maximum value of /. Also, 
lim g{x) = —oo, so lim f(x) = lim e 3 ^ = 0. But f(x) > 0 for all x, so there is no absolute minimum value of /. 


5. Consider the statement that sin bx) = r n e ax sin(bx + n6). For n = 1, 

( e ax sin bx) = ae ax sin bx + be ax cos bx, and 


re ax sin(6a; + 6) = re ax [sin bx cos 9 + cos bx sin 9] = re ax f — sin bx + - cos bx 

V r r 


= ae ax sin bx + be ax cos bx 


since tan 9 = — =+ sin 9 = - and cos 9 = —. So the statement is true for n = 1. 

a r r 

Assume it is true for n = k. Then 

r j k + 1 g 

sin bx) = [r k e ax sin (bx + k9)] = r k ae ax sin (bx + k9) + r k e ax bcos(bx + kO) 

_ r k e ax [asai{bx + kff) + 6cos(6x + k9)] 

But 

sin[6a; + (k + 1)9] = sin[(6a; + k9) + 9] = sin(6a; + k9) cos 9 + sin 9 cos (bx + k9) = ^ sin(6a: + k9) + B cos (bx + k9). 
Hence, asin(6a: + k9) + bcos(bx + k9) = r sin[ba: + (k + 1)9], So 

jfc+i 

fc+1 ( e ax sin 6a:) = r k e ax [a sin(bx+k9) + bcos(bx + k9)] = r k e ax [rs\n(bx + (k + l)9)\ = r fe+1 e a:E [sin(6a; + (fc + l)6>)]. 
Therefore, the statement is true for all n by mathematical induction. 
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7. We first show that-—- < tan 1 x for x > 0. Let f (x) = tan 1 x -——^. Then 

1 + x 2 J w 1 + x 2 


f'(x) = 


1 1(1 + x 2 ) — x{2x) _ (1 + x 2 ) — (1 — x 2 ) _ 2x 2 


1 + x 2 (1 + x 2 ) 2 


(1 + cc 2 ) 2 (l + a: 2 ) 2 


> 0 for x > 0. So f(x) is increasing 


on (0, oo). Hence, 0 < x =4- 0 = /(0) < f(x) = tan 1 x — - ———-. So -——^ < tan 1 x for 0 < We next show 

1 X 1 ~\~ X 


that tan 1 x < x for x > 0. Let h,(x) = x — tan 1 x. Then h'{x) = 1 — y 


-= = -—■—- > 0. Hence, h(x) is increasing 

y.Z 1 I n^Z 


+ X 2 1 + X 2 


on (0, oo). So for 0 < x, 0 = h( 0) < h(x) = x — tan 1 x. Hence, tan 1 x < x for x > 0, and we conclude that 
-—< tan -1 x < x for x > 0. 


9. By the Fundamental Theorem of Calculus, f{x) = /)' \/l + t 3 dt =4- /'(*) = \J\ + x 3 > 0 for x > —1. 

So / is increasing oil (—1, oo) and hence is one-to-one. Note that /(1) = 0, so /~ x (l) =0 =4 


(rYoo) = i//'(i) = 


( X -f- CL \ 

- ) , then L has the indeterminate fonn 1°°, so 

x — a J 


InL = lim ln( = lim xlnf = lim + a) - lnfr - a) I lim * + a , ^ ~ a 

x^oo \x — a J x^oo \x a J x >oo 1/x x — >oo —1/x 2 


I" (x — a) — (x + a) — £ 2 1 2 ax 2 2a 

= [ {x + a)(x-a) T\~ x 2 — a 2 = 1 - a 2 /x 2 = 2a 


Hence, In L = 2a, so L = e 2a . From the original equation, we want L = e 1 =4- 2a = 1 =4- a = h. 


13. Both sides of the inequality are positive, so cosh(sinh x) < sinh(cosh *) 

44 cosh 2 (sinh x) < sinh 2 (cosh a:) 44 sinh 2 (sinh a;) + 1 < sinh 2 (cosh x) 

44 1 < [sinh (cosh x) — sinh(sinh x)\ [sinh(cosh x) + sinh(sinhx)] 


44 1 < 





44 1 < [2 cosh(e a! /2) sinh(e :c /2)] [2 sinli(e a: /2) cosh(e :c /2)] [use the addition fonnulas and cancel] 
44 1 < [2 sinh(e a: /2) cosh(e :c /2)] [2 sinli(e 3: /2) cosh(e a: /2)] 44 1 < sinh e x sinh e~ x , 


by the half-angle fonnula. Now both e x and e x are positive, and sinh y > y for y > 0, since sinh 0 = 0 and 
(sinh y — y)' = cosh y — 1 > 0 for x > 0, so 1 = e x e~ x < sinh e x sinh e~ x . So, following this chain of reasoning 
backward, we arrive at the desired result. 
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So we must have k \fa = —'-= =>■ 

4 \fa 


Let f(x) = e 2x and g(x) = k \fx [k > 0]. From the graphs of / and g, 
we see that / will intersect g exactly once when / and g share a tangent 
line. Thus, we must have f = g and /' = g' at x = a. 

f(a) = g(a) =>■ e 2a = k Va (*) 


and 


f'(a) = g'{a) =* 2e 2 ° 




= -^r =>■ a = i. From (★), e 2 1 1 / 4 1 = k ^/l/4 


k = 2e 1/2 = 2Ve w 3.297. 


17. Suppose that the curve y = a x intersects the line y = x. Then a x ° = xo for some xo > 0, and hence a = Xg x °. We find the 
maximum value of g(x) = x 1 ^, x > 0, because if a is larger than the maximum value of this function, then the curve y = a x 

does not intersect the line y = x. g'{x) = In a: + — • — ) = x 1 ^ x (J (1 — In*). This is 0 only where 

x = e, and for 0 < x < e, f'(x) > 0, while for x > e, f'(x) < 0, so g has an absolute maximum of g(e) = e 1//e . So if 
y = a x intersects y = x, we must have 0 < a < e Conversely, suppose that 0 < a < e 1//e . Then a e < e, so the graph of 
y = a x lies below or touches the graph of y = x at x = e. Also a 0 = 1 > 0, so the graph of y = a x lies above that of y = x 
at x = 0. Therefore, by the Intermediate Value Theorem, the graphs of y = a x and y = x must intersect somewhere between 


x = 0 and x = e. 
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□ TECHNIQUES OF INTEGRATION 


7.1 Integration by Parts 


1. Let u — lux, dv = x 2 dx => du = ^ dx, v = \x 3 . Then by Equation 2, 

f x 2 \nx dx = (ln*)(|x 3 ) — f (|* 3 ) (^) dx = |* 3 In a; — | f x 2 dx = |* 3 In a; — |(|* 3 ) + C 
= |* 3 In* — |* 3 + C [or |* 3 (ina; — |) + C\ 

Note: A mnemonic device which is helpful for selecting u when using integration by parts is the LIATE principle of precedence for u: 

Logarithmic 
Inverse trigonometric 
Algebraic 
Trigonometric 
Exponential 

If the integrand has several factors, then we try to choose among them a u which appears as high as possible on the list. For example, in f xe 2x dx 
the integrand is xe 2x , which is the product of an algebraic function (*) and an exponential function (e 2x ). Since Algebraic appears before Exponential, 
we choose u = x. Sometimes the integration turns out to be similar regardless of the selection of u and dv, but it is advisable to refer to LIATE when in 
doubt. 

3. Let u = x, dv = cos 5* dx => du = dx, v = \ sin 5*. Then by Equation 2, 
f x cos 5* dx — I* sin 5* — f | sin 5x dx = |* sin 5x + ^ cos 5* + C. 

5. Let u = t, dv = e~ 3t dt => du = dt, v = —|e _3t . Then by Equation 2, 

fte~ 3t dt = -\te~ 3t -S-\e~ 3t dt = -\te~ 3t + | fe~ 3t dt = -\te~ 3t - \e~ 3t +C. 

7. First let u = x 2 + 2x, dv = cos x dx => du = (2x + 2) dx, v = sin x. Then by Equation 2, 

I = f(x 2 + 2x) cos x dx = (x 2 + 2x) sin x — f (2x + 2) sin x dx. Next let U = 2x + 2, dV = sin xdx =>■ dU = 2 dx, 

V = — cos*, so f (2* + 2) sin* dx = —(2* + 2) cos * — f — 2 cos xdx = —{2.x + 2) cos* + 2 sin*. Thus, 

/ = (* 2 + 2*) sin * + (2* + 2) cos * — 2 sin x + C. 


9. Let u = in $fx, dv = dx => du = — (\x 2 ^ 3 | dx = dx, v = x. Then 

v'Tr \3 J 3* 

/ in ?/x dx = x In \/x — / * ■ J-dx = x In sfx — + C. 

J J 3x 3 

Second solution: Rewrite f in y/x dx = | f In * dx, and apply Example 2. 


Third solution: Substitute y = \fx, to obtain f In tyx dx = 3 f y 2 lny dy, and apply Exercise 1. 
11. Let u = arctan47, dv = dt 


4 4 

du = „ . dt = dt, v = t. Then 


1 + (47) 2 1 + 167 2 


arctan Atdt = t arctan 4 1 — 


At 


1 + 167 2 


dt = t arctan At - 


\h 


32 1 


8/ 1 + 167 2 


dt = t arctan At — | ln(l + 167 2 ) + C. 
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13. Let u = t, dv = sec 2 2tdt =>■ du = dt, v = \ tan 27. Then 

f 7 sec 2 27 dt = |7 tan 2 7 — | / tan 2 tdt = |7 tan 27 — | In |sec 271 + C. 

15. First let u = (In *) 2 , dv = dx => du = 2 In x ■ ^ dx, v = x. Then by Equation 2, 

I = f (In x) 2 dx = *(ln x) 2 — 2 f x In x ■ 7 dx = *(ln x) 2 — 2 f In x dx. Next let U = In x, dV = dx =>■ 
dU = 1/xdx, V = x to get f lnxdx = xlnx — f x ■ ( 1/x ) dx = x In x — f dx = xlnx — x + C\. Thus, 

7 = *(ln*) 2 — 2(*ln* — x + Ci) = *(ln*) 2 — 2x In x + 2x + C, where C = —2C\. 

17. First let u = sin3$, dv = e 29 dd => du = 3cos3 8 dd, v = \e 29 . Then 

I = f e 29 sin 3 6 dd = |e 2e sin 36 — | f e 20 cos 3 6 dd. Next let U = cos 36, dV = e 2e dd =+■ dU = —3 sin 3d dd, 

V = |e 2S to get f e 26 cos 3 6 dd = |e 2S cos 36 + | f e 29 sin 3d dd. Substituting in the previous formula gives 
I = |e 20 sin 3d — |e 2e cos30 — | f e 29 sin 38 dd = §e 20 sin3# — | e 20 cos3# — |7 =>• 

77 I = |e 2 ® sin 36 — |e 29 cos 3d + C \. Hence, I = j^e 29 (2 sin 3d — 3 cos 3 8) + C, where C = j^Ci. 

19. First let u = z 3 , dv = e z dz =>■ du = 3 z 2 dz, v = e z . Then h = f z 3 e z dz = z 3 e z — 3 f z 2 e z dz. Next let u\ = z 2 , 

dv i = e z dz =>■ dui = 2zdz, v\ = e z . Then 7 2 = z 2 e z — 2 f ze z dz. Finally, let m 2 = z, di >2 = e z dz => dw 2 = dz, 
V 2 = e z . Then f ze z dz = ze z — f e z dz = ze z — e z + Ci. Substituting in the expression for 7 2 , we get 
7 2 = « 2 e 2 — 2 [ze z — e z + C\) = z 2 e z — 2ze z + 2e z — 2C\. Substituting the last expression for 7 2 into h gives 
7i = z 3 e z — 3 (z 2 e z — 2ze z + 2e 2 — 2Ci) = z 3 e z — 3z 2 e 2 + 6ze 2 — 6e 2 + C, where C = 6Ci. 


21. Let u — xe 2x , dv = 


(1 + 2*) 2 


dx => du= (x ■ 2e 2x + e 2x ■ 1) dx = e 2x (2x + 1) dx, v = — 


2(1 + 2 *)' 


Then by Equation 2, 


xe , xe 

dx = 


+ ^ 


1 f e 2x (2x + 1) 


dx = 


(1 + 2x) 2 2(1 + 2 *) 2 J 1 + 2 * 2 ( 1 + 2 *) 2 


+ - / e dx = 


xe 2x . 1 2x 


2(1 + 2*) 4 


+ + C 


The answer could be written as 


4(2*+ 1) 


+ C. 


23. Let u — x, dv = cos tvx dx => du = dx, v = — sin nx. Then 


r 1/2 

'1 . 

1/2 

f 1 ' 2 1 . 

i 

1 

1 

/ * COS TVX dx = 

— £ Sin 7TX 

— 

/ — sin nx dx = 

71- 0 ~ 


-COS TVX 

Jo 

7r 

0 

Jo * 

27T 

7V 

TV 


1/2 

0 


1 1 1 1 n-2 

~ 2n + tv 2 ^ “ 2tt tt 2 ° r 2 tt 2 
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25. Let u = t, dv = cosh 7 dt =>• du = dt,v = sinhf. Then 

fg t cosh tdt= \t sinh tj 4 — f 3 sinh tdt = (sinh 1 — sinh 0) — [cosh i] * = sinh 1 — (cosh 1 — cosh 0) 
= sinh 1 — cosh 1 + 1. 

We can use the definitions of sinh and cosh to write the answer in tenns of e: 
sinh 1 — cosh 1 + 1 = ^(e 1 — e -1 ) — ^(e 1 + e -1 ) + 1 = —e _1 + 1 = 1 — 1/e. 


27. Let u — ln x, dv = r 3 dr => du = - dr, v = hr 4 . Then 

5 r ’ 4 


fi r 3 hr r dr = [\r 4 lnr] 4 - f 3 \r 3 dr = ^-ln3-0 - \[\r 4 }\ = f In 3 - ^(81 - 1) = ^ in3 - 5. 


29. Let u = y, dv 


dy 

e 2y 


= e 2y dy =>• du 


dy, v 


— \e 2y . Then 



-he 2 


I e -2 + 1 = 1 

A c ' 'A A 


je~ 2 . 


31. Let u = cos 1 x, dv = dx =+ du = - , v = x. Then 

Vl~x 2 

rl/2 , rl/2 r- 3/4 

/ = / cos -1 xdx = [a: cos -1 *] “ + / J = = = -| • f + / t~ x ^ 2 [— \dt \, where t = 1 — x 2 => 

Jo Jo v 1_x2 J 1 

dt = —2 xdx. Thus, I = f + f dt = f + [\/f]g /4 = f + 1 — ^ = |(7r + 6 — 3 \/3). 


33. Let w = hi (sin*), dv = cos xdx => du = cosx d x , v = s in*. Then 

sini 

I = f cos x ln(sinz) dx = sin x ln(sin x) — f cos xdx = sinxln(sin*) — sin* + C. 

Another method: Substitute t = sin *, so dt = cos * dx. Then / = J In t dt = t In t — t + C (see Example 2) and so 
I = sin* (Insin* — 1) + C. 


35. Let u = (In*) 2 , dv = x 4 dx => du = 2 —— dx, v = —. By (6), 

* 5 


x 4 (ln*) 2 dx = 


yOn *) 2 


C 2 r 4 „ t 2 r 4 

2 J — lnxdx = ^(ln2) 2 — 0 — 2J — In xdx. 


Let U = In*, dV = ~ dx 
5 


i x 

dU= - dx, V = 

* 25 


f -2 ^,4 

/ — In # dx = 

r* 5 i 

— In* 

2 />2 4 

— 1 dx = ln 2 — 0 — 

£ 5 

J i 5 

25 

x J i 25 25 

125 


— H l n 9 - AA _ 

25 111 Z V 125 125/ 


So f * x 4 (In*) 2 dx= f (In2) 2 - 2(§ ln 2 - ^) = f (ln 2) 2 - f* In 2 + 


62 

125- 


37. Let y = \fx, so that dy = |* 4 ^ 2 dx = T^= dx = dx. Thus, J cos v 7 * dx = f cos y (2j/ dy) = 
use parts with u = y, dv = cos y dy, du = dy, v = sin y to get J y cos ydy = y sin y — f sin y dy = 


2 f y cos y dy. Now 
y sin y + cos y + C\, 


so f cos v 7 * dx = 2 y sin y + 2 cos y + C = 2 v 7 * sin v 7 * + 2 cos v 7 * + C. 
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rV* 



P7T 

Let x = 0 2 , 

so that dx 

= 20 d0. Thus, 

/ 0 3 

cos(0 2 ) d0 = 

/ 

0 2 cos(0 2 ) • | 

(20 d0) = i 

/ a; cos a; dx. Now use 




/ V7r/2 


J y/ 7t/2 


a tt/2 

parts with u 

= x, dv = 

: cos x dx, du = 

dx, v — 

sin x to get 





1 

2 J 

r-7T 

I x cos a; 

dx = h ( fxsin 

< /2 - 

/ sin x dx J 

= §[ 

x sin x + cos x 

1 7r 

J -tt/2 


J 

7t/2 

V 

J tt/2 J 






= |(7rsin7r 

+ cos n] 

>- Hi sin i 

+ cos 

1 

o 

th|(N 

II 

t:|<N 


i + o) = -§-i 


41. Let y = 1 + x, so that dy = dx. Thus, f xln(l + x) dx = f(y — 1) In y dy. Now use parts with u = In y, dv = (y — 1) dy, 
du ~ y dy, v = \y 2 - y to get 

f(y-l)lnydy= (\y 2 - y) lny - f {\y - l) dy = \y(y - 2) In y - ±j/ 2 + 2 /+ U 
= |(1 + x)(x — 1) ln(l + x) — \{1 + x) 2 + 1 + * + C, 


which can be written as \ (x 2 — 1) ln(l + x) — \x 2 + |x + | + C. 

43. Let u = x, dv = e~ 2x dx =>■ du = dx, v = — ^e _2x . Then 

fxe~ 2x dx = -§xe" 2x + f fe“ 2x dx = -§xe“ 2x - je~ 2x + C. We 

see from the graph that this is reasonable, since F has a minimum where / 
changes from negative to positive. Also, F increases where / is positive and 
F decreases where / is negative. 



-l 


-2 


45. Let u = |* 2 , dv = 2x y/1 + x 2 dx =>■ du = x dx, v = |(1 + x 2 ) 3 / 2 . 

Then 

f x 3 VI + x 2 dx = |x 2 |^| (1 + * 2 ) 3 / 2 j — | f x(l + x 2 ) 3 ^ 2 dx 
= |x 2 (l + x 2 ) 3 ' 2 - | • | • i(l + x 2 ) 5 / 2 + C 
= §x 2 (l + x 2 ) 3/2 - j|(l + x 2 ) 5/2 + C ~ 4 

We see from the graph that this is reasonable, since F increases where / is positive and F decreases where / is negative. 
Note also that / is an odd function and F is an even function. 

Another method: Use substitution with u= 1 + x 2 to get | (1 + x 2 ) 5/,z — | (1 + x 2 ) 3 ^ 2 + C. 


/• \ 

v 


/ f 
< / 

J 


47. (a) Take n = 2 in Example 6 to get / sin 2 x dx = — — cos x sin x + — / 1 dx = 


x sin 2x 


2 2 _ 

(b) f sin 4 xdx = —| cosxsin 3 x + § /sin 2 xdx = cosxsin 3 x + |x — jg sin 2x + C 

1 


+ C. 


49. (a) From Example 6, / sin n xdx = — — cosx sin 11 1 x + —— 
/ n n 


V- 


sin" 2 x dx. Using (6), 


/•■ir/2 


sin" xdx = 


= (o - 0) + 


n 

n — 1 
n 


7r/2 


. _ 1 fT/ 2 


• n — 2 ? 

sin x dx 
/2 


tt/2 


• n — z 7 

sin xdx = 


' n — 2 7 

sin a: dx 


to 
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(b) Using n = 3 in part (a), we have sin 3 x dx = § f^ 2 sin xdx = [— § cos x\ n J 2 = §. 

Using n = 5 in part (a), we have f^ 2 sin 5 x dx = | fj'' 2 sin 3 xdx = | • | = 

(c) The fonnula holds for n = 1 (that is, 2n + 1 = 3) by (b). Assume it holds for some k > 1. Then 


rr/2 


. 2fc+i , 2 • 4 • 6 ■ 

sm xdx= 


(2k) 


3 • 5 • 7 ■ 


(2k + 1) 


. By Example 6, 


^ /2 • 2 fc +3 , 2 fc + 2 Y ^ 2 

2 • 4 ■ 6 ■ 


. 2fc+i , 2fc + 2 
sm xdx = 


2 • 4 ■ 6 ■ 


(2fc) 


2fc + 3 3 ■ 5 • 7 • 

( 2 fc )[2 (fc + 1 )] 


(2fc + l) 


3-5-7 . (2k + 1)[2 (fc+ !) + !]’ 


so the formula holds for n = k + 1. By induction, the fonnula holds for all n > 1. 

51. Let u = (lnx)™, cfo = dx => du = n(lnx)™ _1 (dx/x), u = x. By Equation 2, 
f (lnx)™ dx = x(lnx)™ — f nx(lnx)™ _1 (dx/x) = x(lnx)™ — nf (lnx)™” 1 dx. 

53. f tan™ xdx = f tan™” 2 x tan 2 xdx = f tan™” 2 x (sec 2 x — 1) dx = f tan™” 2 x sec 2 xdx — f tan™” 2 x dx 
= I — f tan™” 2 xdx. 


Let u = tan™ 2 x, dv = sec 2 xdx => du = (n — 2) tan™ 3 x sec 2 x dx, v = tan x. Then, by Equation 2, 

I = tan™” 1 x — (n — 2) f tan™” 2 x sec 2 x dx 

II = tan™” 1 x — (n — 2)1 

(n — 1)1 = tan™” 1 x 

I tan™” 1 x 
n — 1 

Returning to the original integral, f tan™ xdx = --- f tan™” 2 x dx. 


55. By repeated applications of the reduction formula in Exercise 51, 

f (lnx) 3 dx = x (lnx) 3 — 3 f (lnx) 2 dx = x(lnx) 3 — 3[x(lnx) 2 — 2 f (lnx) 1 dx] 

= x (lnx) 3 — 3x(lnx) 2 + 6[x(lnx) 1 — 1 f (lnx) 0 dx] 

= x (lnx) 3 — 3x(lnx) 2 + 6xlnx — 6 f 1 dx = x (lnx) 3 — 3x(lnx) 2 + 6xlnx — 6 x + C 

57. The curves y = x 2 In x and y = 4 In x intersect when x 2 In x = 4 In x 4=> 
x 2 lnx —41nx = 0 •<=> (x 2 — 4)lnx = 0 •<=> 

x = 1 or 2 [since x > 0]. For 1 < x < 2, 4 Inx > x 2 Inx. Thus, 
area = f 2 ( 4Inx — x 2 In x) dx = f 2 [(4 — x 2 ) Inx] dx. Let u = Inx, 
dv = (4 — x 2 ) dx => du = i dx, v = 4x — |x 3 . Then 
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r i 

area= [(In a;) (4* — |x 3 )] \ — J 


(4* - I* 3 )-; 


dx = (ln2)(f) -0-J (4 -\x 2 )dx 


= fln2-[4x-ix 3 ]^ = fln2-(f-f) = f ln2—f 

59. The curves y = arcsin(^x) and y = 2 — x 2 intersect at 

x = a ~ —1.75119 and x = b « 1.17210. From the figure, the area 
bounded by the curves is given by 

A = J a b [(2 — x 2 ) — arcsin(ix)] dx = [2x — |x 3 ] b — J arcsin(ix) dx. 


Let u = arcsin(|x), dv = dx =>■ du = 
Then 


1 


i-(S*) a 2 


■ - dx, v = x. 



A = 


2x — -a:' 


xarcsml — x 


: dx 


/a 2,/1-jx 


I r 2 


;.99926 


= |^2x — |x 3 — xarcsin(|x) — 2 1 — |x 2 j « 3. 

61. V = fg 27rxcos(7rx/2) dx. Let u = x, dv = cos(7rx/2) dx =+ du = dx, v = § sin(7rx/2) 
V = 2ir 


r 2 • / 

—xsm 


1 

-27r- 

2 

7 1 . /TTX\ 
/ sin — 

| dx = 27t ( — — 0 | 

-4 

2 1 
-COS 


7r ' 

. 2 J 

0 

7T , 

Jo V 2 7 

1 W 7 


7T > 

, 2 ) 


= 4+ -(0- 1) =4-. 

7T 7T 


63. Volume = fj 1 2 tt(1 — x)e dx. Let u = 1 — x, dv = e x dx =+ du = — dx, v = — e x . 

V = 2-7T [(1 — x)(—e -1 )] ° 1 — 27 t e _x dx = 27r [(x — l)(e _:c ) + e -1 ] 0 ^ = 27r [xe - *] 0 ^ = 27r(0 + e) = 27re 


65. /ave — 


6 — a 


f(x) dx = 


1 


t/4 


r/4 - 0 J 0 


x sec xdx 


u = x, dv = sec 2 x dx 
du — dx, v — tan x 


4 f r W 4 /" r/4 1 4 (7r r v 

— < [xtanxj — J tan x dx > = —■! —— [ln|secx|J 


■/4 


= ~ ( T"“ h 1 V2 


= 1 - ^ In ^2 or 1 - ^ In 2 

7T 7T 

67. Since u(f) > 0 for all t, the desired distance is s(t) = f* v(w) dw = f* w 2 e~ w dw. 

First let u = w 2 , dv = e~ w dw =>■ du = 2w dw, v = —e~ w . Then s(t) = [— w 2 e~ w \ * + 2 f* we~ w dw. 

Next let U = w,dV = e~ w dw +> dU = dw, V = -e~ w . Then 

s(t)=-t 2 e~ t + 2 ([-we""] * + /„* e~ w dw ) =-t 2 e~ t + 2 (-te” 4 + 0 + [-e""] *) 

= —f 2 e -4 + 2(—7e -4 — e -4 + 1) = —7 2 e -4 — 2fe -4 — 2e -4 + 2 = 2 — e _4 (f 2 + 27 + 2) meters 


69. For I = J 4 xf" (x) dx, let u = x, dv = f"(x) dx =>■ du = dx, v = f(x). Then 

7 = [x/'(x)]' - J 4 /'(x) dx = 4/'(4) - 1 ■ /'(l) - [/(4) - /(1)] = 4 • 3 - 1 ■ 5 - (7 - 2) = 12 - 5 - 5 = 2. 
We used the fact that f" is continuous to guarantee that I exists. 
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71. Using the formula for volumes of rotation and the figure, we see that 

Volume = J d t rfc 2 dy - f g -rva 2 dy - f* tv [g(y)f dy = ivb 2 d - ?ra 2 c - ff n[g(y)] 2 dy. Let y = f(x), 
which gives dy = f'(x) dx and g(y) = x, so that V = tvb 2 d — 7ra 2 c — 7r f o x 2 f'(x) dx. 

Now integrate by parts with u = x 2 , and dv = f'(x) dx =>■ du = 2x dx, v = /(*), and 

fa * 2 f( x ) dx = [x 2 f(x)] I - fa 2x f(x) dx = h 2 f( b ) - « 2 /(«) - fa 2x f( x ) dx , but f{a) = c and f(b) =d =+ 

V = tv b 2 d — na 2 c — tv | b 2 d — a 2 c — f * 2x f{x) dx J = 27rx f(x ) da;. 

7.2 Trigonometric Integrals 


The symbols = and = indicate the use of the substitutions {m = sin x, du = cos x dx} and {it = cos x,du = — sin x dx}, respectively. 


1. f sin 2 x cos 3 xdx = f sin 2 x cos 2 x cosxdx = f sin 2 x (1 — sin 2 x) cos xdx 

= f u 2 (l — u 2 ) du = f (u 2 — u 4 ) du = |w 3 — jrit 5 + C = | sin 3 x — | sin 5 x + C 

3. /; /2 sin'd cos 5 9 d9 = ff^ 2 sin 7 9 cos 4 9 cos 9 d9 = ff^ 2 sin 7 9 (1 — sin 2 9) 2 cos 9 dd 

= ff u 7 (l — u 2 ) 2 du = f g u 7 (l — 2u 2 + m 4 ) du = ff(u 7 — 2u 9 + w 11 ) du 


= lu 8 - + ±-u 12 = 


1 1 1 _ 

8 ~~ 5 + 12 


15-24+10 1 


5. Let y = tvx, so dy = n dx and 

f sin 2 (jvx) cos 5 (nx)dx= — f sin 2 y cos 5 ydy = ^f sin 2 y cos 4 y cos y dy 

=. i J sin 2 y (1 — sin 2 y) 2 cosydy = ^ f u 2 ( 1 — u 2 ) 2 du = ^ f ( u 2 — 2u 4 + u 6 ) du 
= Hl u 3 -h 6 + W)+C=-^sin 3 y-^sm 5 y + ±sm 7 y + C 
= ^ sin 3 (wa;) - ^ sin 5 (war) + ^ sin 7 (to) + C 

7. ff /2 cos 2 9 d9 = |(1+ cos 29) d9 [half-angle identity] 

= k [ d + k sin2d] 0 / = \ [(f + 0) - (0 + 0)] = f 

9. ff cos 4 (27) dt = / Q 7r [cos 2 (2f)] 2 dt = ff [|(1 + cos(2 • 27))] 2 dt [half-angle identity] 

= j ff[ 1 + 2 cos 47 + cos 2 (47)] dt = \ ff[ 1 + 2 cos 47 + |(1 + cos 87)] dt 
= I fo (I + 2 cos 47 + | cos87) dt = \ [§7 + \ sin47 + ^ sin 87] * = \ [(§7T + 0 + 0) — 0] = 

11. f-J 2 sin 2 x cos 2 xdx = ff^ 2 ^(4 sin 2 x cos 2 x) dx = ff^ 2 \ (2 sin x cos x) 2 dx = \ ff^ 2 sin 2 2xdx 

= \ff /2 |(1 - cos4a;) dx = ± ff /2 (l - cos4x)dx = § [a; - ±sin4a;]g /2 = g(f) = fe 
13. f t sin 2 tdt = f t[\{ 1 — cos 2 £)] dt = | f (t — t cos 2t) dt = \ f t dt — \ J t cos 2 1 dt 

1 / 1 |2\ 1 / 1 , • r>, r 1 • 04 - u = t, dv = cos2£ dt 

= 2(20 -2( 5 tsm27 -/2 sm27dt) = dt> , = |sin2t 

= \t 2 — |7sin27 + § (— | cos 27) + C = |7 2 — |7sin27 — | cos 27 + C 


CO 100 
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15. 


f^da=f 

J v sin a J 


\/sina 

1 — 2m 2 + u 

75 


cos a da = 


J 


(l — sin 2 a) 2 


■ cos a da = 


J 


( 1~« 2 ) 2 

Vu 


du 


du = / (m“ 1/2 - 2m 3/2 + m 7/2 ) du = 2 u 1/2 - \u h ' 2 + | m 9/2 + C 


= j^u 1 ^ 2 ( 45 — 18m 2 + 5m 4 ) + C = j^Vsina (45 — 18sin 2 a + 5sin 4 a) + C 


17. / cos 2 x tan 3 x dx = 


sin 3 x _c_ f (1 — u 2 )(—du) 


f^dx^r 

J cosx J 


-1 


+ M 


du 


= — In |m| + |u 2 + C = i cos 2 x — In |cosx| + C 


19. 


cos x + sin 2x 


dx = 


cos x + 2 sin * cos x 


dx = 


J 2 cos xdx = J 


dx + / 2 cos xdx = / — dM + 2 sin x 


= In |m| + 2sinx + (7 = In |sinx| + 2sinx + C 
Or. Use the formula J cot xdx = In |sinx| + C. 

21- I tan x sec 3 x dx — f tan x sec x sec 2 x dx — f u 2 du [u = sec x, du = sec x tan x dx] 

= |m 3 + C = | sec 3 x + C 

23. J tan 2 xdx = f (sec 2 x — 1) dx = tan x — x + C 

25. Let m = tanx. Then du = sec 2 xdx, so 

f tan 4 xsec 6 xdx = f tan 4 xsec 4 x (sec 2 xdx) = f tan 4 x(l + tan 2 x) 2 (sec 2 xdx) 
= f m 4 (1 + m 2 ) 2 du = f (m 8 + 2m 6 + m 4 ) du 
= |m 9 + |m 7 + -|m 5 4-(7=1 tan 9 x + | tan 7 x + j tan 5 x + C 


27. 3 tan 5 x sec 4 xdx = JJ 173 tan 5 x (tan 2 x + 1) sec 2 xdx = 3 u 5 (u 2 + 1) du [u = tanx, du = sec 2 xdx] 


cir/3 


V3 K/ 2 


= / 0 ^(M 7 +M 5 )dM=[iM 8 + iM 6 ]o va = f + ¥ = ¥ + § = ¥ + ¥ = ¥ 


1,61 >/3 _ 81 27 _ 81 


Alternate solution: 

n / 3 +n.-,5_4 , 


JJ r/3 tan 5 x sec 4 xdx = J’J 1 '/ 3 tan 4 x sec 3 x secx tanxdx = f^ 3 (sec 2 x — l) 2 sec 3 x secx tanxdx 

= f 2 (u 2 — 1) 2 m 3 du [u = secx, du = secx tanxdx] = J 2 (m 4 — 2m 2 + 1)m 3 du 
= / 2 (M 7 -2M 5 +M 3 )dM=[iM 8 -lM 6 + iM 4 ] 3 =(32-f +4)^(I-I + I) = il2 

29. J tan 3 x sec xdx — f tan 2 x sec x tan xdx = f (sec 2 x — 1) sec x tan x dx 

= f (m 2 — 1) dM [m = sec x, du = sec x tan x dx] =|m 3 —m + C= | sec 3 x — sec x + C 

31. f tan 5 xdx = f (sec 2 x — l) 2 tan xdx = f sec 4 x tan xdx — 2 J sec 2 x tan xdx A- j tan x dx 

= J sec 3 x sec x tan xdx — 2 f tan x sec 2 xdx + f tan x dx 
= | sec 4 x — tan 2 x + In |secx| + C [or | sec 4 x — sec 2 x + In |secx| + C ] 

33. Let m = x,du = secx tanxdx =4> du = dx,v = secx. Then 

f x sec x tan xdx = x sec x — f sec xdx = x sec x — In |sec x + tan x| + C. 



SECTION 7.2 TRIGONOMETRIC INTEGRALS □ 327 


35 - fn /6 cot2 xdx = rj/t (esc 2 * - 1) dx = [- cot X - x] ^ = (0 - f ) - (-y/3 - f ) = Vs - 


37. pjl cot 5 (j> esc 3 (pd(p = cot 4 (f) esc 2 (p esc <p cot <pd(p = (esc 2 (p — l) 2 esc 2 <p esc (p cot <p d(p 


K / 2 4 A 


/ 2 ^o^2 ^ _ i \2 . 


/*! 2 2 2 

I (u — 1) U (—eTti) [w = esc (f>, du = — esc <fi cot 0 d</>] 

M 

^ (M 6 -2u 4 +w 2 )dM= [|w 7 - §m 5 + fw 3 ]/ 2 = (f^2- 1^2+ 1^2) - (7 - | + §) 


120 - 168 + TO ^ 15 - 42 + 35 _ 22 ^ 8 

105 V 105 ““ 105 V ~~ 105 


39. I = / esc xdx = 


esc x (esc x — cot x) 
esc x — cot x 


- CSC X cot X + CSC X 
CSC x — cot X 


dx. Let u = esc x — cot x 


du = (— esc x cot x + esc 2 x) dx. Then I = J dw/tt = In |u| = In |esc x — cot x\ + C. 

41. f sin 8x cos 5x dx = f | [sin(8x — 5x) + sin(8x + 5x)] dx = | f sin 3x dx + \ f sin 13x dx 
= — | cos 3x — ^ cos 13x + C 

43. f sin 50 sin 6 dO = f ^ [cos(5# — 6) — cos(5 6 + 6)]d0 = ^ f cos 49 dd — | J cos 6d d# = g sin 4d — ^ sin 69 + C 

45. fg'' 6 \/l + cos 2x dx = f^ 6 \J\ + (2 cos 2 x — 1) dx = /J r,/6 \/2cos 2 x dx = \/2 JJ^ 6 Vcos 2 x dx 
= \/2 fg^ 6 |coS x| dx = \/2 f^ 6 COS X dx [since cos x > 0 for 0 < x < ir/6] 

= V2 [sinxj^ /6 = V2(i -0) = §^2 

47. j — - dx = J (cos 2 x — sin 2 x) dx = J cos 2 xdx = | sin 2x + C 

49. f xtan 2 xdx = f x(sec 2 x — 1) dx = Jxsec 2 xdx — f xdx 

r . 7 12 \ u = x, dv = sec 2 x dx 

= x tan x — tan xdx — ±x 

J z I du = dx, v = tan x I 


= xtanx — In jsecx| — |x 2 + C 


In Exercises 51-54, let /(x) denote the integrand and F{x) its antiderivative (with C = 0). 

51. Let u = x 2 , so that du = 2x dx. Then 

f x sin 2 (x 2 ) dx = f sin 2 u (| du ) = | J | (1 — cos 2 m) drt 

— 7T 77 

= i (m — | sin 2m) + C = ^m — | (| • 2 sin u cos m) + C 
= jx 2 — | sin(x 2 ) cos(x 2 ) + C 

We see from the graph that this is reasonable, since F increases where / is positive and F decreases where / is negative. 
Note also that / is an odd function and F is an even function. 
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53. f sin 3* sin 6xdx = f i[cos(3x — 6x) — cos(3x + 6*)] dx 
= \ f (cos 3a: — cos 9x) dx 
= | sin 3a: — yg sin 9 x + C 

Notice that /(x) = 0 whenever F has a horizontal tangent. 


I 



f 

F 

V/ 



-1 


55. /ave = 2 ^ S-n s ^ n2 x cos3 x d' x = 277 f- sin 2 x (1 — sin 2 x) cos x dx 

= 2 ~ ,/o M 2 (1 — M 2 ) du [where u = sin a;] =0 


/ 7 r/4 
-7t/4 


(cos 2 x — sin 2 x) dx = 


= 2 


— 7t/4 

74 

/0 


/ 7 r/4 
-7t/4 


cos 2x dx 


cos 2x dx = 21 ^ sin2xl !(' /4 = Isin2x 


I rr / 4 


59. 


= 1 - 0=1 


1.25 



277 


It seems from the graph that J Q 2,r cos 3 xdx = 0, since the area below the 
x-axis and above the graph looks about equal to the area above the axis and 
below the graph. By Example 1, the integral is [sinx — | sin 3 x] 2?r = 0. 
Note that due to symmetry, the integral of any odd power of sin x or cos x 
between limits which differ by 2n7r (n any integer) is 0. 

61. Using disks, V = J\ 2 rrsin 2 xdx = ir f\ 2 |(1 — cos 2x) dx = n [|x — \ sin2x] ^ , 2 = 7r(-| — 0 — f+0) = \ 




63. Using washers, 

V = — sinx) 2 — (1 — cosx) 2 ] dx 

= 7r [(1 — 2 sin x + sin 2 x) — (1 — 2 cos x + cos 2 x)] dx 
= 7r Jq ^ 4 (2 cos x — 2 sin x + sin 2 x — cos 2 x) dx 

= 7T ( 2 cos x — 2 sin x — cos 2x) dx = 7r [2 sin x + 2 cos x — | sin 2x] ^ 

= n[(V2 + V2 -±)- (0 + 2-0)] = 7t(2 y/2 — |) 

65. s = /(f) = /p sin cum cos 2 cum dM. Let?/ = coscum =>■ dy = —cusincuMdM. Then 

1 rcosut 2 j 1 T1 31 cos ut 1 3 ,\ 

« = y Ji = 3 t( 1 - cos ^)- 

67. Just note that the integrand is odd [/(— x) = — /(x)]. 

Or: If to 7 ^ n, calculate 

cos (to — n)x cos (to + n)x 


sin mx cos nx dx = 


/ 7T 

I [si 

-7T 


sin(m — n)x + sin(m. + n)x] dx = 2 


m + n 


= 0 


If to = ii, then the first term in each set of brackets is zero. 
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69 - f-n . cos mx cos nx dx = f* |[cos(m — n)x + cos(m + n) x] dx. 


If m 7 ^ n, this is equal to — 


sin(m — n)x sin(m + n)x 
m—n m+n 


If m = n, we get | [1 + cos(m + n)x] dx = [f x] + 

7.3 Trigonometric Substitution 


= o. 


sin(m + n)* 


2 (m + n) 


= 7T + 0 = 7T. 


1. Let x = 2 sin0, where — 7 r /2 < 0 < tt/ 2. Then dx = 2 cos 0 dO and 
\/4 — x 2 = t/ 4 — 4 sin 2 # = \/4cos 2 9 = 2 |cos 6\ = 2 cos d. 
dx f 


Thus, 


2 COS# If 2/, T/-, 

dO = - I esc “Odd 


2 \/ 4 — x 2 J 4sin 2 #(2cos#) 4 



1 •» / A — 7" 2 

= — — cot 9 + C = --- 1 - C [see figure] 

4 4x 


3. Let x = 2 sec 9, where 0 < # < f or 7 r < # < ^. Then dx = 2 sec 9 tan 9 d9 and 

yjx 2 — 4 = V4 sec 2 0 — 4 = ^/4(sec 2 0—1) 

= V4 tan 2 0 = 2 |tan 9 1 = 2 tan 0 for the relevant values of 9 


' \/x 2 — 4 , f 2 tan 9 „ . - f 2 „ 

- dx = / —-- 2 sec 9 tan 9 d9 = 2 / tan 2 0 d9 


f^*-I 


yjx 2 — 4 


2 sec 9 

= 2 J (sec 2 9-l)d9 = 2 (tan# - 9) + C = 2 
= \Jx 2 — 4 — 2 sec -1 + C 

5. Let t = sec 9, so dt = sec 0 tan0 d9, t = \/2 =>■ 9 = j, and t = 2 => 

l r n / 3 


■ sec 


“(I) 


+ C 


1 -.dt= ^ 



4*^4 


- sec 9 tan 9 d9 = 


7 r /4 sec 2 61 


/v /2 t 3 Vt 2 - 1 ./tt/.i sec 3 61 tan # 

= XT/f I (! + cos 2 #) d9 = | [ 6 » + | sin 26»] ^ 3 


= f. Then 


1 r^ 3 2 

d9= cos 2 6 * d# 


7t/4 


1 vl'i _ 61 I I . i'll = = _>! i j\/3 _ 1 

2 y 3 ~ 2 2 J V 4 ~ 2 X /J 2^12 ‘ 4 2^ 24 ~ 8 4 


7. Let x = a tan 9, where a > 0 and — ^ < 9 < Then dx = a sec 2 9 d9, x = 0 => 9 — 0, and x = a 
Thus, 

r /A a sec 2 9 d9 


dx 


n/A a sec 2 9 d9 1 ^/ 4 


f 0 (a 2 +x 2 ) 3 / 2 J 0 [ a 2 (l+tan 2 #)] 3/2 Jo a 3 sec 3 9 a 2 J 0 a 2 M 

1 


^ 0= i 


7t/4 

0 


= LfV?_o! =_ 

on 2 J Jio? 
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9. Let x = 4 tan 0, where — \ < 8 < Then dx = 4 sec 2 6 dd and 
\/x 2 + 16 = \/16tan 2 9 -\-16 = -y/l6(tan 2 9 + 1) 

= Vl6sec 2 9 = 4 |sec 01 
= 4 sec 9 for the relevant values of 9. 

f dx f 4 sec 2 9 d9 f . . 

/ , = = / —---—= / sec9d9 = In sec0 + tan# + C\ = In 

J Vx 2 + 16 J A sec 9 J 

= In 1 1 /x 2 + 16 + x\ — In |4| + C\ = ln(\/x 2 + 16 + x) + (7, where <7 = <7i — In4. 
(Since \/x 2 + 16 + a: > 0, we don’t need the absolute value.) 


%/x 2 +16 x 
4 + 4 


+ Ci 


11. Let 2x = sin 9, where — f < 9 < ^. Then x = ^ sin 9,dx = \ cos 9 d9. 


and \/l — 4x 2 = ^/l — (2x) 2 = cos 9. 

f \/A — 4x 2 dx = J cos 8 (^ cos 0) dQ = | f(l + cos 29) d9 

= + | sin 20) + C = ^ (0 + sin 0 cos 0) + (7 

= | [sin _1 (2x) + 2x \/l — 4x 2 ] + C 



2x 


13. Let x = 3 sec 0, where 0 < 0 < § or 7r < 0 < . Then 


dx = 3 sec 0 tan 0 d9 and \/x 2 — 9 = 3 tan 0, so 
Vx 2 — 9 


!^=i 


3tan0 1 f tan 2 0 

^^3sec0tan000= - / —00 



V^ 2 -9 


= | J sin 2 000 = | J |(1 — cos 20) 00 = i0 — i sin 20 + (7 = |0 — ^ sin0 cos0 + (7 

Vx 2 — 9 


= - sec | - 
o 


1 Vx 2 - 9 3 
6 x x 




2x 2 


15. Let x = a sin 9, dx = a cos 0 00, x = 0 

" V 2 „;„2 


0 = 0 and x = a 


8 = f. Then 


J 0 “ x 2 V® 2 — x 2 0x = a 2 sin 2 0 (a cos 0) a cos 0 00 = a 4 JJ 1 '' sin 2 0 cos 2 0 00 

/*7t/ 2 4 /*7r/2 4 /*7r/2 

= a 4 / [|(2sin0 cos#)] 2 dO =— / sin 2 20c£# =— / ^(1 — cos 4$) dO 

Jo ^ Jo 4 Jo 


17. Let u — x 2 — 7, so du = 2x dx. Then / dx=^~ -4= du — ^ ■ 2 \/u + C = \Jx 2 — 7 + <7. 

J Vx^7 2 J Vu 2 
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19. Let x = tan 9, where — ? < 9 < §. Then dx = sec 2 0 dd 


and vl + a: 2 = secso 


^ 1+1 


■ dx = 


sec 9 2 a m 

-- sec 6 d9 = 

tan 6 


/ 


sec# 2 

-- (1 + tan 2 9) d9 

tan 9 


= f (esc 9 + sec 9 tan 9) d9 

= In |csc# — cot 9\ + sec# + C [by Exercise 7.2.39] 



= In 


yi + x 2 _ i 

X X 


+ 




+ C = In 


Vi + * 2 — l 


+ Vi + * 2 + C 


21. Let x = | sin 9, so dx = | cos 9 d9, x = 0 
r °-a ^ r*/ 2 (|) 2 sin 2 # 


# = 0, and a; = 0.6 

rr/2 


# = §. Then 


/o V9 - 25a; 2 


: dX = 


3 cos 9 

t/ 2 i , 


(|cos#d#) = / sin 2 #d# 


= its /o V2 |(1 - cos2#) d# = jfo [# - 1 sin2#]* /2 

= 250 [(2 “ 0) — 0] = ggg7r 



5* 


23. 5 + 4x - x 2 = -{x 2 - 4,-r + 4) + 9 = -{x - 2 ) 2 + 9. Let 
x — 2 = 3 sin — f < 9 < 7 / so dx = 3 cos# d#. Then 

/ V5 + 4x — x 2 dx = f a/9 — {x — 2 ) 2 dx = f a/ 9 — 9 sin 2 # 3 cos # d9 

= J V9 cos 2 # 3 cos 9 d9 = f 9 cos 2 # d9 

= | J(1 + cos 2 #) d# = | (# + 5 sin 2 #) + C 

= §#+ §sin 2 # + C = §#+ §( 2 sin# cos#) + C 

a; —2^\ ( 9 * — 2 V5 + 4x — a; 2 , ^ 

3 / 2 3 3 ' 

= ^ sin ' 1 + 7 }( x ~ 2)V5 + 4x - x 2 + C 




25. x 2 +*+l= (a; 2 +x+l) + f = (x+i) 2 + (^) 2 .Let 

a; + 1 = ^ tan 6, so dx = ^ sec 2 @ ^ and V* 2 + x + 1 = ^ sec #. 
Then 



2 


331 
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/ 


Vx 2 + x + 1 


dx = 


J 


^ tan 9 — § \/3 


^ sec 9 


9d9 


= f tan$ — sec 9d9 = f tan 9 sec 9d9 — f | sec6d9 

= ^ sec 0 — | In |sec0 + tan#| + Ci 

= \/x 2 + x + 1 - | In -^=\/* 2 + x + 1 + -^ (* + |)| + Ci 

= V* 2 + * + 1 — \ In | [Vx 2 + x + 1 +(*+!)] I + Ci 

= Vx 2 + x + 1 — \ In — \ In (Vx 2 +x + 1 + * + §) + Ci 


= V* 2 + x + 1 — \ ln(\/a; 2 + x + 1 + * + + C, where C = Ci — ^ In 

27. x 2 + 2x = (x 2 + 2x + 1) — 1 = (x + l) 2 — 1. Let *+1 = 1 sec 9, 
so dx = sec 9 tan 9 d9 and Vx 2 + 2x = tan 9. Then 
f Vx 2 + 2x dx = f tan 9 (sec 9 tan 9 d9) = f tan 2 9 sec 9 d9 

= f (sec 2 9—1) sec 9 d9 = f sec 3 9 d9 — f sec 9 d9 
= \ sec 6 tan 9 + | In |sec 9 + tan 9\ — In |sec 9 + tan 9\ + C 

= \ sect? tan# — | In |sec# + tan#| + C = i(* + 1)V* 2 + 2x — | In |z + 1 + V* 2 + 2* | + C 



29. Let u = x 2 , du = 2x dx. Then 


f x Vl — x 4 dx = f Vl — u 2 (| du) = \ J cos 9 ■ cos 9 d9 


where u — sin 9, du — cos 9 dO, 
and \/l — u 2 — cos 9 


= | J i(l + cos 29) d9 = \9 + | sin 29 + C = j9 + \ sin# cos 9 + C 
= j sin -1 u + \u Vl — u 2 + C = \ sin _1 (* 2 ) + \x 2 Vl — x 4 + C 


31. (a) Let x = a tan 9 , where — < 9 < f. Then Vx 2 + a 2 = a sec 9 and 

„ dx „ a sec 2 9 d9 .. ^ 

/ 7 2 = f = J , .. . = / sec 9 d9 = ln|sec 0 + tan #| + C?i = In 

V x 2 + a 2 a sec t) 

= ln(x + Vx 2 + a 2 ) + C where C = Ci — In |a| 

(b) Let x = a sinh t, so that dx = a cosh t dt and Vx 2 + a 2 = a cosh t. Then 


Vx 2 + a 2 x 
a a 


+ C i 


f dx _ f 

J Vx 2 + a 2 J 


a cosh t dt , _ . ,_ii „ 

---= t + C = smh - + C. 

a cosh t a 


33. The average value of f(x) = Vx 2 — 1/x on the interval [1, 7] is 


1 f 7 Vx 2 - 1 , 1 

—1 J , -^—*=6 


tantl 
sec 9 


■ sec 9 tan 9 d9 


where x = sec 6, dx = sec 9 tan 9 d9, 
y/x 2 — 1 — tan 9, and a — sec -1 7 


= I Jo tan2 dde = I /o“( sec2 0-l)d9=\ [tan 9 — 0]“ 
= | (tan a — a) = | (\/48 — sec -1 7) 
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35. Area of A POQ = |(r cos 8) (r sin 8) = |r 2 sin# cos 8. Area of region PQR = JJ coa9 Vr 2 — x 2 dx. 

Let x = r cos u =>■ dx = —r sin u du for 8 < u < . Then we obtain 

f \/r 2 — x 2 dx = f r sin it (—r sinu) du = —r 2 f sin 2 udu = — ^r 2 (u — sinn cos u) + C 
= — §r 2 cos -1 (a:/r) + \x \/r 2 — x 2 + C 

so area of region PQR = \ [— r 2 cos~ 1 (x/r) + x \Jr 2 — x 2 ]^ cos6 , 

= | [0 — (—r 2 # + r cos 8 r sin0)] = \r 2 8 — 4 r 2 sin# cos 8 
and thus, (area of sector POR) = (area of A POQ) + (area of region PQR) = \r 2 d. 


37. Use disks about the tc-axis: 

v=(\(^)dx = 81. [ 3 1 2 dx 

Jo W+VJ Jo {x 2 + 9) 2 

Let x = 3 tan 8 , so dx = 3 sec 2 8 d8, x = 0 =>■ 8 = 0 and 
x = 3 =>■ 8 = j. Thus, 



V = 817T 


ir/4 


t/4 


rr/4 


3sec 2 9d9 = 3ir / cos 2 0 dO = 3 tt / — (1 + cos 20) dO 

.In .In 2 


o (9 sec 2 #) 2 

= ¥[» + Li»2«ir = t l(i + a - o] = L 2 + L 

39. (a) Let t = a sin 8, dt = a cos 8 d8, t = 0 =>• 8 = 0 and t = x =>■ 

8 = sin~ 1 (a:/a). Then 


f X Va 2 -t 2 dt= [ 

Jo Jo 


a 

T 

a 2 

T 


sin ^(x/a) 

2 nsin ~^(x/a) 


/»sin ^(x/a) 


a cos 9 ( a cos 9 d9) = a 2 

Jo 

2 

(1 + cos 28) d8 = ^6 + | sin 2#J 

. _j/x\ x \Ja 2 — x 2 
m (a) ' 


cos 2 8 d6 


sin ■*'(x/a) 



+ ' 

kClJ a 


= |a 2 sin 1 (x/a) + \x \/a 2 — x 2 


(b) The integral fj \/a? — t 2 dt represents the area under the curve y = \/a 2 — t 2 between the vertical lines t = 0 and t = x. 
The figure shows that this area consists of a triangular region and a sector of the circle t 2 + y 2 = a 2 . The triangular region 
has base x and height \/a 2 — x 2 , so its area is j;X \Ja? — x 2 . The sector has area \a 2 d = |a 2 sin _1 (a;/a). 

41. We use cylindrical shells and assume that R > r. x 2 = r 2 — (y — R) 2 => x = 8sz\Jr 2 — {y — R) 2 , 

so <?(#) — 2 sjr 2 — (y — R) 2 and 

V = fJJ+r ^ n y ' 2 V r2 ~~ (y — R) 2 dy = f^ r 4n(u + R) \/r 2 — U 2 du [where u = y - R] 


= 4n S r _ r u \Jr 2 —u 2 du + 4nR. f^ r \Jr 2 — u 2 du 


where u = r sin 0 , du = r cos 6 d6 
in the second integral 


= 47 t — | (r 2 — u 2 ) 3//2 + 4nR f*J 2 / 2 r 2 cos 2 8 dd = — ^ (0 — 0) + 4-KRr 2 f”J 2 / 2 cos 2 


8d8 


= 2-kRt 2 f^ 2 (l + cos 2#) d8 = 2 ttR: r 2 [8 + \ sin 2#] = 2n 2 Rr 2 


[continued] 
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Another method: Use washers instead of shells, so V = 8tvR fg 'Jr 2 — y 2 dy as in Exercise 5.2.61(a), but evaluate the 
integral using y = r sin #. 

43. Let the equation of the large circle be x 2 + y 2 = R 2 . Then the equation of 
the small circle is x 2 + (y — b) 2 = r 2 , where b = V R 2 — r 2 is the distance 
between the centers of the circles. The desired area is 
A = f^ r [ (b + Vr 2 — x 2 ) — VR 2 — x 2 ] dx 
= 2 Jq (b + Vr 2 — x 2 — V R? — x 2 ) dx 
= 2 fg b dx + 2 Vr 2 — x 2 dx — 2 fg \JR 2 — x 2 dx 

The first integral is just 2 br = 2r VR 2 — r 2 . The second integral represents the area of a quarter-circle of radius r, so its value 
is \ttr 2 . To evaluate the other integral, note that 





— x 2 dx = f a 2 cos 2 9 d9 [x = a sin 6, dx = a cos 9 d9] = (i<x 2 )/(l + cos 20) d9 
= ^a 2 (# + \ sin 29) + C = §a 2 (# + sin# cos#) + C 


= — arcsm — 
2 


0 a 2 rx \ \Ja 2 — x 2 a 2 . sx\ x r -o-« ^ 

+ — - --+ C = — arcsm - + - Ja 2 - x 2 + C 

2 \aJ a 2 \a) 2 


Thus, the desired area is 

A = 2r VR 2 — r 2 + 2(|7rr 2 ) — [R 2 arcsin {x/R) + x VR 2 — x 2 ] ^ 

= 2 r JR 2 — r 2 + \itr 2 — [R 2 arcsin (r/R) + r JR 2 — r 2 ] = r y/R 2 — r 2 4- -|r 2 — R 2 arcsin (r/R) 


7.4 Integration of Rational Functions by Partial Fractions 


i 1 1 1 + 6x A B 

' W (4a;-3) (2a;+ 5) Ax-3 + 2x + 5 

10 10 ABC 

(b) 5a; 2 - 2a; 3 “ a; 2 (5 - 2x) ~ x + x 2 + 5 - 2x 

a; 4 +1 a: 4 +1 _ A B_ C_ Dx + E 

x 5 + 4a; 3 x 3 (x 2 + 4) x x 2 x 3 x 2 + 4 

1 _ 1 _ 1 _ A B C D 

^ (x 2 — 9) 2 [(x + 3)(x — 3)] 2 (x + 3) 2 (a; — 3) 2 x + 3 (a; + 3) 2 x — 3 (x — 3) 2 

x 6 64 

5 ' ffCTf = * 4 + Ax2 + 16 + ( x + 2 )( x - 2 ) [byl0nsdivisi ° n] 

= x 4 + 4x 2 + 16 H-H- 

x + 2 x — 2 

a; 4 _ Ax + B Cx + D Ex + F 

(x 2 — x + l)(x 2 + 2) 2 x 2 — x + 1 x 2 + 2 +(a; 2 -l-2) 2 

7. j — dx = J ^a: 3 + x 2 + x + 1 + - —— dx [by division] = ^x 4 + ^a; 3 + i x 2 + x + In \x — 1| + 67 
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5x + 1 


A B 

H- 7 . Multiply both sides by ( 2x + l)(x — 1) to get 5* + 1 = A{x — 1) + B(2x + 1) 


(2x + l)(* —1) 2x +1 x—1 

5x + 1 = Ax — A + 2 Bx + B =4- 5x + 1 = (A + 2 B)x + (—A + B). 

The coefficients of x must be equal and the constant terns are also equal, so A + 2B = 5 and 
—A + B = 1. Adding these equations gives us 3 B = 6 44 B = 2, and hence, A = 1. Thus, 


5x + 1 


( 2 x + l)(x-l) 


dx = 


1 2 
2x + 1 x — 1 


dx = \ in 12* + 11 + 2 in lx — 11 + C. 


Another method: Substituting 1 for x in the equation 5* + 1 = A(x — 1) + B(2x + 1) gives 6 = 3 B 44 B = 2. 


11 . 


Substituting — | for x gives — § = — \A 44 A = 1. 

2 2 A B 

+ 


Multiply both sides by (2* + !)(* + 1) to get 


2x 2 + 3* + 1 (2x + l)(x + l) 2x + l x + 1' 

2 = A(x + 1) + B(2x + 1). The coefficients of x must be equal and the constant terms are also equal, so A + 2 B = 0 and 
A + B = 2. Subtracting the second equation from the first gives B = —2, and hence, A = 4. Thus, 


/o 2x 2 + 3x + 1 


dx = 


2x + 1 x +1 


dx = 


- in \2x + 1 | — 21 n |* + 1 | 


= (2 in 3 — 2 in 2) - 0 = 2 in 


Another method: Substituting —1 for x in the equation 2 = A(x + 1) + B(2x + 1) gives 2 = — B 44 B = —2. 
Substituting — i for * gives 2 = ±A 44 A = 4. 


13. 


15. 


/ ^ Vx dx = j 


X s - 2x 


= 1 + 


x{x — b ) 
—4 


dx = 


I 


a 


Write 


x — b 
-4 


dx = a in \x — b\ + C 


A. B C 

= -1—- 1-Multiplying both sides by x 2 (x — 2) gives 


x 3 — 2x 2 x 2 (x — 2)' x 2 {x — 2) x x 2 x — 2' 

-4 = Ax(x — 2) + B(x — 2) + Cx 2 . Substituting 0 for x gives —4 = —2 B 44 B = 2. Substituting 2 for x gives 
-4 = 4 C 44 C = — 1. Equating coefficients of x 2 , we get 0 = A + C, so A = 1. Thus, 


x* - 2or 


/ 3 x 3 — 2x 2 


dx = 


1 2 1 

1 H-1—j-— 

x x 2 x — 2 


dx = 


x + in |*| — - In |.i: — 2 | 


4 y 2 — 72 / — 12 A B 
17. r -7T = - + —77 + 


= [(4 + ln4— ± - in2) - (3 + ln3- § - 0)] = f + in § 
C 


y{y + 2)(y-3) y y + 2 y- 3 


4 y 2 - 7y - 12 = A(y + 2 )(y - 3) + By(y - 3) + Cy(y + 2). Setting 


y = 0 gives —12 = —6 A, so A = 2. Setting y = — 2 gives 18 = 10 B, so B = §. Setting y = 3 gives 3 = 15C, so C = 


Now 


r2 4 y 2 -7y-12 
i y(y + 2)(y-3) 


dV = L {y +: y + 2 + V^3) dy= [ 21n l y l + l ln ly + 2 ! + K ln ly^ 3 l]? 

= 2 in 2+| in 4+j in 1 — 2 in 1 — | in 3 — | in 2 

= 21n2+ ¥ln2— |ln2- |ln3 = f ln2- §ln3 = |(31n2-ln3) = | in | 


to | CO 
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19 ' (s-3)(t-2)g =^3 + ^2+ jSw MUltlPly b ° th Sld6S ^ ^ “ 3)(a: “ 2)2 t0 861 

x 2 + 1 = A(x — 2) 2 + B(x — 3)(x — 2) + C(x — 3). Setting x = 2 gives 5 = — C •<=> C = —5. Setting x = 3 
gives 10 = A. Equating coefficients of x 2 gives 1 = A + B, so B = —9. Thus, 


f x2 + 1 rf f( 10 

J {x-3){x-2) 2 X J \x- 


10 9 5 

-3 x — 2 (x — 2) 2 


da; = 10 In I* — 3| — 91n|aj — 2| + -—- + C 


x 2 + 4 x 3 + Ox 2 + Ox + 4 


x 3 T- 4 — 4x T- 4 

By long division, —r-- = x H - 7 -—. Thus, 

x 2 + 4 x 2 + 4 


— 4x + 4 


’ x 3 + 4 f ( —4x + 4 

, , , dx= / x H- , . „ 


x 2 + 4 


x 2 + 4 


, f ( 4a; 4 

dX= ( X -—4 + l^T¥ 


= ^x 2 - 4 ■ i In |a; 2 + 4\ + 4 ■ i tan 1 (§) + C = |® 2 - 21n(x 2 + 4) + 2 tan 1 (0+C 
(a; - 1 )(j 2 + 9) = + x 2 + 9 Multlply both sldes by (* - 1)(* +9) to get 

10 = A(x 2 + 9) + {Bx + C){x — 1) (■*•). Substituting 1 for x gives 10 = 10 A A = 1. Substituting 0 for x gives 
10 = 9 A — C =>■ C = 9(1) — 10 = —1. The coefficients of the a; 2 -tenns in (*) must be equal, so 0 = A + B =>■ 


B = —1. Thus, 


(x — l)(x 2 + 9) 


J &i 


x 2 + 9 


a: — 1 a; 2 + 9 x 2 + 9 


= ln|a: — 1| — | ln(a; 2 + 9) — | tan 1 (|) + C 


In the second tenn we used the substitution u = ar + 9 and in the last tenn we used Formula 10. 

4a; 4a; 4a; A Bx + (7 , 

25 . ---- = —;- - -r -77-77 = 7- 777 „ -77 = -7 H-7-—. Multiply both sides by 

x 3 + x 2 + x + 1 x 2 (x + 1) + l(x + 1) (a: + l)(a; 2 + 1) x + 1 x 2 + 1 

(x + l)(a: 2 + 1) to get 4a; = A(x 2 + 1) + (Bx + C)(x + 1) •<=> 4a; = Ax 2 + A + Bx 2 + Bx + Cx + C •<=> 
4 x = {A + B)x 2 + {B + C)x + {A + C). Comparing coefficients give us the following system of equations: 


A + B = 0 (1) 


B + C = 4 (2) 


A + C = 0 (3) 


Subtracting equation (1) from equation (2) gives us —A + C = 4, and adding that equation to equation (3) gives us 
2 C = 4 (7 = 2, and hence A = —2 and B = 2. Thus, 


x 3 + x 2 + x + 


, f ( -2 2 x + 2 \ , r ( -2 2a; 2 \ 

T dx = J + —i) dx = j v^TT + ^TT + ^TiJ 


= — 2 In | a; + 1| + ln(a; 2 + 1) + 2 tan 1 x + C. 


x 3 + x 2 + 2x + 1 Ax + B Cx + D . , . , 2 ,w 2 

27 ' (x 2 + l)(a; 2 + 2) = WT + 1^2 ■ Multlply b0th Sld6S by + 7 ) + 2 ) t0 get 


+ x 2 + 2x + 1 = {Ax + B) (x 2 + 2) + {Cx + D) {x 2 + l) 
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x 3 + x 2 + 2x + 1 = (Ax 3 + Bx 2 + 2 Ax + 2 B) + (Cx 3 + Dx 2 + Cx + D) 44 

x 3 + x 2 + 2x + 1 = (A + C)x 3 + (B + D)x 2 + (2A + C)x + (2 B + D). Comparing coefficients gives us the following 
system of equations: 

A + C = 1 (1) B + D = 1 (2) 

2A + C = 2 (3) 2B + D = 1 (4) 

Subtracting equation (1) from equation (3) gives us A = 1, so C = 0. Subtracting equation (2) from equation (4) gives us 

x 


B = 0, so D = 1. Thus, I = 


I 


x 3 + x 2 + 2 x + 1 


dx = 


-JL_ + ^_ 

x 2 + 1 x 2 + 2 


dx. For 


x 2 + 1 


dx, let u = x 2 + 1 


(x 2 + l)(x 2 + 2 ) 

so du = 2x dx and then / —^-— dx = - / — du = - In |u| + C = - ln(x 2 + l) + C. For / —-— dx, use 
J x 2 + l 2 J u 2 2 v ' J x 2 + 2 


Formula 10 with a = \/2. So [ ——-— dx = [ -- 

J X 2 + 2 J x 2 + (. 

Thus, 7 = i ln(x 2 + l) H—tan -1 -^= + C. 

' V 2 v2 


, 1 _i x „ 

o dx = — 7 = tan —= + G. 

x- + (V2) 2 72 V2 


29. 


2 

x + 4 


x 2 + 2x + 5 


dx = 


J 


x + 1 


x 2 + 2x + 5 


dx + 


/ 


_i_ dx= I 

x 2 + 2 x + 5 2 


3 dx 


( 2 x + 2 ) dx / 
x 2 + 2 x + 5 + J (x + l) 2 +4 


= i In |x 2 + 2 x + 5| +3 J 


2 du 


4(w 2 + 1) 


where tc + 1 = 2n, 
and dx = 2 du 


= i ln(x 2 + 2x + 5) + ^ tan 1 w + C = i ln(x 2 + 2x + 5) + ^ tan 1 ( x ^ 


+ C 


31. 


A + Bx + C 


x 3 — 1 (x — l)(x 2 + X + 1) x—1 x 2 + x + 1 


1 = A(x 2 + x + l) + (Bx + C)(x — 1). 


Take x = 1 to get A = |. Equating coefficients of x 2 and then comparing the constant tenns, we get 0 = i + B, 1 = | — C, 


so B = -\,C = -\ =4 

/j7 T *-/rf T ‘ fe+ / 
- ‘ hi |.r — 1| — .j J 


— ~x — — 1 

3 3 dx = \ In | x — 11 — — 

x 2 + x + l 31 1 3 


x + 2 
X 2 + X + 1 


-dx 


x + 1/2 


dx — - 


u 


(3/2) dx 


(x + 1/2 ) 2 + 3/4 

i f x +k\ 


= | In |x - 1 | - \ ln(x 2 + x + 1 ) - | (^= j tan 1 + K 

= | In |x - 1| - | ln(x 2 + x + 1) - tan -1 ^ (2x + 1)) + K 


33. Let u = x 4 + 4x 2 + 3, so that du = (4x 3 + 8 x) dx = 4(x 3 + 2x) dx, x = 0 
x 3 + 2 x 


u = 3, and x = 1 


Then 


x 4 + 4x 2 + 3 


dx= L = i[ in|w| ] 3 = i (in 8 _in 3 )= i in l' 



338 □ CHAPTER 7 TECHNIQUES OF INTEGRATION 


1 A Bx + C Dx + E 

x(x 2 + 4) 2 x x 2 +4 (x 2 + 4) 2 


1 = A(x 2 + 4) 2 + (T?x + C)x(x 2 + 4) + (Tlx + E)x. Setting x = 0 


gives 1 = 16 A, so A = Now compare coefficients. 

1 = j^(x 4 + 8x 2 + 16) + (Bx 2 + Cx)(x 2 + 4) + Dx 2 + Ex 
1 = jjjX 4 + ^x 2 + 1 + Bx 4 + Cx 3 + 4 Bx 2 + 4 Cx + Dx 2 + Ex 
1 = + -B)x 4 + Cx 3 + + 4 B + D)x 2 + (4(7 + 75)x + 1 

So B + A; = 0 =4> B = — -A, C = 0, i + 4B + D = 0 =>• D = — j, and 4(7 + E = 0 =4> 15 = 0. Thus, 


x(x 2 + 4) 2 


16 , 16 x i_ 4 X 

x x 2 + 4 (x 2 + 4) 5 


dx=-ln|x|----ln|x +4|-- - 


If 1 \ 1 


4 V 2 / x 2 + 4 


= ^ lnN -^ ln(a;2 + 4) + ^T4) +C7 


x 2 — 3x + 7 Ax + B Cx + D 

(x 2 — 4x + 6) 2 x 2 — 4x + 6 ^ (x 2 — 4x + 6) 2 


x 2 — 3x + 7 = (Ax + B)(x 2 — 4x + 6) + Cx + D 


x 2 -3x + 7 = Ax 3 + (-4A + B)x 2 + (6A- 4B + C)x+ (6B + D).SoA = 0,-4A + B = 1 => B = 1, 

6A - 4B + C = -3 =+ (7 = 1, GB + D = 7 =+ D = 1. Thus, 


x 2 — 3x + 7 
(x 2 — 4x + 6) 2 


x 2 — 4x + 6 (x 2 — 4x + 6) 2 


/(^ 


2) 2 + 2 


(x 2 — 4x + 6) 2 


(x 2 — 4x + 6) 2 


= 7i + I 2 + 7.3 • 


f -i 

J (x-2) 2 - 


(x — 2) 2 + (\/2) 2 ^2 


dx = —tan 1 ( X 2 


h = 1 


2x — 4 


2 J (x 2 - 4x + 6) ; 


dx = i / -3r = |-+<72 = 


2(x 2 - 4x + 6) 


I 3 =3 


(x-2) 2 + (V2) 2 ] 2 


- dx = 3 


[2(tan 2 d + !)]• 


72 sec 2 d dO 


x — 2 — +2 tan (?, 
dx = v'7 sec 2 9 d9 


3 ^2 f sec 2 6> 3 72 

4 / sec 4 0 ™ ~ 4 


cos 2 0 dO = 


3 %/2 [ 1 


^(1 + cos 20) dO 


= (0 + | sin 2d) + <7 3 = tan 1 (§ • 2sin 6 cos 6) + C 3 

- 3 f —( x ~ 2 )‘ 3 f , x ~ 2 -=JL -- 

8 V \/2 / 8 V* 2 — 4x + 6 \/x 2 — 4x + 6 

_ 3 ^2 ,/x-2\ , 3(x — 2) „ 


^2 J + 4(x 2 - 4x + 6) +Cs 


x 2 - 4.x + 6 
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So I = h + I 2 + h [C = Ci + C 2 + Cz\ 


1 x _ 1 f x — 2 \ -1 3 y/2 _! /x — 2\ 3(x — 2) 

s/2 { V2 ) + 2(x 2 -4x + 6) + 8 “ { V2 ) + 4(x 2 - 4x + 6) + 

(4^2 3 \/2\ _ 1 ( x — 2\ 3(x — 2) — 2 7^2 _ l fx-2\ 3x - 8 

(^ + ~J tan \~VT) + 4(x 2 - 4x + 6) + C ~ “8~ tan J + 4(x 2 - 4a: + 6) +C 


39. Let u = \/x + 1, so u 2 = * + 1 and 2 m du = dx. Then 


/ Idx = I (2Mdw) = / du = J ( 2 + ^l) du - 


2 2 A 5 

M 2 — 1 (m+1)(m— 1) M + 1 ^ U — 1 

Setting u — — 1 gives Yl = — 1. Thus, 


2 = Yl(u — 1) + B(u + 1). Setting u = 1 gives B = 1. 


2 H——^-— ) du = f (2---1--— ) dM = 2 m — In In + 1| + In lit — 11 + C 

u 2 — 1 y J \ M+l m—1/ 

— 2\/ x + 1 — in (\/x + 1 + l) + In | \/x + F — 11 + C. 


41. Let m = y®, so m 2 = x and 2m du = dx. Then 


x 2 + x^fx J u 4 + m 3 J m 3 + m 2 J m 2 (m + 1)' 


2 _ A B_ C 

M 2 (M +1) M M 2 M+l 


2 = Au(u + 1) + B(m + 1) + Cm 2 . Setting u = 0 gives B = 2. Setting m = —1 


gives C = 2. Equating coefficients of m 2 , we get 0 = A + C, so A = —2. Thus, 

f T = f (— + “V 4-—rr ^ du = -21n|u| - - + 21n |u + 1| +C = -2 In %/x -== +21n (%/i+ l) +C. 

J m 2 (m+1) J \ u U 2 M + l/ M +X v 7 

43. Let m = ^x 2 + 1. Then x 2 = m 3 — 1, 2x dx = 3u 2 du =+ 


x 3 dx 
\Jx 2 + 1 


(m 3 — 1)| m 2 dM 3 


(m 4 — m) dM 


= > 5 - |m 2 + C = ^(x 2 + I ) 5 / 3 - f (x 2 + I) 2 / 3 + C 

45. If we were to substitute u = Vx, then the square root would disappear but a cube root would remain. On the other hand, the 
substitution u = Vx would eliminate the cube root but leave a square root. We can eliminate both roots by means of the 


substitution u = V x. (Note that 6 is the least common multiple of 2 and 3.) 

Let m = Vx. Then x = u 6 , so dx = 6m 5 du and Vx = u 3 , Vx = u 2 . Thus, 


f dx f 

J Vx — Vx J 


6m 5 du __ f u b 
% 3 -u 2 - 6 J u 2 (m — 1) dU ~ 6 


m 2 (m — 1) 


J 11-1 


= 6 f (u 2 +u + 1 + -—du [by long division] 


= 6(|m 3 + |m 2 + m + In |m — 1|) + C = 2 Vx + 3 Vx + 6 Vx + 6 In v^x—1 +C 



340 □ CHAPTER 7 TECHNIQUES OF INTEGRATION 


47. Let u = e x . Then x = In u, dx = 


du 


I" e 2x dx _ I" u 2 ( du/u ) _ f 
J e 2x +3e x + 2 J u 2 + 3u + 2 J (u + !)(« + 2) 


udu 


-1 2 

+ 


u + 1 u + 2 


du 


= 2 In |« + 2| - In \u + 1| + C = In + 2 f + C 


49. Let u = tan t, so that du = sec 2 t dt. Then 
1 


■ dt 


■ 

1 


Now 


A B 
+ 


tan 2 t + 3 tan t + 2 
1 = A(u + 2) + B(u + 1) 


u 2 + 3m + 2 


du = 


{u + 1 )(u + 2) 


du. 


(u + 1) (n + 2) u ~|-1 u 2 

Setting u = —2 gives 1 = —B, so B = — 1. Setting u = — 1 gives 1 = A. 

Thus ,J -—i— _|_ 2 ) ~ J ^ -du = In |m + 1| — In |m + 2| +C = In |tani + 1| — In |tant + 2| +C. 

J 


51. Let u = e x , so that du = e x dx and dx = —. Then 

u 


it 1 _ A B 

1 + e x J (1 + u)u' u(u +1) u u + 1 


1 = A(u + 1) + Bu. Setting u = — 1 gives B = —1. Setting u = 0 gives A = 1. Thus, 


du 


u(u + 1) 


u u + 1 


du = In |m| — In |u + 1| + C = In e x — ln(e x + 1) + C = x — ln(e x + 1) 4- C. 


53. Let u = ln(x 2 


x + 2), dv = dx. Then du = 


2x — 1 
x 2 — x + 2 


dx, v = x, and (by integration by parts) 


J ln(x 2 — x + 2) dx = x ln(x 2 — x + 2) 
= x ln(x 2 — x + 2) 

= x ln(x 2 — x + 2) 


/: 


2x - 


2* — x 
: 2 - x + 2 


dx = xln(x 2 — x + 2) — / (2 + 


a; — 4 
r 2 — x + 2 


dx 


/ 


i(2x-l) 7 

dx + - 


dx 


■ x + 2 


(*^) 2 + I 


2x — - ln(x 2 - x + 2) + - 


f du 

where x — ^ u, 

I 2 

dx = du, 

/ K« 2 + !) 

>-i) 2 + J = I(« 2 + i). 


= (x — |) ln(x 2 — x + 2) — 2x T- \/7 tan 1 u + C 

2x — 1 

= (x — |) ln(x 2 — x + 2) — 2x + \/7tan" 1 --=-h C 

V7 


55. 0.05 From the graph, we see that the integral will be negative, and we guess 

that the area is about the same as that of a rectangle with width 2 and 
height 0.3, so we estimate the integral to be —(2 ■ 0.3) = —0.6. Now 

1 1 _ A B 

x 2 — 2x — 3 (x — 3)(x + l) x — 3~^x+l ^ 

1 = {A + B)x + A — 3B, so A = —B and A — 3 B = 1 <t=> A = | 
and B = — |, so the integral becomes 
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dx 


L irk-\L ^fi = i[ ln|x ~ 3| ^ ln|a:+1| ]I = i 


/o x 2 — 2x — 3 4 J 0 x — 3 4 J 0 x + 1 

= |(ln | — In3) = — | In3 : 


In 


x — 3 


x + 1 


-0.55 


r dx 

r dx 

r du 

J x 2 — 2* J 

1 (X-1) 2 -1 J 

' u 2 -l 


[put u = x — 1] 


= - In 
2 


w- 1 


u + 1 


+ C [by Equation 6] = - In 


x-2 


+ C 


59. (a) If t = tan j, then i = tan 1 1. The figure gives 


cos (!) = 


VT+t? 


and sin ( 4^1 = 


v / TTt 5 ' 


(b) cos* = cos^2 • ^ = 2cos 2 — 



= 2 


VT+P 


- 1 = 


1 + t 2 


- 1 = 


i-t 2 


i + t 2 


(c) — = arctan t 


x = 2 arctan t 


dx = 


1 + t 2 


dt 


61. Let t = tan(x/2). Then, using the expressions in Exercise 59, we have 


3 sin x — 4 cos x 


■ dx = 


/ 


2 dt 


21 


1 + t 2 J 


1+t2 


= 2 


/ 


dt 


I 


dt 


1 + t 2 J 


[ dt - [ 

'2 1 

1 1 

] (2t — l)(t + 2) J 

5 2f — 1 

5t + 2 


3(2 1) - 4(1 - t 2 ) J 2t 2 + 3t - 2 


dt [using partial fractions] 


| [in |2t - 1| - In |t + 2| 1 + C = - In 

5 


2t- 1 


t + 2 


+ C = - In 
5 


2 tan (x/2) — 1 


+ C 


63. Let t = tan (x/2). Then, by Exercise 59, 


T/2 sin 2* 


/ 0 2 + cos x 


dx = 


= / 8 1 


^Z 2 2sin* cos* 
2 + cos x 

l-t 2 


2- 


2t l-t 2 


dx = 


1 + t 2 1 + t 2 


2 + 


1 - t 2 
1 + t 2 


1 + t 2 


dt = 


tan (*/2) + 2 

8t(l-t 2 ) 
f 1 (1 + t 2 ) 2 
Io 2(l+t 2 ) + (l-t 2 ) 


dt 


o (t 2 + 3 )(t 2 + 1)- 


■dt = I 


If we now let u = t 2 , then 


1 - t 2 


1 — u 


ABC 
H-— + ■ 


(t 2 + 3)(t 2 +1) 2 (« + 3)(m+ 1) 2 u + 3 u+1 (u + 1) 2 

1 — u = A(u + l) 2 -f B(u + 3)(u + 1) + C(u + 3). Set u = — 1 to get 2 = 2 C, so C = 1. Set u = — 3 to get 4 = 4 A, 
A = 1. Set m = 0 to get 1 = 1 + 3B + 3, so B = — 1. So 


1 = 


8 1 


8 1 


8 1 


o |_t 2 + 3 t 2 + l (t 2 + l) 2 


dt = 


41n(t 2 + 3) — 41n(f 2 + 1) — 


t 2 + 1 
2 


= (4In4 — 4In2 — 2) - (41n3 - 0 - 4) = 81n2 - 41n2 - 41n3 + 2 = 4ln| +2 


so 



342 □ CHAPTER 7 TECHNIQUES OF INTEGRATION 


65. By long division, X — \ = — 1 + . Now 


3* — x 2 

3x + 1 3a~ + 1 A B 


3x — x 2 ' 


3x — x 2 x(3 — x) x ' 3 — x 
get 1 = 3 A, so A = Thus, the area is 


3a; + 1 = A(3 — x) + Bx. Set x = 3 to get 10 = 3 B, so B = ^. Set x = 0 to 


f 2 a: 2 + 1 
/l 3a; — x 2 


dx = 


^ ( K ~ 1 + x + J^) dx= H r + f ln M-¥ ln l 3 - a: l] 

= (-2 + § in 2 — 0) - (-1 + 0 - f in 2) = -1 + ^ in 2 


67. 


P + 5 


A 

+ 


B 


P [{ r-l)P-S] = P+ (r-l)P-S => P + ^ — A[(r — 1)P — 5] + BP = [(r — 1)A + B] P — AS 
(r — 1)A + B = 1, —A =1 =>■ A = —1, B = r. Now 

P + 5 


t = 


P [(r — 1)P — 5] 


dP = 


—1 r 

~P + (r — 1)P — 5 




r — 1 


(r — 1)P — 5 


dP 


so t = — in P H- — - ln| (r — 1)P — 5| + C. Here r = 0.10 and 5 = 900, so 

t = -lnP+ ^ ln|-0.9P-900| +C = -InP- ±ln(|-l| |0.9P + 900|) = -InP- § ln(0.9P + 900) + C. 
When t = 0, P = 10,000, so 0 = - in 10,000 - § ln(9900) + C. Thus, C = in 10,000 + § in 9900 [« 10.2326], so 
equation becomes 


t = in 10,000 - in P + | in 9900 - § ln(0.9P + 900) = in 


10,000 1 


, 10,000 1 , 

= in —— -h - in ■ 


1100 


, 10,000 1 , 

= in —— -h - in - 


P 

11,000 


+ 7T In 


9900 


9 0.9P + 900 


P 9 0.1P + 100 P 9 P+1000 

69. (a) In Maple, we define f(x), and then use convert (f, par f rac, x) ; to obtain 

24,110/4879 668/323 9438/80,155 (22,098a; + 48,935)/260,015 

~ 5x + 2 2a;+ 1 3a; - 7 + x 2 + x + 5 

In Mathematica, we use the command Apart, and in Derive, we use Expand. 

(b) J f(x) dx = | in15a; + 2| - g§ • \ \n\2x + 1| - • § hr \3x - 7| 


+ 


1 f 22,098 (x + |) +37,886 

260,015 J (a;+2) 2 + f 


dx + C 


_ 24,110 1 


I ln|5a; + 2| — Iff • \ ln|2x + 1| — 


| ln| 3a; — 7| 


+ ■ 


22,098 • | in (a; 2 + x + 5) + 37,886 • y^tan^ 1 (~y= (* + §) 


+ C 


= ii ln|5a; + 2| - f§ ln|2a; + l| — 


; in13a; - 7| + ln(a; 2 + x + 5) 


+ 


75,772 

260,015^19 


tan 1 + +c 
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Using a CAS, we get 


4822 ln(5x + 2) 334 ln(2x + 1) 3146 ln(3x - 7) 


4879 


323 


80,155 


11,049 ln(x 2 + x + 5) 3988^19 


260,015 


260,015 


tan 


\/l9 

19 


( 2 x + 1 ) 


The main difference in this answer is that the absolute value signs and the constant of integration have been omitted. Also, 
the fractions have been reduced and the denominators rationalized. 


71. There are only finitely many values of x where Q(x) = 0 (assuming that Q is not the zero polynomial). At all other values of 
x, F(x)/Q(x) = G(x)/Q[x), so F(x) = G(x). In other words, the values of F and G agree at all except perhaps finitely 
many values of x. By continuity of F and G, the polynomials F and G must agree at those values of x too. 

More explicitly: if a is a value of x such that Q(a) = 0, then Q(x) ^ 0 for all x sufficiently close to a. Thus, 

F(a) = lim F(x) [by continuity of F] 

x—>a 

= lim G(x) [whenever Q(x) ^ 0 ] 

x—*a 

= G(a) [by continuity of G] 


73. If a 7 ^ 0 and n is a positive integer, then /(x) = 


1 _ Ai + A 2 + A n B 

x n (x — a) x x 2 x n x— o’ 


Multiply both sides by 


x n (x — a) to get 1 = A\x n x (x — a) + A%x n 2 (x — a) + ■ ■ ■ + A n (x — a) + Bx n . Let x = a in the last equation to get 
1 = Ba n =>• B = 1 /a n . So 

/(*)- 


x — a x n (x —a) a n (x — a) x n a n (x — a) a n x n (x — a) 
(x- a)(x n ~ 1 + x n ~ 2 a + x n ~ 3 a 2 + • • • + xa n ~ 2 + a"” 1 ) 


a n x n (x — a) 


a' L x' L a ,L x" 

1 1 


+ ■ 


a' L x" 

1 


+ ••• + ■ 


+ ■ 


a n x a" _ 1 x 2 a n ~ 2 x 3 


a' L x' L a"-x' 

1 1 

x 71-1 ax n 


Thus, /(x) = 


x n (x — a) 


a' l x a' L ~*x* 


ax n a n {x — a)' 


7.5 Strategy for Integration 


1. Let u = sinx, so that du = cos x dx. Then f cos x(l + sin 2 x) dx = f (1 + u 2 ) da = u + |u 3 + C = sin a; + | sin 3 x + C. 


sin x + sec x , / ( sin x sec x\ , f, . , . _ , . ,, 

- dx = /-1- ]dx= (cos x + esc x) dx = sm x + In esc x — cot x+C 

tanx J ytanx tanx J J 1 


5. Let u = t 2 . Then du = 2 tdt => 

[ . ^ , dt = f 1 i dtl\ = i ~^= tan -1 ( + C [by Formula 17] = — —— tan” 1 ( \ + C 

J f 4 + 2 J u 2 +2\2 J 2^2 \V2j L 1 2^2 \s/2j 
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7. Let u = arctan y. Then du = 


dy 


l + j / 2 


f l e? 

7-i 1 


1 ^arctan y 

+ y 2 


/ 7t/4 

u j r ul tt/4 7t/4 —7t/4 

e du = [e J ' , = e - e . 

-7t/4 


9. J 3 r 4 In r dr 


u = In r, = r 4 

, T ^ 

du = — v = -kr 


= [§r 5 lnx]f-/ 3 fx 4 dr=^ln3-0-[^ 5 ] 3 


= ¥ln3-(W-£) = ¥ In3-W 


11 . 


a; — 1 


a; 2 - 4* + 5 ^ f (x — 2) 2 + 1 ^ J V« 2 + 1 ' « 2 + 1 

= | ln(u 2 + 1) + tan -1 w + C = f ln(x 2 — 4* + 5) + tan -1 (a; — 2) + C 


(x - 2) + 1 


/G 


U H— 0 — - ) du [u = x — 2, du = dx ] 


13. J sin 5 7 cos 4 tdt=J sin 4 7 cos 4 7 sin tdt = J (sin 2 7) 2 cos 4 7 sin 7 dt 

= f (1 — cos 2 7) 2 cos 4 7 sin 7 dt = f(l — u 2 ) 2 u 4 (— du) [u = cos t, du = - sin t dt] 

= f (—m 4 + 2m 6 — u 8 ) du = — f u 5 + ft/ — |u 9 + C = — f cos 5 7 + f cos 7 7 — | cos 9 7 + C 


15. Let x = sin 9, where — -| < 9 < Then dx = cos 9 d9 and (1 — x 2 ) 4 / 2 = cos t 
so 

/■ dx f cos 6 d6 f 2 Q , Q , a . „ x 

= / sec 9 d9 = tan (7 + G = 


(1 — x 2 ) 3 / 2 J (cos#) 3 


\/l — x 2 


+ C. 



u = t, dv = cos 2£ dt 
du — dt, v = -k sin 2t 


17. fg 7 cos 2 tdt = fg 7[f (1 + cos27)] dt = f 7 dt + f fg 7cos27 dt 

= I W 2 ] o + I [|7 sin 27] g ± § sin 27 dt 

= |tr 2 + 0 - | [-± cos 27]]] = 4 tt 2 + |(1 - 1) = ftr 2 

19. Let u = e x . Then / dx = f e e V dx = j e u du = e u + C = e e * + C. 

21. Let 7 = \/x, so that 7 2 = x and 27 dt = dx. Then J arctan \/x dx = f arctan 7 (27 d7) = /. Now use parts with 

u = arctan 7, dv = 27 dt 


1 9 

du = .. . dt, v = 7. Thus, 


1 + 7 2 


/ = 7 2 

= x 


arctan 7 — 


7 

d7 = 7 2 arctan 7 


1 + 7 2 


arctan \/x — %/x + arctan \fx + C or (x + 1) 


1 5 

1 + 7 2 y 

arctan 


j dt = t 2 arctan 7 — 7 + arctan 7 + C 

Vx — Vx + cj 


23. Let u = 1 + Vx. Then x = (w — l) 2 , dx = 2 (m — 1) du =>■ 


fg ^1 + sTx ^ dx = J 2 w 8 • 2(w — 1) du = 2 f^(u 9 — u 8 ) du = [f u 10 — 2 • |tt 9 ] ~ 


1024 _ 1024 _ 1 . 2 _ 4097 
5 9 5 9 45 ' 
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25. 


3ar — 2 
x 2 — 2x — 8 


= 3 + 


6 x 4 22 


(x - 4)(x + 2) 

23 


o -4 B 
= 3+-7 + ■ 


x — 4 x + 2 


6x 4 22 = A(x + 2) 4 B(x — 4). Setting 


x = 4 gives 46 = 6A, so A = Setting x = —2 gives 10 = — 6B, so B = — Now 


3 * 1 - 2 *= f(z+ 23/3 6/3 


x 2 - 2x - 8 


x — 4 x + 2 


dx = 3x + ^ In |x — 4j — | In |x 4 2| 4 C. 


/ I /* 1 du C 1 

- dx = — ■ - = / —-r du = I. Now 

1 + e x J u u — 1 J u(u - 1) 


A B 
= — 4 ■ 


u(u — 1) u u — 1 


1 = A(u — 1) + Bu. Set u = 1 to get 1 = B. Set u = 0 to get 1 = — A, so A = — 1. 


Thus, I = 


J 4-— du = — In |u| 4 In |u — 1 | 4 C = — ln(l 4 e x ) 4 lne" 1 4 C = x — ln(l 4 e x ) 4 C. 


Another method: Multiply numerator and denominator by e x and let u = e x 4 1. This gives the answer in the 
fonn — ln(e -a: 4 1)4 C. 

29. Use integration by parts with u = ln(x 4 \/x 2 — 1), dv = dx =>• 

1 


du = 


x 4 Vx 2 — 1 \ Vx 2 — 1 


14 


dx = 


x 4 Vx 2 — 1 \ Vx 2 — 1 


\/x 2 — 1 4 x 


dx = 


V* 2 — 1 


dx, v = x. Then 


/1„ (* + V^T) * - x in (, + v^T) - / * 1» (* + +C. 

31. As in Example 5, 

f 1 14 x , f \/l 4 x \/l 4 x , f l4x . f dx , f xdx . _i n -5 

/ 1 / --dx = / , ■ , dx= , dx = / , 4 / , = sm x — v 1 — x 2 

J \ 1 — x J yj\ — x y/l + x J \/l — x 2 J \/l — x 2 J \/l — x 2 


\/l — a; \/l 4 x 

Another method: Substitute w = y(l 4 x)/(l — x). 

33. 3 — 2x — x 2 = — (x 2 4 2x 4 1) 4 4 = 4 — (x 4 l) 2 . Let x 4 1 = 2 sind, 
where — ^ < d < |. Then dx = 2 cos d dd and 

f \/3 — 2x — x 2 dx = J a/ 4 — (x 4 l) 2 dx = f \JA — 4 sin 2 9 2 cos d dd 
= 4 J cos 2 d dd = 2 /(I 4 cos 2d) dd 
= 2d 4 sin 2d 4 C = 2d 4 2 sin d cos d 4 C 



x+1 


= 2sin- 1 ^ + 1 


, 0 £ + 1 V3 - 2;r - x 2 
+ ^ ^^-r O 


= 2 sin 


. _i / x 4 1 \ , x 4 1 


V3-2x-x 2 4C 


35. Using product formula 2(c) in Section 7.2, 

cos 2x cos 6x = \ [cos(2x — 6x) 4 cos(2x 4 6x)] = § [cos(—4x) 4 cos 8x] = \ (cos4x 4 cos 8x). Thus, 
f cos 2x cos 6 xdx = 7 ; f (cos 4x 4 cos 8x) dx = \ sin 4x 4 § sin 8x) 4 C = | sin 4x4 ^ sin 8x 4 C. 


4 C. 
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37. Let u = tan0. Then du = sec 2 9dO => f^ 4 tan 3 9 sec 2 9d9 = f 4 u 3 du = = i- 

h 


39. Let u = sec 9, so that du = sec 9 tan 9 d6. Then 

1 


sec# tan# 
sec 2 # — sec # 


d9 = 


■ du = 


u(u — 1 ) 


du = I. Now 


A B 
= - + ■ 


u(u — 1 ) u u—1 
Thus, !=[(—+ 1 


1 = A(u — 1) + Bu. Set u = 1 to get 1 = B. Set u = 0 to get 1 = —A, so A = —1. 


du = — In |m| + In \u — 1 | + C = In |sec# — 1 | — In |sec#| + C [or In |1 — cos#| + C\. 


u u—1, 

41. Let u = 9,dv = tan 2 9 d9 = (sec 2 # — l) d9 => du = d9 and v = tan 9 — 9. So 

f 9 tan 2 9 d9 = #(tan# — #) — f (tan # — #) d9 = 9 tan # — # 2 — In | sec #| + f # 2 + C 
= #tan# — |# 2 — In |sec#| + C 


43. Let u = -Jx so that du = —= dx. Then 
V 


\fx 


dx = 


(2 udu) = 2 


[ U ( 3 t 2 du = 2 [ 

J 1 + (u 3 ) 2 J 1 + 


1 + 1 2 \3 dt 


t — U 

dt — 3 u 2 du 


J 1+ X 3 Jl + U 6 J 1 + (li 3 ) 2 

= | tan -1 t + C = | tan -1 u 3 + C = f tan _ 1 (x 3 ^ 2 ) + C 
Another method: Let u = x 3 ^ 2 so that u 2 = x 3 and du = | x 4 ^ 2 dx =>■ \Fx dx = f du. Then 

[ dx = [ - —-2—^ du — ^ tan -1 u + C = ^ tan -1 (x 3 ^ 2 ) + C. 

J 1 + x s J 1 + u 2 3 3 

45. Let t = x 3 . Then dt = 3x 2 dx => I = f x 5 e~ x3 dx = f f te -4 dt. Now integrate by parts with u = t, dv = e -4 dt: 

I = -fie ” 4 + f fe~ t dt = -fie " 4 - fe " 4 +C = -f e~ x3 (x 3 + 1 ) + C. 

47. Let u = x — 1, so that du = dx. Then 

f x 3 (x — l ) -4 dx = f (u + 1 ) 3 u~ 4 du = f (u 3 + 3u 2 + 3u + l)w -4 du = f (w _1 + 3u~ 2 + 3it -3 + it -4 ) du 

= In jit| — 3u - 4 — f w -2 — f u~ 3 + C = In |a; — 1| — 3(x — 1 ) _1 — f (x — l ) -2 — f (x — l ) -3 + C 


49. Let u = \/4x + 1 =>■ u = 4x + 1 =>■ 2udu = 4 dx 

l 


dx = f udu. So 


\/4x + 1 


dx = 


f udu 


x 


f(w 2 - 1 )u 




14-1 


14+1 


+ C [by Formula 19] 


= In 


V 4x + 1-1 


+ C 


51. Let 2x = tan # 

dx 


f dx f _ 

J x \J4 x 2 + 1 J f tan # sec # 


V4x + 1 + 11 
x = f tan 9, dx = f sec 2 # d9, V4 * 2 + 1 = sec #, so 
sec# 


f sec 2 # d# 


tan# 


d# = / esc # d# 


= — In |csc# + cot #| + C [or In |csc # — cot #| + (7] 

I V4z 2 + 1 1 


= - In 


V4s 2 + 1 1 

2x + 2x 


+ C 


or In 


2x 


2x 


+ C 



2x 
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f 2 1 2 2 f 

53. / # sinh (mx)dx = —x cosh(raa?)-/ a; cosh (mx)dx 

1 2 / 1 

= —# 2 cosh (mx) -( —a: sinh (mx) -f sinhfma:) dx 

m v J m \ m K m J K 

12 2 
= —a ; 2 cosh(raa?)- -xsmh(mx) H-- cosh(raa?) + C 


L« u — Vx, so that x — u 2 and dx — 2udu. Then J 


u — x 2 , dv — sinh (mx) dx, 

du — 2x dx v — m cc >sh(mx) 


U = x, dV = cosh(mx) dx, 
dU — dx V = sinh(ma;) 


r dx 

r 2udu 

f 2 

1 X + xVx J 

u 2 +u 2 ■ u J 

' m(1 + m) 


du = I. 


Now 


A B 


u( 1 + u) u 1 + m 


2 = A(1 + u) + Bu. Set u = — 1 to get 2 = —B, so B = —2. Set u = 0 to get 2 = A. 


Thus, I = 


J ^ du = 21n|u| — 21n|l + w| + C = 21n\/x — 21n^l + Vx'j + C. 


57. Let u = \Jx + c. Then x = u 3 — c => 

f x \Jx + cdx = f (u 3 — c)u • 3w 2 du = 3 f ( u 6 — cm 3 ) du = |m 7 — | cm 4 + C = |(* + c) ^ 3 — | c(x + c ) 4,/3 + C 
59. Let m = sin x, so that du = cos x dx. Then 

f cos x cos 3 (sin x)dx = f cos 3 udu = f cos 2 u cos udu = J (1 — sin 2 u) cos u du 

= f (cos u — sin 2 m cos u) du = sin u — | sin 3 u + C = sin(sin x) — | sin 3 (sin x) + C 


61. 


dB 


1 — cos 6 


d6 = 


1 — cos ( 


1 + cos 6 J \1+ cos 6 1 — cos 9 ) I 1 — cos 2 9 

= f (esc 2 9 — cot 6 esc 9) d9 = — cot 9 + esc 9 + C 
Another method: Use the substitutions in Exercise 7.4.59. 


d9 = 


1 — cos t 
sin 2 9 


d9 = 


cos 9 


sin 2 9 sin 2 9 


d9 


d9 


2/(1 + t 2 )dt 


2 dt 


1 + cos 9 J l + (l-t 2 )/(l + t 2 ) J (1 + t 2 ) + (1 - t 2 ) 

dx = 2 \fx dy = 2 y dy. Then 


= J dt = t + C = tan ^ ) + C 


63. Let y = \fx so that dy = —h= dx 

2 Vx 


J 


Vx e ^ dx = 


u — 2 y 2 , dv — e y dy, 

du = 4y dy v = e y 


J ye v {2ydy) = J 2y 2 e v dy 
= 2y 2 e v — J 4ye v dy 

= 2y 2 e v — (4 ye v — f 4e v dy ) = 2 y 2 e v — 4 ye v + 4e y + C 
= 2 {y 2 - 2y + 2)e y + C = 2 [x - 2 Vx + 2) + C 


U = Ay, dV = e y dy, 
dU = 4 dy V = e v 


65. Let m = cos 2 x, so that du = 2 cos x (— sin x) dx. Then 


67. 


sin 2x 
1 + cos 4 x 

dx 


dx = 


dx= —~ (—du) = — tan 1 u + C = — tan 1 (cos 2 x) + C. 

J 1 + u 2 


2 sin® cos® 

1 + (cos 2 ®) 2 

i Vx+i- ^v/'. 


Vx + 1 + Vx J \Vx +1 + Vx Vx +1 — V~x 
= §[(* + 1 ) 3/2 - ® 3/2 ] + c 


dx = 


x + 1 — V x ) dx 
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69. Let x = tan 9, so that dx = sec 2 9 d6, x = \/3 => 9 = ?, and * = 1 => 9 = f. Then 


rV3 


VTT. 


■ dx = 


L 


Sec6 2 n 

sec 2 9d9 = 


F "/ 3 sect? (tan 2 0 + 1 ) 


/ 4 
/3 


tan 2 0 


7T/4 


tan 2 0 


d6 = 


r /3 / sec 0 tan 2 0 sec (9 


V tan 2 9 tan 2 9 


T /4 
tr/3 
J 7t/4 


d9 


f (sec 9 -)- esc 9 cot 9) d9 — fin |sec(? + tan(?| — csc(?l 
J tt/4 J’ 

(ln|2 + v^| - - (ln|^2+l| -^2) = y/2 - ^ +ln(2 + V3) -ln(l + ^2) 


71. Let u — e x . Then x = lnu, dx = du/u 
~ 2x r u 2 du 


[j£L dx= r**L = [ 

J 1 + e x J 1 + u u J 


73. Let 9 = arcsin x, so that d9 = 


u 


1 + u 


du = 


1 + u 


du = u — lnj 1 + w| + C = e x — ln(l + e x ) + C. 


A~: 


: dx and x = sin 6. Then 


' x + arcsin x 


\/l — a ; 2 


dx = J (sin 9 + 9) d9 = — cos 6 + \0 + C 
= — \/l — x 2 + | (arcsin *) 2 + C 



75. 


A Bx + C 


1 = A (* 2 + 4) + (B* + C)(*- 2 ) = (A + B)x 2 + (C-2B)x + (4A-2C). 


(* —2)(x 2 + 4) x — 2 * 2 +4 

So 0 = A + B = C — 2B, 1 = 4A — 2 C. Setting x = 2 gives A = | =>■ B = — | and C = — j. So 


/ 


(x — 2)(a ~ 2 + 4) 


dx = 


f ( | — I*—| \ _ 1 f dx 1 f 2xdx If 

J \x — 2 ^ x 2 + 4 J X 8 J x — 2 16 J x 2 + 4 4 J * 2 + 4 


dx 


= | ln|* — 2 | — ^ ln (* 2 + 4) — | tan 1 (x/2) + C 
77. Let y = \J\ + e x , so that y 2 = 1 + e x , 2ydy = e x dx, e x = y 2 — 1, and x = In (y 2 — 1). Then 

J JL f_ dx= J Hy2 ~ 1 } ( 2 ydy) = 2 J [In (y + 1 ) + ln(y - 1 )] dy 

= 2[{y + 1) ln(y + 1) - (v + 1) + (y - 1) ln(y -l)-(y-l)] + C [by Example 7.1.2] 

= 2[yln(y+ 1 ) + ln(y + 1 ) -y- l + yln(y- 1 ) - ln(y - 1) - y + 1] + C 

= 2[y(ln(y + 1) + ln(y - 1)) + ln(y + 1) - ln(y - 1 ) - 2 y\ + C 


= 2 


y ln(y 2 - 1 ) + In - 2 y 
VI + e x + 1 


+ C = 2 


VlT^ \n{e x ) + In + £ - 1 - 2 /T+e 3 
VI + e* - 1 


+ C 


= 2x x /1 + e x + 2 In 


__ __ ./I 4. e* 4. 1 

- 4 yr+e 3 + C = 2(x-2) V^TeV + 2 In V ' a + C 


VA+e^- 1 

79. Let u = x, dv = sin 2 x cos xdx => du = dx, v = | sin 3 x. Then 

J x sin 2 x cos xdx = sin 3 * — f | sin 3 xdx = |x sin 3 * — | f (1 — cos 2 x) sin x dx 

2 


ATe^-l 


= sin 3 * + ^ / (l - y Z ) dy 


U = COS X, 

du — — sin x dx 


= sin 3 x + \y — \y 3 + C = |xsin 3 x + | cos x — | cos 3 x + C 
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81. 


\J 1 — sin x dx = 


1 — sin x 1 + sin x 


1 + sin x 


dx = 


!{\ 


1 + sin x 


dx = 


cos x dx 


\/l + si 


1 + sin x 


assume cos x 


■ dx 


sini 


> 0 ] 


du 

s/u 


u = 1 + sin a?, 
du — cos x dx 


= 2s/u + C = 2\/l + sin* + C 

Another method: Let u = sin* so that du = cos xdx = ■y/l — sin 2 x dx = \/l — u 2 dx. Then 

[ \J 1 — sin x dx = f \/l — u ( I = [ . du = 2 \/l + u + C = 2 V1 + sin x + C. 

J J \s/l-u 2 ) J s/TTu 

2 

83. The function y = 2xe x does have an elementary antiderivative, so we’ll use this fact to help evaluate the integral. 
f(2x 2 + l)e x2 dx = J 2*V 2 dx + f e x2 dx = f dx + f e x2 dx 


= xe x - f e x dx + f e x dx 


u = x, dv= 2xe dx, 

du = dx y= e x ‘ 2 


= xe x +C 


7.6 Integration Using Tables and Computer Algebra Systems 


Keep in mind that there are several ways to approach many of these exercises, and different methods can lead to different forms of the answer. 


1. cos 5* cos 2x dx = 


+ 


[ 2(5-2) 2(5 + 2) J 

/2 


•tt/2 

a = 5, 

0 

6 = 2 


sin 3* sin 7x 

+ 


6 14 J 42 


_5_ 

"21 


6 14 

3. ff \/ 4x 2 — 3 dx = i u 2 — (\/3) - du \u = 2x, du = 2 dx\ 

= 1 l^n 2 - (V3) 2 - MI In |u + ^u 2 - (V3) 2 
= ±[2©l3- |ln(4 + ^l3)] - |(1 - | In3) = /l3- §ln(4 + ©l3) - ± + § In3 
5. ff /S arctan 2 xdx = | JJ^ 4 arctan u du [u = 2x, du = 2 dxj 


89 1 
2 


u arctan u — — ln(l + u 2 ) 


7t/4 


■ tan 


“©-I 


In 1 + — 

2 V 16 


-0 


7r 1 / tt 

= 8 “ 4 ln ( 1+ 16 


7. / C ° SX dx= ——- dw 

./ sin 2 * — 9 ,/ m 2 — 9 


u — sin x, 
dw — cos a: dx 


20 1 
~ 2(3) 


In 


m — 3 


u + 3 


+ C= -In 
o 


sin * — 3 


sin x + 3 


+ C 
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9. Let u = 2x and a = 3. Then du = 2 dx and 


f dx _ f 

J x 2 \/4x 2 + 9 J 


5 du 


= 2 


dw 


— \Ju 2 + a 2 


•j? \/a 2 + u 2 


= -2 




+ C 


_ _ 2 V4.t 2 + 9 + c = _ V4x 2 + 9 + c 


9 • 2x 


9x 


11 . 


13. 


,2 -t 97 

re dt = 


-1 


-- J te 1 dt = e + 2 J te * dt = e + 2 


L(-i)' 


(~t ~ 1) e 


= e + 2[-e°+0] = e-2 


tan 3 (l/z) 


dz 


U — 1/Z, 
du = —dzjz 2 


= — J tan 3 u du = —\ tan 2 u — In |cosm| + C = — | tan 2 — In |cos(/) | + C 


15. Let u = e x , so that du = e x dx and e 2x = u 2 . Then 


e arctan/ 21 ) dx = / rt 2 arctan m 


= ii arctan udu = 


J u 2 arctan u y — J = J 
= \(e 2x + 1) arctan/ 21 ) - \e x + C 


92 U 2 + 1 


arctan u — — + C 


17. Let z = 6 + 4y — 4 y 2 = 6 — (4 y 2 — 4r/ + l) + l = 7 — (2 y — l) 2 , u = 2y — 1, and a = Then z = a 2 — u 2 ,du = 2 dy, 
and 

f y a/6 + 4 y — Ay 2 dy = f y <Jz dy = f |(m + 1) /a 2 — u 2 ^du = \j u sja 2 — u 2 du + | f V a 2 — u 2 du 
= \ f /a 2 — u 2 du — | f (—2m) /a 2 — m 2 du 

30 U 


- \/o 2 — m 2 + —— sin 1 (— — i [ y/wdv 
> 8 Vo/ 8 J 


w = a — u , 
dw = —2u du 


2y - 1 ----— 7 . 2y - 1 1 2 3/2 ^ 

= —g—\/6 + 4y - 4j/ 2 + - sin — -j= -- • -W 37 + C 

= ^p i VS + 4y-4y 2 + l sin" 1 - ^(6 + 4y - 4 y 2 ) 3 ' 2 + C 


This can be rewritten as 


V 6 + 4y — 4j/ 2 i(2y- 1) - ^(6 + 4j/-4y 2 ) 


7 . i 2y - 1 ^ 

+ 8 sm ‘ J 7T + C 


= {l y2 -T2 y -1) + 1 sin " (^7r) + c 

= ^(8+ - 2y - 15) V6 + 4y - 4y 2 + I sin- 1 + C 


19. Let u = sin x. Then du = cos x dx, so 


sin x cos x ln(sin x) dx = u In udu = 


101 u 


2+1 


(2 + l) ; 


[(2 + 1) In u — 1 } + C = (3 In u — 1) + C 


= | sin 3 x [3 ln(sin x) — 1] + C 


21 . Let u = e x and a = v3. Then du = e x dx and 




du 19 1 , 
= — m 


a 2 — u 2 2 a 


u + a 


u — a 


+ C = 


2^3 


In 


+ \/3 


-y/3 


+ C. 
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23. f sec 5 x dx = \ tan x sec 3 x + § / sec 3 xdx = \ tan x sec 3 x + § (| tan x sec x + \ f sec x dx ) 


= \ tan x sec 3 x + § tan x sec x + § ln|sec x + tan x\ + C 


25. Let u = In x and a = 2. Then du = dx/x and 

J V4+jinx)- ^ J ^ a 2 + U 2 du 21 “ ^ a 2 + U 2 + ^ ln ( M + ^a 2 + w 2 ) + C 

= | (In 2)^/4 + (In a;) 2 + 21ii^lna: + i/4 + (In*) 2 +(7 


27. 

f cos 4 (x 2 ) , 1 

/ -^ 1 dx = — — i 

f cos 1 udu 

U = x 2 , 

J 

lx 3 2 J 


du = —2x~ 3 dx 


= — |(itcos 1 u — Vl — u 2 ) + C = —^x 2 cos 1 {x 2 ) + \ \/\ — a; -4 + C 
29. Let u = e x . Then a; = In u, dx = du/u, so 


J \/ e 2x — 1 dx = J ——-- du = \/m 2 — 1 — cos 1 (l/w) + C = \/ e 2x — 1 — cos 1 (e X ) + C. 


31. 


x 4 dx 

f x 4 dx 1 f du 

u= x 5 , 

Vx 10 -2 J 

¥(x 5 ) 2 -2 5 J \/u 2 — 2 

dw= 5x 4 da; 


= lln\u + Vu^2\ + C= i In I a; 5 + V* 10 - 2 I + C 


33. Use disks about the x-axis: 

„2 ^2 ^ 0 ;„4 

Jo 7 ‘V air 

63 


V" = fo 7r(sin 2 x) 2 dx = n sin 4 x dx = 7r{ [— | sin 3 a: cos x] ^ + | /J 1- sin 2 a: dx} 
6 = 3 ar {0 + I [±z - i sin 2x] ; } = ar [§ (far - 0)] = §vr 2 


35 ' (a) SS 


tt ( a + bu 
b J 


a + bu 


2oln | a + bu\ J + C 


1 

¥ 

1 

63 


6 + 


6a 2 


2ab 


(a + bat) 2 (a + bu) 
b(a + bu) 2 + ba 2 — (a + bu)2ab 


(a + bu) 2 


b 3 u 2 


6 3 L(a + bM) 2 J (a + bu) 


(b) Let t = a + bu => dt = b du. Note that u = ^—r — and du = i dt. 


u 2 du 


.f<t^£ dt= ±f 

(a + bu) 2 b 3 J t 2 b 3 J 


t 2 — 2 at + a 2 


= p ( f - 2aln l i l - ~r )+ C =T5\ a + bu - 


t 


t 2 


1 


dt = rt I ( 1 — ~r~ + To - I ^ 


b 3 


b 3 


a + bu 


t t 2 


— 2a In | a + bu | ) + C 


37. Maple and Mathematica both give j sec 4 xdx = | tan x + | tana; sec 2 x, while Derive gives the second 

sin a; 1 sin a; 1 1 -> TT . , 

tenn as -5— =-^— = - tana; sec x. Using formula 77, we get 

3 cos 3 x 3 cos x cos 2 a; 3 

f sec 4 x dx = | tan x sec 2 x + | f sec 2 xdx = | tan x sec 2 x + | tanx + C'. 
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39. Derive gives f x 2 \/x 2 +4 dx = \x{x 2 + 2) \/x 2 + 4 — 21n(V® 2 + 4 + ®). Maple gives 

|®(® 2 + 4) 3 ' 2 — |® V® 2 + 4 — 2arcsinh(i®). Applying the command convert (%, In) ; yields 

\x(x 2 +4) 3 / 2 — |® V® 2 + 4 — 21n(|® + ^ \Jx 2 + 4) = |®(® 2 + 4) 1 / 2 [(® 2 + 4) — 2] — 21n[(® + V® 2 + 4)/2] 

= jx(x 2 + 2) V® 2 + 4 — 2 ln(V® 2 + 4 + x) + 2 In2 

Mathematica gives \x{2 + x 2 ) V3 + x 2 — 2 arcsinh(®/2). Applying the TrigToExp and Simplify commands gives 
2 [®(2 + x 2 ) \/4 + x 2 — 8 log(| (® + \/ 4 + x 2 ))] = \x(x 2 + 2) \/x 2 + 4 — 21n(® + \/4 + ® 2 ) + 2 In 2, so all are 
equivalent (without constant). 

Now use Formula 22 to get 


/ o4 

® 2 \J2 2 + x 2 dx = ^(2 2 + 2® 2 ) \/2 2 + x 2 —— ln(® + \J2 2 + x 2 ) + C 

= ^(2)(2 + x 2 ) \/4 + x 2 — 21n(® + V4 + x 2 ) + (7 
= \x{x 2 + 2) \Jx 2 + 4 — 21n(V® 2 + 4 + ®) + C 


. , _ , , . f 4 sin® cos 3 ® 3 sin® cos® 3® 

41. Derive and Maple give / cos xdx= -1-1-, while Mathematica gives 

J 4 8 8 

3® 1 . , 1 . . 3® 1 . . 1 . 

-1— sin 2® H-sm 4® =-1— 2sm® cos®) H-ism2® cos2®) 

8 4 y 2,2 y 8 4 1 ' 32 1 ’ 

3® 1 . 1 Q , 

=-1— sin ® cos ® H-[2 sin ® cos ® (2 cos ® — 1)J 

8 2 16 

3® 1 . 1 . 3 1 . 

=-1— sin ® cos x + -r sm ® cos ®-sm ® cos ®, 

8 2 4 8 


so all are equivalent. 

Using tables, 

f cos 4 ® dx = \ cos 3 ® sin ® + § f cos 2 ® dx = \ cos 3 ® sin ® + |(|® + | sin 2®) + C 

= | cos 3 ® sin® + |® + ^(2sin® cos®) + C = j cos 3 ® sin® + |® + | sin® cos® + C 


43. Maple gives f tan 5 xdx = \ tan 4 ® — i tan 2 ® + | ln(l + tan 2 ®), Mathematica gives 

J tan 5 xdx = \ [— 1 — 2 cos(2®)] sec 4 ® — ln(cos ®), and Derive gives J tan 5 xdx = \ tan 4 ® — | tan 2 ® — ln(cos ®). 

These expressions are equivalent, and none includes absolute value bars or a constant of integration. Note that Mathematica’s 
and Derive’s expressions suggest that the integral is undefined where cos ® < 0, which is not the case. Using Formula 75, 

f tan 5 xdx = - t tan 5 ' 1 ® — f tan 5 ' 2 xdx = \ tan 4 x — f tan 3 ® dx. Using Formula 69, 

f tan 3 ® dx = \ tan 2 ® + In |cos ®| + C, so f tan 5 xdx = \ tan 4 x tan 2 ® — In |cos ®| + C. 


45. (a) F(x) = / f(x) dx 


/ 


f 1 ,~ 35 

1 + VI - ® 2 

+ C = - In 

1 + VI - a; 2 

/ ® V 1 — ® 2 1 

X 

a; 


/ has domain {® | ® V 0, 1 — ® 2 > 0} = {® | ® V 0, |®| < 1} = (—1,0) U (0,1). F has the same domain. 
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(b) Derive gives F(x) = ln(\/l — x 2 — l) — In* and Mathematica gives F(x) = lnx — ln(l + y/1 — x 2 ). 

Both are correct if you take absolute values of the logarithm arguments, and both would then have the 
same domain. Maple gives F(x) = — arctanh(l/x/l — x 2 ). This function has domain 
{x | |x| < 1, — 1 < l/Vl — x 2 < 1} = {x j |x| < 1, 1/y/l — x 2 <l} = {x||x|<l, y/l — x 2 > 1} = 0, 
the empty set! If we apply the command convert (%, In) ; to Maple’s answer, we get 

— - In ( — , + 1 ] + — In | 1- ^ |, which has the same domain, 0. 


7.7 Approximate Integration 


1. (a) Ax = (6 - a)/n = (4 - 0)/2 = 2 

L 2 =J2 ffa- 1) Ax = f(x o) • 2 + f(x i) -2 = 2 [/(0) + /(2)] = 2(0.5 + 2.5) = 6 

i= 1 

R 2 = £ f(xi) Ax = f(x i) • 2 + f(x 2 ) -2 = 2 [/(2) + /(4)] = 2(2.5 + 3.5) = 12 

i=1 

M 2 =J2 f(xi )Ax = f(x i) • 2 + f(x 2 ) -2 = 2 [/(1) + /(3)] se 2(1.6 + 3.2) = 9.6 

i=1 



L 2 is an underestimate, since the area under the small rectangles is less than 
the area under the curve, and R 2 is an overestimate, since the area under the 
large rectangles is greater than the area under the curve. It appears that M 2 
is an overestimate, though it is fairly close to I. See the solution to 
Exercise 47 for a proof of the fact that if / is concave down on [a, b ], then 
the Midpoint Rule is an overestimate of f^ f(x ) dx. 


(c) T 2 = (|Ax)[/(xo) + 2/(xi) + /(x 2 )] = § [/(0) + 2/(2)+ /(4)]= 0.5+ 2(2.5)+ 3.5 = 9. 

This approximation is an underestimate, since the graph is concave down. Thus, T 2 = 9 < I. See the solution to 
Exercise 47 for a general proof of this conclusion. 


(d) For any n, we will have L„ <T n < I < M n < R„. 

3. /(x) = cos(x 2 ), Ax = ^2 = i 

(a) T 4 = ^ [/(0) + 2/(i) + 2 /(|) + 2/(f) + /(1)] » 0.895759 

(b) M 4 = 2 [/(§) + /(§) + /(§) + /(|)] « 0.908907 

The graph shows that / is concave down on [0,1], So T 4 is an 
underestimate and M 4 is an overestimate. We can conclude that 
0.895759 < /q 1 cos(x 2 ) dx < 0.908907. 


1 
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5- (a) /(x) = 


Ax = 


b — a 


0 


1 + x 2 ’ ~ n 10 

Mio = | [/ (A) + /(&) + /(&) +■■• + / ({§)] « 0.806598 

(b) Sio = 5 ^ [/(0) + 4/(1) + 2 /(f) + 4/(f) + 2 /(|) + • • • + 4/(f) + /( 2 )] * 0.804779 


Actual: I = 


dx = [1 In 1 1 + x 2 |] 2 q [u = 1 + x 2 , du = 2xdx\ 


f o 1 +x 2 


= 1 In5-1 In 1=1 In5 « 0.804719 


Errors: Em = actual — Mio = / — Mio « —0.001879 
= actual - Sio = I - Sio « -0.000060 

7. /(x) = - 1, Ax = 2-1 1 


10 10 

(a) Tio = tcT 2 [/(!) + 2/(l.l) + 2 /( 1 . 2 ) + 2/(1.3) + 2/(1.4) + 2/(1.5) 

+ 2 /( 1 . 6 ) + 2 /( 1 . 7 ) + 2 /( 1 . 8 ) + 2 /( 1 . 9 ) + /( 2 )] 

« 1.506361 

(b) Mio = [/(1-05) + /(1.15) + /(1.25) + /(1.35) + /(1.45) + /(1.55) + /(1.65) + /(1.75) + /(1.85) + /(1.95)] 

« 1.518362 

(c) Sio = 10 T 3 [/(l) + 4/(1.1) + 2 /( 1 . 2 ) + 4/(1.3) + 2 /( 1 .4) 

+ 4/(1.5) + 2/(1. 6 ) + 4/(1.7) + 2/(1. 8 ) + 4/(1.9) + /(2)] 

» 1.511519 

, e* . b-a 2-0 1 

Jy ’ 1 + x 2 n 10 5 

(a) Tio = 5 ^ [/(0) + 2 /( 0 . 2 ) + 2/(0.4) + 2/(0.6) + 2/(0.8) + 2 /( 1 ) 

+ 2 /( 1 . 2 ) + 2 /( 1 . 4 ) + 2 /( 1 . 6 ) + 2 /( 1 . 8 ) + /( 2 )] 

» 2.660833 

(b) Mio = i[/(0.1) + /(0.3) + /(0.5) + /(0.7) + /(0.9) + /(l.l) + /(1.3) + /(1.5) + /(1.7) + /(1.9)] 

« 2.664377 


(c) Sio = 5^3 [/( 0 ) + 4/(0. 2 ) + 2 /( 0 .4) + 4/( 0 . 6 ) + 2 /( 0 . 8 ) 


+ 4/(1) + 2/(1.2) + 4/(1.4) + 2/(1. 6 ) + 4/(1.8) + /(2)] 


2.663244 


11. /(x) = \/ln x, Ax = fA = i 

(a) T 6 = Aj [/(l) + 2/(1.5) + 2/(2) + 2/(2.5) + 2/(3) + 2/(3.5) + /(4)] » 2.591334 

(b) Mo = i[/(1.25) + /(1.75) + /(2.25) + /(2.75) + /(3.25) + /(3.75)] « 2.681046 

(c) So = A [/(l) + 4/(1.5) + 2/(2) + 4/(2.5) + 2/(3) + 4/(3.5) + /(4)] » 2.631976 
13. f(t ) = e^sini, A7 = A=-2 = I 

(a) T 8 = [/(0) + 2 /(i) + 2/(1) + 2/(f) + 2/(2) + 2/(f) + 2/(3) + 2/(|) + /(4)] « 4.513618 

(b) Ms = i [/(i) + /(!) + /(!) +/(!)+ /(f) + /(A) + /(f) + /(f)] « 4.748256 
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(c) Sg = f3 [/(0) + 4/(1) + 2/(1) + 4/(|) + 2/(2) + 4/(|) + 2/(3) + 4/(f) + /(4)] « 4.675111 
15 ' f ^ = ~'' AX= V = 5 

(a) Tg = [/(l) + 2/(|) + 2/(2) + • • • + 2/(4) + 2/(§) + /(5)] » -0.495333 

(b) M 8 = I [/(f) + /(I) + /(f) + /(f) + /(f) + /(f) + /(f) + /(f)] - -0.543321 

(c) S 8 = [/(1) + 4/(|) + 2/(2) + 4/(f) + 2/(3) + 4/(1) + 2/(4) + 4/(§) + /(5)] » -0.526123 

17. f(x) = e e *,Ax = i-ff 1 = \ 

(a) Tio = gf [/(-1) + 2/(—0.8) + 2/(-0.6) + 2/(-0.4) + 2/(-0.2) + 2/(0) 

+ 2/(0.2) + 2/(0.4) + 2/(0.6) + 2/(0.8) + /(l)] 

« 8.363853 

(b) Afi„ = ±[ /(-0.9) + /(—0.7) + /(—0.5) + /(—0.3) + /(-0.1) + /(0.1) + /(0.3) + /(0.5) + /(0.7) + /(0.9)] 

« 8.163298 

(c) Sio = [/(-1) + 4/(—0.8) + 2/(—0.6) + 4/(-0.4) + 2/(-0.2) 

+ 4/(0) + 2/(0.2) + 4/(0.4) + 2/(0.6) + 4/(0.8) + /(l)] 

« 8.235114 

19. /(x) = cos(x 2 ), Ax = ff = | 

(a) Tg = M_{m + 2[/(|) + /(|) + • • • + /(I)] + /(!)} « 0.902333 
^8 = | [/(£) + /(&) + /(&) + •'' + /(if)] = 0.905620 

(b) /(x) = cos(x 2 ), f{x) = — 2xsin(x 2 ), /"(x) = —2sin(x 2 ) — 4x 2 cos(x 2 ). For 0 < x < 1, sin and cos are positive, 
so |/"(x)| = 2sin(x 2 ) + 4x 2 cos(x 2 ) <2-l + 4- l- l = 6 since sin(x 2 ) < 1 and cos(x 2 ) < 1 for all x, 

and x 2 < 1 for 0 < x < 1. So for n = 8, we take K = 6, a = 0, and b = 1 in Theorem 3, to get 

\Et\ < 6 ■ l 3 /(12 • 8 2 ) = yf = 0.0078125 and \Em\ < fg = 0.00390625. [A better estimate is obtained by noting 

from a graph of f" that |/"(x)| < 4 for 0 < x < 1.] 

(c) Take K = 6 [as in part (b)] in Theorem 3. \E T \ < < 0.0001 44 ^ < 10~ 4 44 

—^ < tLt 44 2n 2 > 10 4 44 n 2 > 5000 44 n > 71. Take n = 71 for T„. For Bm, again take K = 6 in 

2 n z 10 4 

Theorem 3 to get | Em | < 10 _4 44 4n 2 > 10 4 44 n 2 > 2500 44 n > 50. Take n = 50 for M n . 

21 . /(x) = sinx, Ax = 

(a) T 10 = [/(0) + 2/(^) + 2/(f=) + • • • + 2/(ff) + /(tt)] « 1.983524 

= T5 [/(&) + /(i) + /(§) + ''' + /(M » 2.008248 
5io = t^ 3 [/(0) + 4/(f) + 2/(ff) + 4/(ff) + • • • + 4/(ff) + /(tt)] « 2.000110 

Since / = sinxdx = [— cosx] * = 1 — (—1) = 2, Et = I — Tio ~ 0.016476, Bm = I — Mio ~ —0.008248, 
and = / - Sio « -0.000110. 
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(b) f(x) = sin* =>■ /^(*) < 1, so take K = 1 for all error estimates. 


\Et\ < 
\E S \ < 


K(b — a) 3 _ 1(tt- 0) 3 


\E t \ 


12 n 2 12(10) 2 

I<(b-af _ 1 (tt-0) 5 


— »0.025839. |&,|< 2 


: 0.000170. 


2400 


0.012919. 


180n 4 180(10) 4 1,800,000 

The actual error is about 64% of the error estimate in all three cases. 

(c) \E t \< 0.00001 

| Em | < 0.00001 4 => 


|£s| < 0.00001 


7T 3 

12n 2 

- 10 5 

4=> 

2 ^ ioV 
" ^ 12 ^ 

n > 508.3. Take n = 

7T 3 

24n 2 

- 105 

4=> 

1 n5^3 

2 J-U 7T 

" * 24 =* 

n > 359.4. Take n = 

7T 5 


4=> 

n 4 > 105 " 5 =, 

n > 20.3. 


180 


Take n = 22 for S„ (smce n must be even). 

23. (a) Using a CAS, we differentiate f(x ) = e cosx twice, and find that 

f"(x) = e cosa: (sin 2 x — cos*). From the graph, we see that the maximum 
value of |/"(*)| occurs at the endpoints of the interval [0, 2 ir\. 

Since /"(0) = —e, we can use K = e or K = 2.8. 


1.2 



(b) A CAS gives Mio « 7.954926518. (In Maple, use Student [Calculusl ] [RiemannSum] or 
Student[Calculusl] [Approximatelnt] .) 

e(27r- 0) 3 


24 • 10 2 


(c) Using Theorem 3 for the Midpoint Rule, with K = e, we get \E M \ < 

With K = 2.8, we get \E M \ < 2 ' 8 ^^ = °- 289391916. 

(d) A CAS gives I « 7.954926521. 

(e) The actual error is only about 3 x 10 -9 , much less than the estimate in part (c). 

(f) We use the CAS to differentiate twice more, and then graph 

/^ (x) = e cos x (sin 4 * — 6 sin 2 x cos * + 3 — 7 sin 2 x + cos *). 

From the graph, we see that the maximum value of j /^ (*) j occurs at the 
endpoints of the interval [0, 27r] . Since /^ (0) = 4e, we can use K = 4e 


0.280945995. 


14 


or K = 10.9. 

(g) A CAS gives Sio ~ 7.953789422. (In Maple, use Student [Calculusl ] [Approximatelnt].) 

4e(27r — 0) 5 

(h) Using Theorem 4 with I< = 4e, we get |Ss| < . « 0.059153618. 


180 • 10 4 


With K = 10.9, we get |£[g| < 


10.9(2tt-0) 5 
180 • 10 4 


277 



277 


0.059299814. 
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(i) The actual error is about 7.954926521 — 7.953789422 « 0.00114. This is quite a bit smaller than the estimate in part (h), 
though the difference is not nearly as great as it was in the case of the Midpoint Rule. 

(j) To ensure that \Es\ < 0.0001, we use Theorem 4: |Ss| < < 0.0001 =>■ < n 4 =>■ 

180 • Ti 4 180 • 0.0001 

n 4 > 5,915,362 •<=> n > 49.3. So we must take n > 50 to ensure that \I — S^l < 0.0001. 

(K = 10.9 leads to the same value of n.) 

7 = fj xe x dx = [(x — l)e x ]l [parts or Formula 96] = 0 — (—1) = 1, f(x) = xe x . Ax = 1/n 

n = 5: L 5 = i [/(0) + /(0.2) + /(0.4) + /(0.6) + /(0.8)] « 0.742943 
R 5 = ±[/(0.2) + /(0.4) + /(0.6) + /(0.8) + /(l)] « 1.286599 
T 5 = 5^2 [/(0) + 2/(0.2) + 2/(0.4) + 2/(0.6) + 2/(0.8) + /(l)] » 1.014771 
M 5 = |[/(0.1) + /(0.3) + /(0.5) + /(0.7) + /(0.9)] » 0.992621 

S L = 7 - L 5 w 1 - 0.742943 = 0.257057 
S H w 1 - 1.286599 = -0.286599 
E r « 1 - 1.014771 = -0.014771 
£m « 1 - 0.992621 = 0.007379 

n = 10: I/io = ^[/(0) + /(0.1) + /(0.2) + • • • + /(0.9)] » 0.867782 
Sio = °-l) + /(0-2) + ''' + /(0-9) + /(l)] ps 1.139610 

Tio = wnifi 0) + 2[/(°- 1 ) + /(0.2) + • • • + /(0.9)] + /(1)} ps 1.003696 
M 10 = i [/(0.05) + /(0.15) + ■ • • + /(0.85) + /(0.95)] « 0.998152 

E l = I - T/io « 1 - 0.867782 = 0.132218 
S H ps 1 - 1.139610 = -0.139610 
S r « 1 - 1.003696 = -0.003696 
E m k 1 - 0.998152 = 0.001848 

n = 20: 7 / 2 o = ^[/(0) + /(0.05) + /(0.10) + • • • + /(0.95)] « 0.932967 
S 20 = 55 [/(0.05) + /(0.10) + • • • + /(0.95) + /(l)] « 1.068881 
T 20 = 25 L 2 {/( 0) + 2[/(0.05) + /(0.10) + • • • + /(0.95)] + /(l)} ps 1.000924 
M 20 = i[/(0.025) + /(0.075) + /(0.125) + • • ■ + /(0.975)] « 0.999538 

Si, = 7 - L 20 « 1 - 0.932967 = 0.067033 
E r ps 1 - 1.068881 = -0.068881 
S T ps 1 - 1.000924 = -0.000924 
S M » 1 - 0.999538 = 0.000462 



St 

Er 

Et 

Em 

5 

0.257057 

-0.286599 

-0.014771 

0.007379 

10 

0.132218 

-0.139610 

-0.003696 

0.001848 

20 

0.067033 

-0.068881 

-0.000924 

0.000462 



Ln 

Rn 

T n 

M n 

5 

0.742943 

1.286599 

1.014771 

0.992621 

10 

0.867782 

1.139610 

1.003696 

0.998152 

20 

0.932967 

1.068881 

1.000924 

0.999538 


[continued] 
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Observations: 

1. El and Er are always opposite in sign, as are Et and Em- 

2. As n is doubled, E L and E R are decreased by about a factor of 2, and E T and E M are decreased by a factor of about 4. 

3. The Midpoint approximation is about twice as accurate as the Trapezoidal approximation. 

4. All the approximations become more accurate as the value of n increases. 

5. The Midpoint and Trapezoidal approximations are much more accurate than the endpoint approximations. 

27 ■ 1 = Jo x4 dx = [K]o = f - 0 = 6 - 4 ’ /(*) = * 4 ’ ^ = I 

n = 6: t 6 = g a_{/(0) + 2[/(|) +/(§)+/(!)+/(!)+/(!)] + /(2)}« 6.695473 
Me = | [/( 4 ) + /(!) + /(!) + /(I) + /(§) + /(¥)] « 6.252572 
& = & [/(0) + 4/(|) + 2/(|) + 4/(|) + 2/(|) + 4/(f) + /(2)] « 6.403292 
E t = I - T e « 6.4 - 6.695473 = -0.295473 
S M « 6.4 - 6.252572 = 0.147428 
S s « 6.4 - 6.403292 = -0.003292 

n = 12: T 12 = *£_{/(■0) + 2[/(f) + /(§) + /(f) + • • • + /(£)] + /(2)} « 6.474023 
Mq = £ [/(£) + /(&) + /(&) + • • • + /(§)] « 6.363008 

Se = [/(0) + 4/(f) + 2 /(f) + 4/(f) + 2 /(f) + • • ■ + 4/(41) + /( 2)] » 6.400206 

St = I - T12 « 6.4 - 6.474023 = -0.074023 
Em « 6.4 - 6.363008 = 0.036992 
S s « 6.4 - 6.400206 = -0.000206 


Observations: 

1. St and Em are opposite in sign and decrease by a factor of about 4 as n is doubled. 

2. The Simpson’s approximation is much more accurate than the Midpoint and Trapezoidal approximations, and Sg seems to 
decrease by a factor of about 16 as n is doubled. 

29. Ax = ( b-d)/n= (6 - 0)/6 = 1 

(a) T 6 = ft[/(0) + 2/(1) + 2/(2) + 2/(3) + 2/(4) + 2/(5) + /(6)] 

« 4 [3 + 2(5) + 2(4) + 2(2) + 2(2.8) + 2(4) + 1] 

= |(39.6) = 19.8 

(b) M 6 = Ax[f(0.5) + /(1.5) + /(2.5) + /(3.5) + /(4.5) + /(5.5)] 

« 1 [4.5 + 4.7 + 2.6 + 2.2 + 3.4 + 3.2] 


n 

T n 


s„ 

6 

6.695473 

6.252572 

6.403292 

12 

6.474023 

6.363008 

6.400206 


n 

Et 

Em 

E s 

6 

12 

-0.295473 

-0.074023 

0.147428 

0.036992 

-0.003292 

-0.000206 


= 20.6 
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(c) 5 6 = ^ [/(0) + 4/(1) + 2/(2) + 4/(3) + 2/(4) + 4/(5) + /(6)] 
« § [3 + 4(5) + 2(4) + 4(2) + 2(2.8) + 4(4) + 1] 

= |(61.6) = 20.53 


31. (a) fl /(: r) dx « M 4 = ^ [/(1.5) + /(2.5) + /(3.5) + /(4.5)] = 1(2.9 + 3.6 + 4.0 + 3.9) = 14.4 

(b) —2 < f"(x) <3 => |/"(x)| < 3 =>■ I\ = 3, since |/"(x)| < K. The error estimate for the Midpoint Rule is 


|-Em | < 


K{b - a) 3 _ 3(5 - l) 3 


24n 2 


24(4) 2 


33. T ave = 24=0 Jo 4 T(t)dU* ±S 12 = £[T(0) + 4T(2) + 2T(4) + 4T(6) + 2T(8) + 4T( 10) + 2T( 12) 

+ 4T(14) + 2T(16) + 4T(18) + 2T(20) + 4T(22) + T(24)] 
« §g [67 + 4(65) + 2(62) + 4(58) + 2(56) + 4(61) + 2(63) + 4(68) 

+ 2(71) + 4(69) + 2(67) + 4(66) + 64] 

= ^(2317) = 64.36l°F. 

The average temperature was about 64.4°F. 


35. By the Net Change Theorem, the increase in velocity is equal to / Q 6 a(t ) dt. We use Simpson’s Rule with n = 6 and 
At = (6 — 0)/6 = 1 to estimate this integral: 

Jq a(t) dt ps S@ = § [a(0) + 4a(l) + 2a(2) + 4a(3) + 2a(4) + 4a(5) + a(6)] 

« i[0 + 4(0.5) + 2(4.1) +4(9.8) + 2(12.9)+ 4(9.5) + 0] = §(113.2) =37.73 ft/s 

37. By the Net Change Theorem, the energy used is equal to J Q 6 P(t) dt. We use Simpson’s Rule with n = 12 and 
Af = = i to estimate this integral: 

/ 0 6 P(t) dt ps S 12 = i§2[P(0) + 4P(0.5) + 2P(1) + 4P(1.5) + 2P(2) + 4P(2.5) + 2P(3) 

+ 4P(3.5) + 2P(4) + 4P(4.5) + 2P(5) + 4P(5.5) + P(6)] 

= § [1814 + 4(1735) + 2(1686) + 4(1646) + 2(1637) + 4(1609) + 2(1604) 

+ 4(1611) + 2(1621) + 4(1666) + 2(1745) + 4(1886) + 2052] 

= §(61,064) = 10,177.3 megawatt-hours 


39. (a) Let y = f(x) denote the curve. Using disks, V = /§' 3 7r[/(a;)] 2 dx = n f*° g(x ) dx = irli. 

Now use Simpson’s Rule to approximate Ii: 

h ps 58 = ^(s) 2 \g{ 2) + 4<?(3) + 2gr(4) + 4<?(5) + 2<?(6) + 4p(7) + 3(8)] 

ps §[0 2 +4(1.5) 2 + 2(1.9) 2 + 4(2.2) 2 + 2(3.0) 2 + 4(3.8) 2 + 2(4.0) 2 +4(3.1) 2 + 0 2 ] 
= §(181.78) 

Thus, V ps 7 T • §(181.78) ps 190.4 or 190 cubic units. 
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(b) Using cylindrical shells, V = / 2 10 2nxf(x) dx = 2ir / 2 ° xf(x) dx = 2 tvIi. 

Now use Simpson’s Rule to approximate I\: 

h~S 8 = ^[2/(2) + 4 • 3/(3) + 2 • 4/(4) + 4 • 5/(5) + 2 • 6/(6) 

+ 4 • 7/(7) + 2 • 8/(8) + 4 • 9/(9) + 10/(10)] 

« | [2(0) + 12(1.5) + 8(1.9) + 20(2.2) + 12(3.0) + 28(3.8) + 16(4.0) + 36(3.1) + 10(0)] 

= |(395.2) 

Thus, V « 2-7T • | (395.2) se 827.7 or 828 cubic units. 

41. Using disks, V = J® n(e~ 1 ^ x ) 2 dx = Tt J® e~ 2 ^ x dx = nli. Now use Simpson’s Rule with /(a;) = e~ 2 ^ x to approximate 
/i. Ji » S 8 = [/(l) + 4/(1.5) + 2/(2) + 4/(2.5) + 2/(3) + 4/(3.5) + 2/(4) + 4/(4.5) + /(5)] » ±(11.4566) 

Thus, V « 7r • 1(11.4566) ^6.0 cubic units. 


43. 7(0) = 


N 2 sin 2 k 


k 2 


, where k = 


nNdsind 


A 


, N = 10,000, d = 10“ 4 , and A = 632.8 x 10 _9 . So 1(0) = 


(10 4 ) 2 sin 2 k 
k 2 


where k = 


7 t(10 4 )(10 4 ) sin(9 
632.8 x 10- 9 


. Now n = 10 and A 6 = 


10 “ 


^ 10 = 2 x 10" 7 , so 


10 


Mio = 2 x 10^ 7 [I(-0.0000009) + /(-0.0000007) + ■ ■ ■ + 7(0.0000009)] « 59.4. 


45. Consider the function / whose graph is shown. The area f 2 f(x) dx 
is close to 2. The Trapezoidal Rule gives 
^2 = ^[/( 0 ) + 2 /( 1 ) +/( 2 )] = 1 [1 + 2 • 1 + 1 ] = 2 . 

The Midpoint Rule gives M 2 = 2-=-2 [/(0.5) + /(1.5)] = 1[0 + 0] = 0, 
so the Trapezoidal Rule is more accurate. 



47. Since the Trapezoidal and Midpoint approximations on the interval [a, b] are the sums of the Trapezoidal and Midpoint 

approximations on the subintervals [xi-i, Xi], i = 1, 2,... ,n, we can focus our attention on one such interval. The condition 
f"(x) < 0 for a < x < b means that the graph of / is concave down as in Figure 5. In that figure, T n is the area of the 
trapezoid AQRD, f f(x) dx is the area of the region AQPRD , and M n is the area of the trapezoid ABCD, so 
T n < f(x) dx < M n . In general, the condition f" < 0 implies that the graph of / on [a, 6] lies above the chord joining the 
points (a, f(a)) and (b, /(&)). Thus, f a f(x) dx > T n . Since M n is the area under a tangent to the graph, and since f" < 0 
implies that the tangent lies above the graph, we also have M n > J a f(x) dx. Thus, T n < J a f(x) dx < M n . 

49. T n = 1 Ax ]/(*o) + 2/(*i) H-F 2/(®„_i) + f(x n )] and 

M n = Ax [f(x l) + f(x 2 ) H-F f(x n - 1) + f(x n )], where x t = |(®i-i + Xi). Now 

T 2n = | (| Ax) {f(x o) + 2f(xi) + 2f(xi) + 2 f(x 2 ) + 2 f(x 2 ) H-F 2f(x„-i) + 2f(x„-i) + 2f(x n ) + f(x„)\ so 

l(T n + M„)=lT n + lM„ 

= i Ax[f(x 0 ) + 2f(xi) H-F 2f(x n -i) + f(x„)] + ±Ax[2f(xi) + 2 f(x 2 ) H-F 2f(x n -i) + 2f(x„)\ 


= T 2 „ 
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7.8 Improper Integrals 


1. (a) Since y = —-— has an infinite discontinuity at x = 1, 

x — 1 


x — 1 


dx is a Type 2 improper integral. 


(b) Since 


1 


1 + x 3 


dx has an infinite interval of integration, it is an improper integral of Type 1. 


(c) Since / x 2 e x dx has an infinite interval of integration, it is an improper integral of Type 1. 


(d) Since y = cot x has an infinite discontinuity at x = 0, f J' 4 cot x dx is a Type 2 improper integral. 

3. The area under the graph of y = 1/x 3 = x ~ 3 between x = 1 and x = t is 

A(t) = f* x~ 3 dx = [— \ x -2 ] * = 2 — (— |) = \ — l/(2t 2 ) . So the area for 1 < x < 10 is 

yl(10) = 0.5 - 0.005 = 0.495, the area for 1 < x < 100 is A(100) = 0.5 - 0.00005 = 0.49995, and the area for 

1 < x < 1000 is 21(1000) = 0.5 — 0.0000005 = 0.4999995. The total area under the curve for x > 1 is 

lim A(t ) = lim [± - l/(2i 2 )] = ±. 

t —>oo t —>oo L 


5. / -- 3 / 2 dx = lim / (x-2)' 3/2 dx = lim — 2 (x — 2) _1,/2 [u = x - 2 , du = dx] 

J 3 (x — 2) ' t—*oo J 3 t—*oo L J 3 

/ -2 2 \ 

= (7^=1 + yf ) = 0 + 2 = z Convergent 

7 - /_ 3~^~4x dX = / 3~^~4x dX = t i. im oo [-113 - 4x| ] “ = [-1 In 3 + ± In |3 - 4i| ] = oo. 

Divergent 

9. fj°e~ 5p dp = lim f* e~ 5p dp = lim [—■|e _5p ]* = lim (—|e _5t + |e -10 ) = 0 + |e -10 = |e -10 . Convergent 


11 . 


/ o \/i + 


x 2 y x 2 

dx = lim / , dx = lim 


t -»°° Jo Vl + x 3 




= ^lim + f 3 — |) = °°- Divergent 


13. f°° xe 31 dx = f° xe 1 dx + f n °° xe x dx. 

J — oo J —oo J 0 

f-o ° xe ~ x2 dx = ,^(- 1 ) [ e_J:2 ] t = t “^(- 5 ) ( x - e_t2 ) = - I • 1 = -i and 
JT xe ~* 2 dx = H) [ e_x2 ]* = (-5) ( e “‘ 2 - !) = -5 • (-!) = 5 

Therefore, f™ xe~ x dx = — \ + | = 0. Convergent 


15. fj°sin 2 ada= lim f* |(1 — cos 2a) da = lim [|(a — T sin 2a)] Q = lim [| (t — | sin 2t) — 0] =00. 


Divergent 
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17. 


1 rt 

„ — ***** , ,- -r dx = lim 

X 2 + X t—*oo J 1 x(X+lj t->a o 


■ dx = lim ^ 


X + 1 


dx [partial fractions] 


1 * = lim 

In 

X 

- t 

= lim 1 

fin * 

- In i") 

J 1 t MOO 

. 

X + 1 

1 t —>oo 

^ i + 1 

2 J 


= 0 — In - = In 2. 
2 


Convergent 

19. f° oc> ze 2z dz= lim f° ze 2z dz = lim [±2e 2z - ±e 2z ]° 


t —►— OO 

<1- 2i 1 


integration by parts with 
u = z, dv = e 2z dz 


= lim [(0 — j) — (\te 2t — |e 2t )] = — \ — 0 + 0 [by l'Hospitai's Rule] = —j. Convergent 


21 . 


23. 


[ — dx= lim 

(lnx) 2 

t 

by substitution with 

Jl X t —>oo 

2 

1 

u — In x, du — dx/x 


(lnt) 2 

= Inn ——— = oo. Divergent 

t—>00 2 


I -oo 9 + x' 


x~ x 2 f 

dx= - - 7 dx + 

J-oo 9 + x 6 J 0 


Now 


x 2 dx 
9 + x 6 


U = X 

du — 3 x 2 dx 


o 9 + x 6 


| du 


■ dx = 2 


o 9 + x 6 


9 + m 2 


u — 3v 
du = 3 dv 


dx [since the integrand is even]. 

| (3 dv) _ 1 I" dv 
9 + 9v 2 ~ 9 J 1 + v 2 

3 N 


- tan 1 v + C = - tan 1 (—^ + C = — tan 1 (— ^ + C, 

9 9 V3 J 9 \3J 


25. 


x 2 f* x 2 

so 2 / -- dx = 2 lim / --* dx = 2 lim 

J 0 9 + X 6 i-oo J 0 9 + X 6 

Convergent 

r°° 1 


9 V 3 / j o 


-ift’ 


. i ^ . 2 7T 7T 

= 2 lim - tan ( — = — • — = 

t->oo 9 V 3 y 9 2 9 


x(lnx) 3 £-“ J e x(lnx) 3 


dx = lim 

t—*oo 


u 3 du 


u = lnx, 

= lim 

1 

du — dx/x 

t —>oo 

~2v 2 


= lim 

t —>oo 


2 (lnt) 


2 + 2 


= °+| = |- 


Convergent 


27. [ \ dx = lim [ 3x 5 dx = lim 


t—>o+. 


£—> 0 + 


3 

4x 4 


3 / 1 

=-lim 1-r 1 = oo. Divergent 

4 t ^o+ Vi 4 . 


29. 


dx 


/*14 r a I 14 a 

lim / (x + 2) _1/4 dx = lim -(x + 2) 3/4 =- lim 16 3/4 - (t + 2) 3/4 

—2 +J t £—» —2+ [_3 J. 3 t^-2+ L 1 


-2 V / X+~2 t- 

= |(8 — 0) = Convergent 


si. r dx = ~ 


dx 

—r = lim 
/ —2 * i-0 — 


= lim 


1 1 

3i? ~ 24 


= oo. Divergent 


I ^ r 

J -2 * Jo * J-l 

/*9 7*1 7*9 

33. There is an infinite discontinuity at x = 1. / dx = / (x — l) _1 ^ 3 dx+ / (x — l) -1 ^ 3 dx. 

io v I_ l Jo J1 

Here/^(x — 1)~ 1,/3 dx = lim f*(x — 1) _1,/3 dx = lim [§(x — 1) 2 ^ 3 J = lim [§(i — 1) 2/3 — §■] = 
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and/® (a: — 1 ) 1 / 3 dx= lim + f t 9 (x — 1 ) 1//3 dx = lim^ §(x — l ) 2 ^ 3 = lim_ 6 — §(7 — l ) 2 / 3 


f 9 1 3 9 

/ dx = — 7 : + 6 = Convergent 

Jo \ x 1 2 2 


35. I = 


Now 


dx 


dx 


'0 x 2 - 6 x + 5 7 0 (x - 1) (x - 5) 

1 A B 

+ ■ 


= h + I 2 = 


dx 


+ 


dx 


(x — l)(x — 5) x — 1 x —5 


/ 0 (x-l)(x-5) J l (x — l)(x — 5) 
1 = A(x — 5) + B(x — 1). 


Set x = 5 to get 1 = 4 B, so B = \. Set x = 1 to get 1 = —4 A, so A = — Thus 


h = l + ^) dx = ["I ln l^ - !| + 3 Mx - 5|] 0 

= t l™_ [(—| In |i — 1| + | In |* — 5| ) — (-±ln|-l| + | In | —5| )] 

= 00 , since lim (— \ In|t — 1 |) = 00 . 


37. 


Since I\ is divergent, I is divergent. 

r 0 A/x 


e 1/x /•* 1 1 , 1 r 1 /* 

/ — 5 -dx = lim / -e 1 ^-^rdx= lim / ue u (— 

i-i x 3 t— 0 - J_ 1 x x 2 t— 0 - y_i 


du) 


U — 1/x, 
du — — dx/x 


= lim r(w-l)e n l 
*-»• 0 - 


-1 

l/t 


use parts 

= lim 

- 2 e _1 - 


or Formula 96 

t->o- 


\t ) \ 


2 V / ^ « r 2 r 5- 1 H 2 1 

=-lim (s — lie [s = i/t\ = -lim -=-lim - 

6 s—►—00 e s—*■—00 e s e s—>—oo —e 

2 2 

=-0 = —. Convergent 

e e 


39. / = f z 2 In s dz = lim f z 2 In zdz = lim 

J0 t— 0 + 4 t—»o+ 


r^3 

— (3 In 2 — 1) 


integrate by parts 
or use Formula 101 


= lim+ [|(31n2 — 1) — |7 3 (31n7 — 1)] = | ln2 — | | lim^ [7 3 (31nt — 1)] = | ln2 — | — |L. 

Now L = lim It 3 (3 In7 — 1)1 = lim --^— = lim ^ = lim (—t 3 ) = 0. 

t^o+ L J t^o+ t~ 3 t_ o+ -3 /t 4 t—► o+ v ’ 


Thus, L = 0 and 7 = f In 2 — §. 


41 . 



Convergent 

Area = f °° e _a: dx = lim f* e _a: dx = lim [—e _a: l 
J1 £—>oo J1 £—>oo L J 1 

= lim (—e _t + e -1 ) = 0 + e ' 1 = 1 /e 

t —K30 


6 . Thus, 
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Area = f^ 2 sec 2 xdx = lim f* sec 2 x dx 
J0 (-.(*■/ 2)- J0 

= lim (tan 7 — 0) = oo 

(tt/2)- 


lim 

*—►(^r/2)- 



t 

o 


Infinite area 


7 

/1 g{x) dx 

2 

0.447453 

5 

0.577101 

10 

0.621306 

100 

0.668479 

1000 

0.672957 

10,000 

0.673407 


= 


It appears that the integral is convergent. 


sin 2 x 1 r°° 1 

(b) — 1 < sin x < 1 =>■ 0 < sin 2 * < 1 =>■ 0 < —g— < —. Since / — dx is convergent 

X X /1 X 


[Equation 2 with p = 2 > 1], 


■ dx is convergent by the Comparison Theorem. 



Since f /( x) dx is finite and the area under g(x) is less than the area under f(x) 
011 any interval [1,7], g(x) dx must be finite; that is, the integral is convergent. 


49. For x > 0, 


x 3 + 1 x- 


X 1 

< o = n ' 


—r- dx is convergent by Equation 2 with p = 2 > 1, so 

x 1 


x 3 + 1 


dx is convergent 


by the Comparison Theorem. 


'0 x 3 + 1 


dx is a constant, so 


■ dx = 


dx + 


0 x 3 + l Jo x 3 +1 ' J 1 x 3 +1 


■ dx is also 


convergent. 
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51. For x > 1 , f(x) = ' 4 > ^ = —, so J f(x) dx diverges by comparison with J — dx, which diverges 

by Equation 2 withp = 1 < 1. Thus, ff(x) dx = f 2 f(x) dx + J 2 °° f(x) dx also diverges. 

„ sec 2 * 1 

53. For 0 < * < 1, -— > —Now 

x\/x x ' 

/ = / x~ 3 ^ 2 dx = lim / x~ 3 ^ 2 dx = lim [ — 2* _1 ^ 2 1 = lim (—2 + -?= | = oo, so / is divergent, and by 
Jo t^o+J t t^o+ L It t-o+ V Vt) 


comparison. 


rl sec 2 x . 


55. 


Jo X \fx 
dx f 


is divergent. 


dx 


dx 


= lim 


dx 


+ lim 


dx 


Jo \Jx{l + x) J 0 y/x{l+x) J 1 y/x{l + x) t^O+Jt yfx (1 + *) J 1 y/x (1 + *) 


-. Now 


dx 


2udu 


y/x(l+x) J w(l + U 2 ) 

dx ,. . — l /— -] i 


- y/x, X = U 

dx — 2 u du 


= 2 


du 

1 + u 2 


= 2 tan 1 u + C = 2 tan 1 y/x + C, i 


/ _ -- = lim [2 tan 1 y / xl + lim [2 tan 1 y / *l’ 

J 0 y/x{l + x) t— H t —00 L J1 

= lim^ [2(-|) — 2tan _1 v / t] + lim \2taxT 1 y/i — 2(-|)] = — 0 + 2(|) — f = 7 r. 


/‘i (Jt cI t -\ 

57. If p = 1, then / — = lim / — = lim [ln*|*=oo. Divergent 

y 0 «-o+y t * t^ 0 + Jt 


Ifp 7 ^ 1 , then 


dx 


= lim 


dx 


x p t—> 0 + t x p 


[note that the integral is not improper if p < 0 ] 


= lim 

t-» 0 + 


r x -p+ 1 1 1 


-p +1 


= lim - 

t i—» 0 + 1 — p 


1 - 


t p ~ 


If p > 1 , then p — 1 > 0 , so ——-> 00 as t —* 0 + , and the integral diverges. 



-> 0 as t —+ 0 + and [ — = —-— 

lim (l-t 1 ~ p ) 

-1 

Jo x p 1 - p 

0 + v ’ 


1 -p 


Thus, the integral converges if and only if p < 1, and in that case its value is 


1 — p 


59. First suppose p = — 1. Then 


[ x p lnxdx= [ dx = lim f dx = lim r|(ln*) 2 l^ = — ^ lim (lnt ) 2 =— 00 , so the 

Jo Jo x *-o +J t x t—*ox Jt 2 t-o+ v 


integral diverges. Now suppose p 7 ^ — 1. Then integration by parts gives 

rrP+ 1 


/ 


x p In * dx = -In x 

p +1 


x p In xdx = lim 


T P T P+! r P+! 

dx = —— r In * — , ' _ + C. If p < — 1, then p + 1 < 0, so 


t—>o+ 


p + 1 p +1 (p+ 1) 2 

T p+1 1 1 


In * — 


-1 


p+ 1 “~ (p+i) 2 jf (p+ 1) 2 vp+v^o+l 


lim 


t p+1 I Ini — 


p +1 


If p > — 1, then p + 1 > 0 and 
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fg x p In xdx = 


lim 


Ini — 1 /{p+ 1) h -1 


(p+1) 2 \p+l/t^o+ t-(p+!) (p+1) 2 \p + lj t^o+ — (p + l)i _ (p+ 2 ) 


lim 


1/t 


1 + , lim t p+1 = 1 


(p+1) 2 (p+l) 2 t ^ 0 + (p+1) 2 


Thus, the integral converges to 


if p > — 1 and diverges otherwise. 


(P + l) 2 

61. (a) I = f^ xdx = xdx + / 0 °° xdx, and J 0 °° xdx = lim f* xdx = ^lim [| x 2 ]* = lim [|i 2 — 0] = oo, 
so I is divergent. 

(b) f^ t xdx = [| x 2 ] t _ t = | i 2 — \t 2 = 0, so lim f t _ t xdx = 0. Therefore, xdx ^ lim f^ t x dx. 


f dx 

63. Volume = / n ( — ) dx = n lim / — = rr lim 

t —>oo / 1 aH t—*oc 


= 7r lim 1-] = 7r < oo. 

t—*oo \ t 


, _ . .. S'* GmM , _ / 1 1 

65. Work = / F dr = lim / --— dr = lim GmM ( —- 

rt £ 


/*oo 

/ F dr = lim 
Jr. J r 


GmM 

R 


. The initial kinetic energy provides the work, 


i 2 GmM 
so jtnuo = —^— 


u 0 = 


2GM 


R 


67. We would expect a small percentage of bulbs to bum out in the first few hundred hours, most of the bulbs to bum out after 
close to 700 hours, and a few overachievers to bum on and on. 

(b) r(t) = F'(t) is the rate at which the fraction F(t) of bumt-out bulbs increases 
as t. increases. This could be interpreted as a fractional burnout rate. 

(c) J 0 °° r(t) dt = lim F(x) = 1, since all of the bulbs will eventually bum out. 



/< 0.001 =>■ | — tan 1 a < 0.001 =>■ tan 1 a > f — 0.001 =>■ a > tan( : | — 0.001) « 1000. 


71. (a) F(s) = / f{t)e st dt = e st dt = lim 

Jo Jo n *°° 

Therefore F(s) = — with domain {s | s > 0}. 


e ~ sn i \ 1 

= lim ( -1— ). This converges to - only if s > 0. 

n —*oo \ —S S ) S 


(b) F{s) 



rn 

lim / e t(1-s) dt 

n ^°° Jo 


lim 

n —>oo 



e 


t(l-s) 


n 


0 


This converges only if 1 — s < 0 


s > 1, in which case F(s) 


1 


s- 1 


with domain {s | s > 1}. 
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(c) F(s) = J 0 °° f(t)e st dt = lim J Q n te at dt. Use integration by parts: let u = t, dv = e at dt =4> du = dt, 


Jo _ _ 

e~ st 

v = -. Then F(s) = lim 

S 71 —>00 


— ~e~ st - \e~ st 
s s z 


= lim 

n —>oc \ SC 


sn Q 2^sn 


+ 0 + — = -r only if s > 0. 


Therefore, F(s) = — and the domain of T 1 is is I s > 0}. 

s 2 

73. G(s) = / 0 °° f'(t)e~ at dt. Integrate by parts with u = e~ st , dv = f(t) dt =>■ du = —se~ at , v = /(£): 

G(s) = lim [f(t)e~ st ]2 + s f™ f(t)e~ st dt = lim f{n)e~ an - /(0) + sF(s) 

n—*oo L u n —>oo 

But 0 < /(£) < Me at =>■ 0 < f(t)e~ at < Me at e~ at and lim = 0 for s > a. So by the Squeeze Theorem, 


lim f(t)e 3t = 0 for s > a =>■ G(s) = 0 — /(0) + sF(s) = sF(s) — /(0) for s > a. 

t —>oo 


75. We use integration by parts: let u = x, dv = xe x dx 


du = dx, v = — \e x .So 


x 2 e x dx = lim 


--xe 


. e x dx = lim 
Jo 2 Jo ‘-* 00 


+ ■ 


t 

2e* 2 


e x dx = 


e x dx 


(The limit is 0 by l’Hospital’s Rule.) 


77. For the first part of the integral, let x = 2 tan 9 =>■ dx = 2 sec 2 9 dO. 

f dx = f ^ S6C if d6 = f sec 9 d6 = In sec# + tan 01. 

J J 2 sec 9 J 

From the figure, tan 9 = and sec 9 = — So 



Jo V Vx 2 + 4 x + 2/ t^oo 


In 


Vx 2 + 4 


+ 2 


Cln|x + 2| 


= lim 

t —K30 


l n \ 4 + t - C ln(£ + 2) - (In 1 - Gin2) 


= lim 

t—*oo 


! \ft 2 + 4 + £ N , , oL 

In ( —---p- 1 + In 2 

2 (£ + 2) c 


, t + VFTl 

= In lim -~— 

Vt-oo (t + 2) c 


+ ln 2 l 


.. r .. t + Vi 2 + 4 h ,. 1 + t/o/t 2 + 4 

Now L = lim — -—— = lim 


(£ + 2) G(£ + 2) 


c -1 


G lim (£ + 2) 

£—>oo 


C-l • 


If G < 1, L = oo and I diverges. 

If G = 1, L = 2 and / converges to ln 2 + ln 2° = ln 2. 

If G > 1, L = 0 and I diverges to — oo. 

79. No, I = / 0 °° /(x) dx must be divergent. Since lim f(x) = 1, there must exist an N such that if x > N, then /(x) > |. 

Thus, I = Ii + Ii = J^ /(x) dx + f^° /(x) dx, where h is an ordinary definite integral that has a finite value, and h is 
improper and diverges by comparison with the divergent integral | dx. 
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7 Review 

CONCEPT CHECK 


1. See Formula 7.1.1 or 7.1.2. We try to choose u = f(x) to be a function that becomes simpler when differentiated (or at least 
not more complicated) as long as dv = g'(x) dx can be readily integrated to give v. 

2. See the Strategy for Evaluating f sin 1 " x cos" x dx on page 497. 

3. If \/a 2 — x 2 occurs, try x = a sin 9; if \J a 2 + x 2 occurs, try x = a tan 9 , and if \/x 2 — a 2 occurs, try x = a sec 9. See the 
Table of Trigonometric Substitutions on page 502. 

4. See Equation 2 and Expressions 7, 9, and 11 in Section 7.4. 

5. See the Midpoint Rule, the Trapezoidal Rule, and Simpson’s Rule, as well as their associated error bounds, all in Section 7.7. 
We would expect the best estimate to be given by Simpson’s Rule. 

6 . See Definitions 1(a), (b), and (c) in Section 7.8. 

7. See Definitions 3(b), (a), and (c) in Section 7.8. 

8. See the Comparison Theorem after Example 8 in Section 7.8. 

TRUE-FALSE QUIZ 



9. (a) True. See the end of Section 7.5. 

2 sin oc 

(b) False. Examples include the functions f{x) = e x , g(x) = sin(a; 2 ), and h(x) = -. 

11. False. If f(x) = 1/x, then / is continuous and decreasing on [1, oo) with lim f(x) = 0, but f(x) dx is divergent. 


13. False. Take f(x) = 1 for all x and g(x) = —1 for all x. Then f(x) dx = oo [divergent] 
and / a °° g(x) dx = — oo [divergent], but [/(*) + g(x)] dx = 0 [convergent]. 
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EXERCISES 




x + 2 H— ) da; : 
n \ ®, 


-a; 2 + 2a; + In |a;| 


— (2+ 4 +In 2) — (^ + 2 + 0) — ^ + In 2 


u — cos 6/, 
du = — sin 6 d0 


3. /; /2 sin 0 e cos e d0 = f° e“ (-dw) 

= fg e“ dw = |"e“ I = e 1 — e° = e — 1 


d7 


■ d7 = 


27 + 1 7+1 


dt [partial fractions] = In 1 27 + 1 j — In 17 + 11 + C 


u = cos 6, 
du — — sin 6 d6 


' J 27 2 +37 + 1 J (27 + 1)(7 + 1) 

7. JJ 1 ^ 2 sin 3 0 cos 2 9dO = fj^ 2 (l — cos 2 0) cos 2 9 sin0 dO = f°(l — u 2 )u 2 (— du) 

= / 0 V - n 4 )du = [§w 3 §w 5 ]J = (| - I) - 0 = A 

9. Let w = In 7, du = dt/t. Then J s ^ n (| n ^ _ J g j n uc [ u = — cog u _|_ q _ _ cos (] n _|_ q 
11. Let x = sec 6. Then 


V® 2 - 1 , r' 3 tan (9 

-d® = 


r tan 9 gec $ tan 8 dd = f tan 2 9 d9 = f (sec 2 9 — 1) d0 = [tan 0 — 0] = \/3 — ^ 

Jo sec 0 Jo Jo 

13. Let w = y/x. Then w 3 = x and 3 w 2 dw = dx, so f dx = f e w ■ 3w 2 dw = 37. To evaluate I, let u = w 2 , 

dv = e w dw =>■ du = 2w dw, v = e w , so I = / w 2 e w dw = w 2 e w — f 2we w dw. Now let U = w, dV = e w dw => 

dU = dw, V = e w . Thus, I = w 2 e w — 2 [we w — f e w dw] = w 2 e w — 2we w + 2e TO + C\, and hence 

37 = 3e w (w 2 - 2w + 2) + C = 3e x 2/3 - 2x 1/3 + 2) + C. 

x — 1 


7t/3 


15. 


x — 1 JL + 73 


x 2 + 2® ®(® + 2) ® ® + 2 

to get —1 = 2A, so + = —Thus, f 4 —dx = f (—— H-—4 dx = — 

2 J ® 2 + 2® J \ x x + 2J 


x — 1 = A(® + 2) + 73®. Set ® = —2 to get —3 = —273, so 73 = §. Set ® = 0 


= In |®| + | In |® + 2| + C. 


17. Integrate by parts with w = ®, dw = sec ® tan ® d® 


du = d®, w = sec x: 


f x sec x tan xdx = x sec x — f sec ® dx = x sec ® — lnjsec ® + tan x\ + C. 


19. 


x + 1 


® + 1 


9® 2 + 6® + 5 


(9® 2 + 6® + 1) + 4 


/ 


dx = 


J 


x + 1 


(3® + l) 2 +4 


d® 


77= 3x + 1, 

d77= 3 dx 


u , If 2 7 1 1 , , 2 2 1 _1 /I \ _ 

dW+ 9y ^T^ dM= 9'2 lll(u + 4 )+9'2 tan (2 U ) +C 


9 J u 2 + 4 

= ^ ln(9® 2 + 6® + 5) + | tan -1 [|(3® + 1)] + C 
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/x 2 - 4x J y/(x 2 - Ax + 4) - 4 J h x _ 2 ~) 2 _ 22 


2 sec 0 tan (MO 
2 tan 0 


x — 2 = 2 sec 0, 
dx = 2 sec 0 tan 6 d6 


= f sec 9 dd = In |sec 9 + tan 9\ + Ci 


, x — 2 V * 2 — 4x „ 

=ln — + } S— +Gi 


= In lx — 2 + \/x 2 — Ax I + <7, where C = Ci — In 2 



V (x ~ 2 ) 2 - 2 2 
= \/x 2 - 4x 


23. Let x = tan 9, so that dx = sec 2 9 d9. Then 

r dx r sec 2 9 d9 f sec 9 

J x y/x 2 + 1 J tan 9 sec 9 J tan 9 


= f esc 9 d9 = In |csc 9 — cot 9\ + C 
= In + (7 = In ^ + 7 ~ 1 +C 

XX X 



3x 3 — x 2 + 6 x — 4 _ Ax + B Cx + D 
(x 2 + l)(x 2 + 2 ) x 2 + 1 ~ ^ x 2 + 2 


3x 3 — x 2 + 6 x — 4 = (Ax + B ) (x 2 + 2 ) + (Cx + D ) (x 2 + l). 


Equating the coefficients gives A + C = 3, B + D = —1, 2A + (7 = 6 , and 2 B + D = —4 
A = 3, C = 0, B = -3, and D = 2. Now 


3x 3 — x 2 + 6 x — 4 
(x 2 + l)(x 2 + 2 ) 


dx = 3 f —=—4" dx + 2 f f X — ^ ln(x 2 + l) — 3tan 1 x + \/ 2 tan 1 ( + C. 
J x 2 + 1 J x 2 +2 2 K ’ \\[2) 


27. j 0 7r/2 cos 3 x sin2xdx = /J ^ 2 cos 3 x (2sinx cosx) dx = f^ 2 2 cos 4 x sinx dx = [— § cos 5 x] ” /2 = § 


2 „„<,5 T+ 2 _ 2 


29. The integrand is an odd function, so / - ,— r dx = 0 [by 4.5.6(b)], 

J — 3 1 + fI 

31. Let u = \Je x — 1. Then u 2 = e x — 1 and 2u du = e x dx. Also, e x + 8 = u 2 + 9. Thus, 


e + 8 /, (8+9 A u 2 + 9 7 0 V + V 


Q 1 3 

= 2 u — jj tan -1 = 2[(3 — 3 tan -1 1) — 0] = 2(3-3- ^ =6 


33. Let x = 2 sin0 =>■ (4 — x 2 )'^ 2 = (2 cos 0) 3 , dx = 2 cos 0 dO,! 


_ j" 4 sin 0 2 cos q ^9 _ f tan 2 0 d9 = [ (sec 2 9 — l) dO 
J 8 cos ' 3 9 J J 

= tan 6 > - 0 + (7 = ^ - sin " 1 W <7 

n/ 4 - x 2 V 2 / 


-r-^r dx = / -— 2 cos 6 dO = / tan 2 9 dO = 

(4 — x 2 ) 3/2 J 8 cos 3 9 J 
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'x(l + Vx) J sJx\/\ + ~Jx \du = 


1=1+ s/x, 




— 4 + C — - 


37. j (cos x + sin ®) 2 cos 2xdx = f (cos 2 x + 2 sin ® cos x + sin 2 x) cos 2 xdx = f (1 + sin 2x) cos 2x dx 

= f cos 2x dx + | f sin 4 xdx = | sin 2x — | cos 4 x + C 

Or: f (cos x + sin x) 2 cos 2x dx = J (cos a; + sin ®) 2 (cos 2 x — sin 2 x) dx 

= f (cos x + sin ®) 3 (cos x — sin x)dx = \ (cos x + sin ®) 4 + Ci 


39. We’ll integrate I = 


dx 

— -—-Tj dx by parts with u = xe 2x and dv = — -— -j. Then du = (x ■ 2e 2x + e 2x • 1) dx 

(1 4~ 2x ) (1 4“ 2xJ 


and v = — i • -—3——, so 
2 1 4- 2a; 


1 ®e 


2 14-2® 


f 1 ' 2 xe 2x 
lo (1 + 2a;) 2 


dx — e 


1 e 2x (2x + 1) 

2 ' 1 + 2 ® 


4 4® + 2 


, ®e 11 2x . /~i 2 x 

dx = -1— ■ —e + G = e 

4® + 2 2 2 


4 4® + 2 




dx = lim 


l (2® + l) 3 A (2®+ 1)3 


/ |(2x + l)- 3 2d® = t lim 


= —- lim 


4 t-*oo [ (21 + l) 2 9 


-A =- 0- 


9 / 36 


[ dX u ln ^’ = [ — = In |«| + C = In |ln®| + C, so 
J x In x \_du = dx/x J J u 


—j = lim / —T— = 1 

®ln® t-»oo /, ®in® t 


r l £ 

lim In |lnx| = lim [ln(lnt) — ln(ln2)] = oo, so the integral is divergent. 

i —>oo J 2 t — >oo 


[ d® = lim [ dx = lim [2 Vx In ® — 4 \fx 1 
Jo v® t->o+J t Vx t->o+L J; 


= lim + [(2 • 21n4 — 4 • 2) - (2 vA ln4-4 Vt)} = (41n4-8) - (0 - 0) =41n4- 8 

Let u = In ®, dv = —7= dx =+■ du = — dx, v = 2 Vx. Then 
Vx x 

f dx = 2 sjx. In x — 2 f = = 2 Vx In ® — 4 Vx + C 
J Vx J Vx 

lim (2 Vt In t) = lim ^ = lim = lim (-4 Vt) = 0 


t-> 0 + t -1 / 2 t—»o+ —17 -3 / 2 t-> 0 + 


1 dx = lim f (-V— -5=^®= lim f (x 1 ^ 2 — x 1 ^ 2 )dx = lim [2® 3 ^ 2 — 2® 1 ^ 2 ] 

Vx t-o+ A Vx) t-o+A t =o+L 3 J* 

! i ” [(! - 2 ) - ( I ' 1 ' 2 - 2 ‘ 1/s )] = -1 - 0 = -1 


=-±- 0 =-± 
3 3 
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49. Let u = 2x + l. Then 


r dx - - 

r \du 1 

f° du i 

r du 

/_ oo 4a; 2 + 4x + 5 J 

-oo M 2 + 4 2 J 

-oo « 2 +4 2 J 

0 M 2 + 4 


1 

2 


lim T^tan 

t —► — oo 




l[o-(-f)] + Mf-o] 


7T 

4 • 


51. We first make the substitution t = x + 1, so ln(x 2 + 2x + 2) = In [(* + l) 2 + l] = In (t 2 + 1). Then we use parts 
with u = ln(t 2 + 1), dv = dt: 

J In (t 2 + 1 )dt = t In (t 2 + 1 )- J = t ln (^ + 1) - 2 J = t ln (^ + X ) “ 2 J dt 

= t ln(i 2 + 1) — 2t + 2 arctan t + C 

= (x + 1) ln(a: 2 + 2x + 2) — 2x + 2 arctan(x + 1) + K, where K = C — 2 


[Alternatively, we could have integrated by parts immediately with 
u = h\(x 2 + 2x + 2).] Notice from the graph that f = 0 where F has a 
horizontal tangent. Also, F is always increasing, and f > 0. 

53. From the graph, it seems as though f~ n cos 2 x sin 3 x dx is equal to 0. 
To evaluate the integral, we write the integral as 
I = J 2w cos 2 * (1 — cos 2 x) sin x dx and let u = cos x =>• 
du = — sin xdx. Thus, I = f* u 2 ( 1 — u 2 )(—du) = 0. 




57. Let u = sin®, so that du = cos x dx. Then 
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(b) Let u = a sin 9 =>■ du = a cos 9 d8, a 2 — u 2 = a 2 (l — sin 2 9) = a 2 cos 2 9. 


Va*— 


■ dn = 


/ a 2 cos 2 9 r 1 - sm 2 9 f, i „ 

— -^— d9 = -=- d9= (esc 2 9 — 1 ) d9 = — cot 9 — 9 + C 

a 2 sin 2 6 J sin 2 9 J 


Va-^ 


~ sin ~ 1 G) +c 


61. For n > 0, /“ x n dx = lim [x n+1 /(?x + 1)] * = oo. For n < 0, x n dx = fg x n dx + f x" dx. Both integrals are 
improper. By (7.8.2), the second integral diverges if — 1 < n < 0. By Exercise 7.8.57, the first integral diverges if n < — 1. 
Thus, ff° x n dx is divergent for all values of n. 

ti \ 1 a b ~ a 4-2 1 

63 - /(x) = h^’ Ax = ^r = T = 5 

(a) Tio = ^{/(2) + 2[/(2.2) + /(2.4) + • • • + /(3.8)] + /(4)} « 1.925444 

(b) M 10 = i[/(2.1) + /(2.3) + /(2.5) + • • • + /(3.9)] « 1.920915 

(c) Sio = 5 ^ [/( 2 ) + 4/(2. 2 ) + 2 /( 2 .4) + • • • + 2/(3.6) + 4/(3.8) + /(4)] « 1.922470 

2 4- In x 




2 1 

H-irx;-— • Note that each term of 


x 2 (lnx ) 3 x 2 (lnx ) 3 x 2 (lnx ) 2 


/"(x) decreases on [ 2 ,4], so we’ll take K = /"( 2 ) « 2 . 022 . \E T \ < 


K(b - a) 3 2.022(4 - 2 ) 3 


12 n 2 


12(10) 2 


= 0.01348 and 


| E ,|<y = 0.00674. |Ex|< 0.00001 « «. „» > 10 5 ( 2 . 022 )( 8 ) 


Take n = 368 for T n . \Em\ < 0.00001 4=> n 2 > 


12 n 2 ~ 10 s " " 12 

n > 259.6. Take n = 260 for M n 


n > 367.2. 


10 5 ( 2 . 022 )( 8 ) 


24 


67 - At = (i-°)/ 10 = 4 

Distance traveled = ff° v dt « 5io 

= 6 ?T 3 l 40 + 4 ( 42 ) + 2 ( 4 5) + 4(49) + 2(52) + 4(54) + 2(56) + 4(57) + 2(57) + 4(55) + 56] 
= ^(1544) = 8.57 mi 
69. (a) /(x) = sin(sinx). A CAS gives 

/ (4) (x) = sin(sin x) [cos 4 x + 7 cos 2 a: — 3] 

+ cos(sin x) [6 cos 2 x sin x + sin a;] 

From the graph, we see that I /^ ( x ) I < 3.8 for x € [0, 7 r]. 



-4 

(b) We use Simpson’s Rule with f(x ) = sin(sinx) and Ax = fg'. 

fg fix) dx « ^ [/(0) + 4 f(fg) + 2:/(2g) + • • • + 4/(2g) + /(tt)] « 1.786721 

From part (a), we know that | (x) I < 3.8 on [0, 7 r], so we use Theorem 1.1 A with K = 3.8, and estimate the error 

” S |£s ' S 3 180|io)i >5 “ 
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3 871 

(c) If we want the error to be less than 0.00001, we must have \Es\ < 4 < 0.00001, 


4 \ 

son > 


— onln Inm \ ~ 646,041.6 => n > 28.35. Since n must be even for Simpson’s Rule, we must have n > 30 
180(0.00001) 


to ensure the desired accuracy. 


71. (a) - & f n X > -\= for x in [1, oo). f -\= dx is divergent by (7.8.2) with p = 1 < 1. Therefore, f ^ J 
\/x sjx J 1 sjx 2 A yjx 


divergent by the Comparison Theorem. 


Ill 1 

, < —== = — for x in [1, oo). / —^ dx is convergent by (7.8.2) with p = 2 > 1. Therefore, 

/1 + x 4 Vx 1 x 2 J 1 x 2 


Ji \/l + x 4 


dx is convergent by the Comparison Theorem. 


73. For x in [0, f ], 0 < cos 2 x < cos x. For x in [f, 7r], cos x < 0 < cos 2 x. Thus, 
area = (cos x — cos 2 x) dx + f\ 2 (cos 2 x — cos x) dx 

= [sin x — §x- ±sin2;r]o /3 + [±x + \ sin 2x - sinx] * /2 = [(l - f) - 0] + [f - (f - l)] = 2 

75. Using the fonnula for disks, the volume is 

V = fg'' 2 it [/(x)] 2 dx = tt fg / ' 2 ( cos 2 x ) 2 dx = tt J^ 2 [|(1 + cos2x)] 2 dx 

= j fi' 2 (l + cos 2 2x + 2 cos 2x) dx = j f^ 2 [l + \(1 + cos4x) + 2 cos 2x] dx 

= f [§*+ l(l sin4a; ) + 2 (l sin2a; )]o /2 = f [(¥ + I -O + O) -°] = Te 71-2 

77. By the Fundamental Theorem of Calculus, 

/o°° /'(*)dx = lim fo f'( x ) dx = , lim [/(*) - /(°)] = , lim ftt) ~ /(°) = 0 ~ /(0) = -/(0). 

u t—*-oo u t—»oo t—>oo 

79. LetM = l/x =>■ x = 1/w =4> dx = — (1 /m 2 ) dn. 

f°° lnx T 0 In (1 /m) / dn\ T 0 — lnu . . f 0 lnu , f 00 lnr, 

— = Lin?**"-/„ — 


/o 1 + X 2 


Therefore, 


- dx = — 


- dx = 0. 



□ PROBLEMS PLUS 



By symmetry, the problem can be reduced to finding the line x = c such that the shaded area is one-third of the area of the 
quarter-circle. An equation of the semicircle is y = \/49 — x 2 , so we require that ff \/49 — x 2 dx = \ ■ \7 t(7) 2 
[|x %/49 — x 2 + ^ sin' 1 (a;/7)] C Q = |§ 7 T [by Formula 30] -*=> 4 c ^/ 4 g _ c 2 4 g sin -1 (c/7) = |§ 7 r. 

This equation would be difficult to solve exactly, so we plot the left-hand side as a function of c, and find that the equation 
holds for c « 1.85. So the cuts should be made at distances of about 1.85 inches from the center of the pizza. 


3. The given integral represents the difference of the shaded areas, which appears to 
be 0. It can be calculated by integrating with respect to either x or y, so we find x 
in tenns of y for each curve: y = v^l — x 7 => x = f/l — y 3 and 

y = \/l — x 3 => x = %/l — y 7 , so 




dx. But this 


equation is of the form 2 


So fg ( \/l — x 7 — \J\ — x 3 ) dx = 0. 



5. The area A of the remaining part of the circle is given by 



which is the area of an ellipse with semiaxes a and a — b. 

Alternate solution: Subtracting the area of the ellipse from the area of the circle gives us na 2 — nab = na(a — b ), 
as calculated above. (The formula for the area of an ellipse was derived in Example 2 in Section 7.3.) 
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7. Recall that cos A cos B = |[cos(j4 +- B) + cos(A — B)}. So 

/(x) = fg cos t cos(x — t) dt = \ Jg [cos(t + x — t) + cos (t — a : + t)]dt = \ ff [cos x + cos( 2 1 — at)] dt 
= | [i cos x + | sin(2t — *)] q = f cos x + | sin(27r — x) — \ sin(— x) 

= § cosx + | sin(— x) — | sin(— x) = f cosx 

The minimum of cos x oil this domain is —1, so the minimum value of f(x) is f(ir) = — 

_ X^)k 

9. In accordance with the hint, we let 4 = J 0 dx, and we find an expression for Ik+i in terms of Ik- We integrate Ik+i 

by parts with u = (1 — x 2 ) fc+1 =>■ du = (k + 1)(1 — x 2 ) (— 2 x), dv = dx => v = x, and then split the remaining 

integral into identifiable quantities: 

4 + i = x(l - x 2 ) fc+1 |p + 2 (k + 1 ) fg x 2 (l - x 2 ) k dx = ( 2 k + 2 ) fg( 1 - x 2 ) fc [l - (1 - x 2 )] dx 

= (2k + 2)(4 — 4+i) 

2fc + 2 

So 4+i [1 + (2k + 2)] = (2k + 2)4 => 4+i = -pr. --4- Now to complete the proof, we use induction: 

2rv o 


4 


2° (0!) 2 

1 11 ’ 


1 ! 


so the fonnula holds for n = 0. Now suppose it holds for n = k. Then 


T 2k+ 2 T 2k + 2 \ 2 2k (k\) 2 

4+i = „ 4 = 


2k + 3 2k + 3 


(2k + 1 )! 


2(k + l) 2 2 fe (fc !) 2 _ 2(k +- 1 ) 2(k + l)2 2k (k\) 2 


(2k + 3)(2k + l)\ 2k+ 2 (2k + 3)(2fc +-1)! 


[ 2 (k + l )] 2 2 2 fe (fc !) 2 _ 2 2(fc+1) [(k + l )!] 2 


(2k + 3)(2 k + 2) (2k + 1)! [2 (k + 1) +-1]! 

So by induction, the formula holds for all integers n > 0. 


11. 0 < a < b. Now 


[bx + a(l — x )] dx = 


r b u * 


io 


Now let y = lim 


(6- a) 

b t+1 — a t+1 llft 


du [u — bx + a(l — x)] = 


„t+l 


(t + 1)(6 - a) 


b t+1 - a t+1 
(t + 1)(6 - a)' 


(t + 1)(6 — a) 

so we can apply THospital’s Rule to get 

, , 4 +1 hi6-a t+1 lna 1 

inw = lim 
y t-» o 


. Then In y = lim 


■In 


t=3 [t (t + !)(& — a) 


. This limit is of the fonn 0/0, 


Therefore, y = e 1 (— 


b t+1 — a t+1 t+ 1 

6 \ “) 


b In 6 — o In a b In b a In a . , b b ^ b 

— 1 = i---in e = In - 


b — a 


b — a b — a 


ea“/(^ —a ) 
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13. Write I = 


/(TT75F* 


(1 + x 6 ) 2 

2 ■ 1 


du = 3x 2 dx, v = 


6 ( 1 + . 


=+ I = 


7 --T 77 T dx. Integrate by parts with u = x 3 , dv = — —-—— dx. Then 

(1 + x 6 ) 2 & (1 + x 6 ) 2 

1 r x 2 

- / —-—- dx. Substitute t = x 3 in this latter integral. 

2 J 1 + x 6 


6(1 + a : 6 


aT 


1 + x® dX = 3 


l j J^ = l tan 1 1 + C = i tan 1 (x 3 ) + C. Therefore I = - ^ X + ^ ^ tan 1 (x 3 )+C. 


Returning to the improper integral, 

JS " 


1 + x c 


dx = lim 


lim / 7-- —- Ltd ; = mu 

t^oo J_ x (1 + x 6 ) 2 t-°o 


dx = lim 


- —— 4—tan 1 (o^ 3 ) 

6(1+ S 6 ) 6 V ; 


= lim ( — + - tan 1 (t 3 )+ 1 1 *— 1 


= 0 + 


1 - l tan x (-l) 


6(1 + 1 ) 6 


1 , 

/7T\ 

1 

1 , 

< 7T \ 

7T 

i 

6 

L 2/ 

12 

6 ’ 

4/ 

= 12 _ 

12 


15. 



^ 7T 7T 1 


An equation of the circle with center (0, c) and radius 1 is x 2 + (y — c) 2 = l 2 , so 

an equation of the lower semicircle is y = c — 7l — x 2 . At the points of tangency, 

the slopes of the line and semicircle must be equal. For x > 0, we must have 

y'— 2 =+ =2 =>■ x = 2 y/l — x 2 =+ x 2 = 4(1 — x 2 ) =+ 

Vl — x 2 

5x 2 = 4 =+ x 2 = | =+ x = |75 and so y = 2(| 75) = | 75. 


The slope of the perpendicular line segment is — \ , so an equation of the line segment is y — | 75 = — |(x — | 75) -*=> 

y = —I* + §75 + §75 +> j/ = —I* + 75, so c = 75 and an equation of the lower semicircle is y = 75 — \/i — x 2 . 
Thus, the shaded area is 


r( 2/5)+5 

' ,— , -\ 1 

L [( 

75- 7l - x 2 ) — 2x 


75 x — — x 2 — - sin 1 x — x 2 


= 2 


= 2 


'a/5 1 1 . 

2 -• ——-sin 

5 ^5 2 


2 

71 


(2/5)+5 

0 

- 2 ( 0 ) 


1 1 • -1 / z 
1 — - sin | —=. 

v 5 


= 2 — sin 1 1 —= 

75 
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8 □ 

8.1 Arc Length 


1. y = 2x — 5 => L = ^/l + ( dy/dx ) 2 da: = 1 fl + (2 ) 2 d* = -\/5 [3 — (—1)] = 4 a/5. 

The arc length can be calculated using the distance formula, since the curve is a line segment, so 
L = [distance from (-1, -7) to (3,1)] = y/[3 - (-1 )] 2 + [1 - (-7 )] 2 = ^80 = 4 a/5 
3. y = sin* => dy/dx = cosx =4> 1 + {dy/dx) 2 = 1 + cos 2 *. So L = fg y/l + cos 2 xdx « 3.8202. 


$-x = ^y-y => dx/dy = 1/(2 yT/) - 1 => 1 + {dx/dy) 2 = 


= ( J-- 


V2^ 


SoL -/ 1 v 1 + V2^ 


- 1 dy « 3.6095. 


7. y = 1 + 6* 3,/2 =>■ dy/dx = 9x 1 ^ 2 =>■ 1 + {dy/dx) 2 = 1 + 81*. So 


L = fg \f\ + 81* dx = /j 82 u 1,/2 (4j- du) 


u = 1 + 81x, 
du — 81 dx 


^•iK / 2 ]r=^( 82 ^- 1 ) 



X 1 

y= T + 4~x 


y =x 


4 * 2 


1 + {y') 2 = 1 + * 4 - - + 


2 ' 16* 4 
2 


= * 4 + - + 


L=J^ v 7 !+W* = | 


2 

* + - 9 

4 * 2 


2 ' 16* 4 
2 


= *" + 


4 * 2 ) 


dx = 




* 2 + 4§2 ) dx 


3 X 


4* 


8 1 

3 8 


1 _ 1\ _ 7 1 _ 59 

3 4,)~3 + 8~24 


11. * = \y/y{y- 3) = \y 3/2 - y 1/2 


dx/dy = \y 1/2 - \y 1/2 =*► 

1 + {dx/dy) 2 = 1 + \y - \ + ft / -1 = \y + § + ft / -1 = (§y 1/2 + ||/" 1/2 ) ■ So 

L = fi ( W 2 + ^- 1/2 ) = 2 [§2/ 3/2 + 2?/ 1/2 ] * = 3 [(I - 27 + 2 - 3) - (I - 1 + 2 - 1)] 

= l(24-f) = 2(f) = f- 

. , . du sec* tan* , ( dy\ 2 2 2 

13. y = inlsec*) => — = - = tan* => 1 + — =1 + tan * = sec *, so 

dx sec x \dx 


L = Jg^ 4 Vsec 2 xdx = fg^ 4 |sec*| dx = Jjf 4 sec * dx = |^ln(sec * + tan *)j 
= in (a /2 + 1 ) - ln(l + 0 ) = in (a /2 + l) 


7t/4 


. So 
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15. V=\ x2 -\ In a; 
So 


V =2 X -T X 


i + (y 1 ) 2 = i + -7X- 


+ 




x* + - + ■ 


2 4a; 2 J 4 2 4a; 2 


= hr* + 


2a; 


L = £ V 1 + (if') 2 dx = J* 


1 1 

2 X+ 2 ^ 


da; = 


17. y = ln(l — a; 2 ) =>■ y' = 


1 2 1,, 

-x + - In |a;| 


( 2a;) 


— I 1 + “ l n 2 ) — ( T+0) — - + - In 2 


1 1 , 7 

2 X+ Yx ]dX 


3 1 


i + i'f i -i + 

dx 


1 — x 2 

4x 2 _ 1 — 2x 2 + x 4 + 4x 2 _ 1 + 2a; 2 + x 4 _ (1 + x 2 ) 2 


(1 — a; 2 ) 2 


(1 — x 2 ) 2 


i + i?i = 

dx 


1 + x 

1-x 2 


2\ 2 


1 + a: 2 
1 — x 2 


= -1 


1 — x 


(1 — x 2 ) 2 (1 — a; 2 ) 2 


2 , , 1 1 
[by division] = — 1 + -—;- \- 


1 + X 1 — X 


[partial fractions]. 


So L = 


19. y = ±x 2 


f Q (~ 1+ lT^ + T^) dX = H r + ln l 1 + ;r l “ lll l 1 ^*l]o /2 = (“I + ln l - ln l) - 0 = In3- ±. 
dy/dx = x =>■ 1 + ( dy/dx ) 2 = 1 + x 2 . So 

L = J y/l + X 2 dx = 2 fg \/l + X 2 dx [by symmetry] = 2 [ § y/T+lr 2 + \ In (a; + y/T+lr 2 ) ] * 

= 2[(i V2+ i In (1 + ^2)) - (0+ ±lnl)] = v/2 + ln(l + y2) 


or substitute 
x — tan 6 


From the figure, the length of the curve is slightly larger than the hypotenuse 
of the triangle fonned by the points (1, 2), (1,12), and (2,12). This length 
is about \/ 10 2 + l 2 « 10 , so we might estimate the length to be 10 . 

y = x 2 +x 3 => y' = 2x + 3x 2 => 1 + (j /') 2 = 1 + (2x + 3a; 2 ) 2 . 

So L = fl sjl + (2x + 3a ; 2 ) 2 dx « 10.0556. 

23. y = xsinx => dy/dx = xcosx + {sinx)(l) => 1 + (dy/da ;) 2 = 1 + (a;cosa; + sina;) 2 . Let 

f(x) = \J\ + (dy/dx) 2 = sjl + (a; cos a; + sin a;) 2 . Then L = / Q 27r f(x) dx. Since n = 10, Ax = 2 \~ 0 = f. Now 
L&S W 

= T [/(0) + 4/(f) + 2/(f) + 4/(f) + 2 /(f) + 4/(f) + 2 /(f) + 4/(f) + 2 /(f) + 4/(f) + /(2 tt)] 
« 15.498085 

The value of the integral produced by a calculator is 15.374568 (to six decimal places). 

25. y = ln(l + x 3 ) => dy/dx = ^ + 3 • 3a ; 2 =>■ L = J 3 f(x) dx, where f(x) = yT+ 9a; 4 /(l + x 3 ) 2 . Since n = 10, 

Ax = = 4. Now 

LmSio 

= if [/( 0 ) + 4/(0.5) + 2/(1) + 4/(1.5) + 2/(2) + 4/(2.5) + 2/(3) + 4/(3.5) + 2/(4) + 4/(4.5) + /(5)] 

« 7.094570 

The value of the integral produced by a calculator is 7.118819 (to six decimal places). 
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(b) 



Let f{x) = y = x \J4 — x. The polygon with one side is just 
the line segment joining the points (0, /(0)) = (0,0) and 
(4, /(4)) = (4, 0), and its length L\ = 4. 

The polygon with two sides joins the points (0, 0), 

(2, /(2)) = (2, 2 y/2) and (4, 0). Its length 


L 2 = 


2-0) 2 + (2 \/2 — 0) 2 + \J {4 — 2) 2 + (0 — 2 ^2 f = 2 V4 + 2 8 / 3 « 6.43 


Similarly, the inscribed polygon with four sides joins the points (0,0), (l, v^3), (2, 2 v^2), (3,3), and (4, 0), 
so its length 


U = ^1+ (^3) 2 +^1 + (2^2- ^3) 2 + ^/l+ (3-2^2) 2 + vT+9 « 7.50 


dy 

(c) Using the arc length formula with —— = x I ^ 

dx 


|(4 -x) 2/3 (-l) + %[4- 


12 - 4x 
3(4 - x)2/3 


, the length of the curve is 


L = 


1 + 


2 /* 4 

dx = 


1 + 


12-4* 


3(4 — x) 2 / 3 


dx. 


(d) According to a calculator, the length of the curve is L « 7.7988. The actual value is larger than any of the approximations 
in part (b). This is always true, since any approximating straight line between two points on the curve is shorter than the 
length of the curve between the two points. 


29. y = In x 


dy/dx = 1/x 


L = 


x 2 + 1 


1 + {dy/dx) 2 = 1 + 1/x 2 = (x 2 + l)/x 2 = 

dx = / dx = | \J\ + x 2 — in 


vm 


2 

1 


= -y/2 + ln(l + y/2) 


31. y 2 / 3 

dy 

dx 



= l-x 2/3 =* y = (1 - x 2 / 3 ) 3 / 2 =* 

= |(1 - x 2 / 3 ) 1 / 2 (-fx- 1 / 3 ) = -x-V 3 (l - x 2 / 3 ) 1 / 2 

) = x“ 2/3 (l-x 2/3 ) = x" 2/3 -l. Thus 


L = 4fg -\/l + (x -2 / 3 — 1) dx = 4 fg x 1 ^ 3 dx = 4 lim + f x 2 ^ 3 = 6. 
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33. y = 2* 3,/2 =>■ y' = 3a: 1 / 2 =4> 1 + ( y') 2 = 1 + 9x. The arc length function with starting point Po(l, 2) is 

s(x) = f/ s/T+Wtdt = [^(l + 97) 3/2 ]* = ^[(l + 9x) 3/2 - lOTTo]. 

1 x 1 — x 


35. y = sin 1 x + Vl — x 
1 + ( V'? 


y = 


- 1 + ( 1 - x ) 2 _ 1_- X 2 + 1 - 2a: + x 2 2 - 2a: 


Vl — x 2 Vl — x 2 Vl — x 2 

2(1 - a:) 


1 — x 2 


1 — X 2 


1 — x 2 (l + x)(l —x) 1 T x 
^/l + (y 1 ) 2 = Thus, the arc length function with starting point (0,1) is given by 


s(x) = j Q V^WWdt = J o V1+t 


dt = V2[2VTTt.] X 0 = 2 V2 (VlTx - 1). 


37. The prey hits the ground when y = 0 -*=> 180 — ^x 2 = 0 -*=> x 2 = 45 • 180 => x = V8100 = 90, 
since x must be positive, y' = — jrx => 1 + (y') 2 = 1 + jp-x 2 , so the distance traveled by the prey is 


U = -t^X, 


/* yu / 4 Z* 4 

l =J 0 v i+ 4& xadx= L ^+^(f dM ) 

= f [±u Vl + M 2 + \ ln(u + Vl + U 2 )]g= f [2 s/vt + i in (4 + Vff)] = 45 VTf + f ln(4 + Vl7) « 209.1 m 

39. The sine wave has amplitude 1 and period 14, since it goes through two periods in a distance of 28 in., so its equation is 
y = 1 sin(ptx) = sin( fx). The width w of the flat metal sheet needed to make the panel is the arc length of the sine curve 
from x = 0 to x = 28. We set up the integral to evaluate w using the arc length formula with = y cos(lix): 


L = f 28 yjl + [y cos(yx)] 2 dx = 2 fg 4 1 + [f cos(yx)] 2 dx. This integral would be very diiflcult to evaluate exactly, 
so we use a CAS, and find that L « 29.36 inches. 

41. y = VW^ldt => dy/dx = Vx 3 - 1 [by FTC1] =>■ 1 + ( dy/dx) 2 = 1 + (Vx 3 - l) 2 = x 3 =>■ 


L = f 4 V^dx = f 4 x 3 / 2 dx = | x 5 / 2 = | (32 — 1) 


= f = 12.4 


8.2 Area of a Surface of Revolution 

1. (a) (i)y = tanx =>• dy/dx = sec 2 x =>• ds = \J 1 + (dy/dx) 2 dx = V1 + sec 4 x dx. By (7), an integral for the 

area of the surface obtained by rotating the curve about the x-axis is S = f 2ny ds = j J 1 ^ 3 27T tan x\/l + sec 4 x dx. 
(ii) By (8), an integral for the area of the surface obtained by rotating the curve about the y-axis is 

S = f 2ixx ds = fg^ 3 27rxV 1 + sec 4 x dx. 

(b) (i) 10.5017 (ii) 7.9353 
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3- (a) (i )y = e~ 


dy/dx = e x - (—2x) =>- ds = y/l + ( dy/dx ) 2 dx = yl + 4x 2 e~ 2x2 dx. By (7), 


5 = f 2-ivyds = 27re * \/l + 4x 2 e _2:r2 dx. 

(ii) By (8). S = f 2 tTX ds — 2lXXy/ 1 + 4x 2 e — 2x2 dx [symmetric about thc v'-axis] 

(b) (i) 11.0753 (ii) 3.9603 

5. y = x 3 =>■ y' = 3x 2 . So 

S = fg 2ny y/l + (y 1 ) 2 dx = 27* J Q 2 X 3 \/l + 9* 4 dx [u = 1 + 9a; 4 , du = 36a; 3 da:] 
= I Ji 145 V«** = IS [|w 3/2 ] | 45 = £ (145 y/145 — l) 


7. y = Vl + 4* =+ t/' = |(1+4®) 1 ^ 2 (4) = 


l\ + 4x 


/ i + (y') 2 = \ i + 


4 _ I 5 + 4x 

1 + 4* V l + 4i 


/5 + 4x 


S = Jj 27*2/ y/l + (y') 2 dx = 27r f x y/l + Ax y ^ ^ dx = 27* f ± y/4x + 5 dx 

-2- + [S“ 3/ ’]r - f (2S 3/a - a*' 2 ) = f (!2S - 27) 
9. y = sin7nr =>- y'= 7r cos 7T# =>- 1 + (y') 2 = 1 + 7r 2 cos 2 (7nr). So 


_ 98 
~ 3 71 


S = fg 2ny yj 1 + (y') 2 d x — f* sin 7rx -y/l + 7r 2 cos 2 (7rx) dx 


= 27t v 1 + w 2 - 7 T du] = — / vl + « 2 d« 


u = 7r cos 7rx, 
du = — tt 2 sin 7rx dx 


= ~J "s /1 + « 2 ^ [tj \/l + M 2 + | ln(w + a/ 1 + « 2 ) j ^ 

= ^ [(^ \/l + 7* 2 + i 1*1(7* + Vl + 7 T 2 )) — oj = 2 \/l + 7* 2 + ^ 1*1(7* + Vl + 7* 2 ) 

H. * = |(y 2 + 2) 3/2 =+ dx/dy = \(y 2 + 2) 1/2 (2y) = y yjy 2 + 2 =+ 1 + (dx/dy) 2 = 1 + y 2 {y 2 + 2) = (y 2 + l) 2 . 

So 5 = 2Tvj 3 y(y 2 + 1 )dy = 2t* [\y* + \y 2 ]\ = 2t*(4 + 2- \ - \) = 2ii. 

13. */ = v'x =+ * = y 3 =+ 1 + (dx/dy) 2 = 1 + 9 y A . So 

S' = 2t* J 2 * ^1 + (dx/dy) 2 dy = 2t* J 2 2/ 3 ^l + 9y 4 dy = §f J 2 ^lTV 362/ 3 dy = y§ [f (l + 9y 4 ) 3/2 ] ^ 

= ^(145^145-10^10) 

15. x = y/a 2 -y 2 =+ dx/dy = 4 (a 2 - y 2 )~ 1/2 (-2y) = -y/y/a 2 - y 2 =+ 


dx \ 

i+ (-7-) = l 

\dy J 


2 2 2 2 2 

y a -y y = £ 

a 2 — y 2 a 2 — y 2 a 2 — y 2 a 2 — y 2 


S= 2ty yja 2 — y 2 


na /2 .n \ 

: dy = 2tt J ady = 2tt a [ y ] “ 2 = 27ra ^ ^ — 0 J = ' 


Note that this is 4 the surface area of a sphere of radius a, and the length of the interval y = 0 to y = a/2 is \ the length of the 
interval y = —a to y = a. 
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17 . y = |x 5 =>■ dy/dx = x A =>■ 1 + (dy/dx) 2 = 1 + x 8 => S =// 27r (|x 5 ) x/T+lc® dx. 

Let f(x) = § 7 rx 5 x/1 + x 8 . Since n = 10, A® = AA = Then 

S' « Sio 

= ^ [/(0) + 4/(0.5) + 2/(1) + 4/(1.5) + 2/(2) + 4/(2.5) + 2/(3) + 4/(3.5) + 2/(4) + 4/(4.5) + /(5)] 

« 1,230,507 

The value of the integral produced by a calculator is approximately 1,227,192. 

19 . y = xe x =>■ dy/dx = xe x +e x =>■ 1 + {dy/dx) 2 = 1 + (xe x + e x ) 2 =>■ S = fg 2ixxe x ^l + ( xe x + e x ) 2 dx. 

Let f(x) = 27rxe a: i/l + ( xe x + e x ) 2 . Since n = 10, A* = = A. Then 

S « Sio 

= nr [/(0) + 4/(0.1) + 2/(0.2) + 4/(0.3) + 2/(0.4) + 4/(0.5) + 2/(0.6) + 4/(0.7) + 2/(0.8) + 4/(0.9) + /(l)] 
« 24.145807 

The value of the integral produced by a calculator is 24.144251 (to six decimal places). 


21. y = 1/x =>■ ds = y/1 + (dy/dx) 2 dx = x/l + (— 1 /x 2 ) 2 dx = a/1 + 1 /x 4 da: 


5 = / 27r ■ — t /1 H —- dx = 2 tt 


x/x 4 + 1 


dx = 2tx 


n * 

r 4 ^r +- 2 


V« 2 + 1 71 j a 

„2 (a dM ) 


[u — x 2 , du = 2a: da:] 


7 24 

— du = 7V 


u 


t/i+l 


+ In + \/l + u 2 ^ 


= tt[-^ +ln(4+^l7) + /? -ln(l + x/2)] = ^ [4 In (x/TF + 4) - 4 In (a/ 2 + l) - ^Tf + 4 x/2 ] 
23. y = x 3 and 0 < y < 1 =>■ y' = 3x 2 and 0 < x < 1. 


S' = f 3 2 ttx y/1 + (3a ; 2 ) 2 dx = 27 t J 0 3 /I + u 2 4 du 


u — 3a: , 
du — 6a: dx 


= f Jo Vl + U 2 du 


25. S = 2-k 


= [or use CAS] ^ § w x/T-j-rj 2 + ^ In (u + x/l + u 2 ) ] g = ^ [ § Vw + ^ In (3 + x/To) ] = ^ [3 x/l0 + In (3 + x/l0) ] 

x/x 4 + 1 


dy 


y \l l + ( ^ ) dx = 2?r / -l/ 1 + TI cte = 27 r 


1 


■ dx. Rather than trying to evaluate this 


integral, note that x/x 4 + 1 > x/x 4 = a : 2 for * > 0. Thus, if the area is finite, 


S = 2tt 


x/x 4 + 1 


dx>2n +7 dx — 27t 


— dx. But we know that this integral diverges, so the area S 

x 


is infinite. 

27. Since a > 0, the curve Say 2 = x(a — x) 2 only has points with x > 0. 
[Say 2 >0 => x(a — x ) 2 >0 =4> x > 0.] 

The curve is symmetric about the x-axis (since the equation is unchanged 
when y is replaced by —y). y = 0 when x = 0 or a, so the curve’s loop 
extends from x = 0 to x = a. 
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29. 


{3ay 2 ) =-^ [x{a - x) 2 } => 6ay ^ = x ■ 2{a - *)(-!) + (a - x) 2 


dy _ (a — x)[— 2x + a — x] 
dx 


6 ay 


(a — x) 2 (a — 3x) 2 _ (a — x) 2 (a — 3x) 2 


3 a 


36 a 2 y 2 


36a 2 


x(a — x ) 2 


the last fraction 

is 1/y 2 


(a — 3x) 2 
12 ax 


i + \ d /1 -i 

k ax . 


a 2 — &ax + 9x 2 12 ax a 2 — 6ax + 9x 2 a 2 +6ax + 9x 2 (a + 3 *) 2 . 

- H - 77 ; - = - 77 ;- = - 77 ;- — for X 0. 


(a ) S = / 2ny ds = 2n 


12 ax 12 ax 12 ax 

Vx (a — x) a + 3x 


\/3a \/12 a 


dx = 2ir 


12 ax 

(a — x) (a + 3x) 
6 a 


12 a* 


dx 


■ [ (a 2 + 2 ax — 3* 2 ) dx = \a 2 x + ax 2 — * 3 1 ™ = 77 -(a 3 + a 3 — a 3 ) = 

J 0 3a L J 0 3a 

Note that we have rotated the top half of the loop about the .v-axis. This generates the foil surface. 


7T 

3a 


7r 3 _ rra 
3a 3 


(b) We must rotate the foil loop about the y- axis, so we get double the area obtained by rotating the top half of the loop: 


, /■“ a + 3* 4 tt 

S = 2 ■ 2n xds = 4n x , dx = 


* 1 ^ 2 (a + 3*) dx = - 7 = / (a * 1 / 2 + 3* 3 ^ 2 ) dx 
v3a Vo 


\/12aa; 2 \/3a Jo 


2 tt 


yifo L 3 

567 x ^3 a 2 
45 


-ax 3 ^ 2 + ^x 


5/2 


_ 27T V3 { 2 ^5/2 , ^^5/2^ _ 2"7T n / 3 2 I 6 X ^2 _ 27T \/3 (28 


. a ' +-a 
Jo 3 a \3 5 


3 V 3 5 


15 


, . x 2 y 2 y(dy/dx) x 

(a) -2 + fr = 1 =* = —2 

a 2 b z b 2 a 2 


dy _ b 2 x 
dx a 2 y 


1 + 


2 _ 1+ b 4 * 2 _ b 4 * 2 + ° 4 J / 2 _ hi ' x2 + fl4&2 (! “ x 2 /a 2 ) _ a 4 b 2 + b 4 x 2 - a 2 b 2 


a 4 y 2 


a 4 y 2 


a 4 b 2 (1 — x 2 /a 2 ) 
a 4 + b 2 x 2 - a 2 * 2 _ a 4 - (a 2 - b 2 )x 2 


a 4 b 2 — a 2 b 2 x 2 


a 4 — a 2 * 2 a 2 (a 2 —x 2 ) 

The ellipsoid’s surface area is twice the area generated by rotating the first-quadrant portion of the ellipse about the *-axis. 
Thus, 

sj a 4 — ( a 2 — b 2 )x 2 


S = 2 I 2ny \ /l+(-p) dx = I — \J a 2 — x 


dx 


_ 4t rb r Va2 ~ b2 ^ 


du 


\/a 2 — b 2 


| u - V a 2 — b 2 x] = 


a \/a 2 — x 2 
Anb 


-dx = ^- sja 4 ^{a 2 -b 2 )x 2 dx 
a J n 




“'‘GO 


ay/a 2 -b 2 


47t6 


Va 2 - b 2 L 2 


i \/a 2 — b 2 


sj a 4 — a 2 (a 2 — b 2 ) + — sin 


. _! Va 2 ~ b 2 


= 2tt 


2 , . -1 Va 2 - b 2 


a^frsin 


5 2 + ■ 


\/a 2 — b 2 


(h)— + yl = -\ =b. x ( dx / d v) _ y dx _ a 2 ?/ 

W a 2 6 2 a 2 6 2 dy 6 2 * 


1+($Y = 1 + 


4 2 7 4 2 . 4 2 i4 2/i 2/i2\ , 4 2 2 ? 4 2 7 2 2 , 4 2 

a y _ o x + a y _ b a (1 — y /b ) + a y _ a o — a b y + a y 


dy J b A x 2 b 4 x 2 6 4 a 2 (l — y 2 /b 2 ) a 2 b 4 — a 2 b 2 y 2 

_ b 4 - b 2 y 2 + a 2 y 2 _ 6 4 - ( 6 2 - a 2 )y 2 
b 4 — b 2 y 2 b 2 {b 2 — y 2 ) 

The oblate spheroid’s surface area is twice the area generated by rotating the first-quadrant portion of the ellipse about the 
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j/-axis. Thus, 



Notice that this result can be obtained from the answer in part (a) by interchanging a and b. 

31. The analogue of f(x*) in the derivation of (4) is now c — /(x* ), so 

S = lim £ 2n[c - f(x*)} \A + lf'( x i)} 2 Ax = fa 2?r [ c “ f( x )] V 1 + lf'( x )] 2 dx - 

n *°° i=\ 

33. For the upper semicircle, /(x) = \/r 2 — x 2 , f'(x) = —x/\/r 2 — x 2 . The surface area generated is 

Si = f 2n(r — \/r 2 — x 2 \ \ 1 H—, dx = 4ir [ (r — \Jr 2 — x 2 ) dx 

J-r v / V r 2 -x 2 J o V ) y/r 2 - x 2 


= 47T 


o \\fr* — x A 


r I dx 


For the lower semicircle, f(x) = — \7r 2 — x 2 and f(x) = 


Thus, the total area is S = S\ + S 2 = 8n 


\J r 2 — x 2 


, SO S 2 = 47T 




dx = Stt I r 2 sin 1 ( —^ 

Vr/Jo 


(7^ +r ) dx - 

= 8 tt r 2 ^j =47r 2 r 2 . 


35. In the derivation of (4), we computed a typical contribution to the surface area to be 27r —— 1 — |Pi_iPj|, 

the area of a frustum of a cone. When /(x) is not necessarily positive, the approximations yi = f(xt) « /(x| ) and 
Pi-i = /(xi-i) « /(x*) must be replaced by y t = |/(x*)| « |/(x*)| andj/*_i = |/(xi_i)| « |/(x*)|. Thus, 

27t ^ | Pi-i Pi | « 27r I f(x* ) | y/l + [/'(x*)] 2 Ax. Continuing with the rest of the derivation as before, 

we obtain S = j* 2n |/(x)| y/l + [/'(x)] 2 dx. 


8.3 Applications to Physics and Engineering 

1. The weight density of water is <5 = 62.5 lb/ft 3 . 

(a) P = 5d& (62.5 lb/ft 3 )(3 ft) = 187.5 lb/ft 2 

(b) F = PA « (187.5 lb/ft 2 )(5 ft)(2 ft) = 1875 lb. (A is the area of the bottom of the tank.) 

(c) As in Example 1, the area of the ith strip is 2 (Ax) and the pressure is 5d = 5xt. Thus, 

F = / 0 3 5x- 2dx« (62.5)(2) / 3 xdx = 125 [fx 2 ]® = 125(f) = 562.51b. 
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In Exercises 3-9, n is the number of subintervals of length Arc and x* is a sample point in the ith subinterval [xi-i,Xi], 


3. Set up a vertical x-axis as shown, with x = 0 at the water’s surface and x increasing in the 
downward direction. Then the area of the ith rectangular strip is 6 Ax and the pressure on 
the strip is 5x* (where 5 ~ 62.5 lb/ft 3 ). Thus, the hydrostatic force on the strip is 

n 

Sx* ■ 6 Ax and the total hydrostatic force « Y <5x* ■ 6 Ax. The total force 

z —1 


6 ft 


4 ft 


W: = 6 


F = 


n , 

lim Y 5xt ■ 6 Ax = L 5x • 6 dx 

71 *°° i =i 


65 J 2 6 xdx = 65[|x 2 ] 2 


65(18 - 2) = 965 « 6000 lb 


5. Set up a vertical x-axis as shown. The base of the triangle shown in the figure 
has length ^/3 2 — (x*) 2 , so Wi = 2 ^/9 — (x*) 2 , and the area of the ith 
rectangular strip is 2 ^/9 — (x *) 2 Ax. The ith rectangular strip is (x* — 1) m 
below the surface level of the water, so the pressure on the strip is pg(x* — 1 ). 

The hydrostatic force on the strip is pg(x* — 1) • 2^/9 — (x *) 2 Ax and the total 

n 

force on the plate « Y P9i x i ~ 1) • 2 a/ 9 — (x *) 2 Ax. The total force 

i=1 

n _ _ o ___ 

F = lim Y pg(x* — 1) • 2 </9 — (x *) 2 Ax = 2pg (x — 1) \/9 — x 2 dx 

i=1 

= 2 pg J 3 x a/ 9 - x 2 dx - 2pg J 3 ^9 - x 2 dx = 2pg [-§(9 - x 2 ) 3/2 ] ^ - 2 pg [7 /9 - x 2 + I sin_1 (|)] l 
= 2pg[0+±(8V8)] — 2pg [ (0 + | • f) - (§ 78 + § sin ” 1 (§))] 

= ^-V^pg - ifP 5 + 2^2ps + 9[sin- 1 (i)] PS = (^ 7 2 - ^ + 9sin -1 (^)) pg 
« 6.835 • 1000 ■ 9.8 « 6.7 x 10 4 N 



X 


Note: If you set up a typical coordinate system with the water level at y = — 1, then F = 


S—3 pah 1 - v) 2 7 9 - v 2 d y■ 


7. Set up a vertical x-axis as shown. Then the area of the ith rectangular strip is 

D ..... Wi Vs- x* 2 * 

By similar triangles, — =-——, so Wi = 2 -— x^. 

2 y3 V3 


2-— x? Ax. 

73 ' 


The pressure on the strip is pgx*, so the hydrostatic force on the strip is 

pgx* [2- x * j Ax and the hydrostatic force on the plate se Y P9 x i { 2 - 7 = x * ) Ax. 

\ V3 / ;=i \ 73 

The total force 



+ 0 


-V3 


7T 


i"V3 


-F 1 = lim Y P9 x t 2 - 7 = x* Ax = / pgx (2 - 7 = x dx = pg 


73' 


r-V3 


2 x-A x 2 1 dx 

73 


= P9 


9 " q 

X-7= X 

375 


vA 


= pg [(3 - 2) - 0] = pg « 1000 • 9.8 = 9.8 x 10 3 N 








SECTION 8.3 APPLICATIONS TO PHYSICS AND ENGINEERING □ 389 


17. (a) The area of a strip is 20 Ax and the pressure on it is 5xi. 

F= / Q 3 5x20dx = 205[±x 2 ] 3 = 205-§ = 905 
= 90(62.5) = 5625 lb « 5.63 x 10 3 lb 

(b) F = / 9 5x20 dx = 205 [±x 2 ] 9 = 205 ■ f = 810(5 = 810(62.5) = 50,625 lb 


40 ft 



5.06 x 10 4 lb. 


(c) For the first 3 ft, the length of the side is constant at 40 ft. For 3 < x < 9, we can use similar triangles to find the length a: 

9 — x 


a _ 9 — x 
40 “ 


a = 40- 


6 6 
3 r . , r9 c ,.„,9-I 


F = 5x40 dx + / 3 9 (5x(40) ——— dx = 405[|x 2 ] 0 + ^5 J 9 (9x — x 2 ) dx = 1805 + ^5[§x 2 — |x 3 ] 3 

= 1805+ f 5[(^ -243) - (f -9)] = 1805 + 6005 = 7805 = 780(62.5) = 48,750 lb « 4.88 x 10 4 lb 


(d) For any right triangle with hypotenuse on the bottom, 
Ax 


sin 9 = 


hypotenuse 
hypotenuse = Ax esc 9 = Ax 


V40 2 + 6 2 7409 


6 


Ax. 


I„2l9 


F = J 9 5x20 ^pdx = 1(20^409 )5[±x 
= | • 10^409 5(81 - 9) « 303,356 lb « 3.03 x 10 5 lb 



19. From Exercise 18, we have F = j( pgxw(x) dx = 64xui(x) dx. From the table, we see that Ax = 0.4, so using 
Simpson’s Rule to estimate F, we get 

F « 64 ^A[7.0w(7.0) + 4(7.4)w(7.4) + 2(7.8)w(7.8) + 4(8.2)w(8.2) + 2(8.6)w(8.6) + 4(9.0)w(9.0) + 9.4w(9.4)] 
= 2M [ 7 ( 1 . 2 ) + 29.6(1.8) + 15.6(2.9) + 32.8(3.8) + 17.2(3.6) + 36(4.2) + 9.4(4.4)] 

= 2|fi (486.04) ss 4148 lb 


2 

21. The moment M of the system about the origin is M = ^ rriiXi = m\X\ + 1 x 12 X 2 = 6 • 10 + 9 • 30 = 330. 

i=1 


2 

The mass m of the system is m = ^ m, = mi + m 2 = 6 + 9 = 15. 

i=1 


The center of mass of the system is x = M/m = ^ = 22. 


3 

23. The mass is m = m i = 4 + 2 + 4 = 10. The moment about the x-axis is M x 

i=1 


3 


T, m iVi 

i=1 


4(-3) + 2(l) +4(5) = 10. 


3 

The moment about the y -axis is M y = ^ m^x, = 4(2) + 2(—3) + 4(3) = 14. The center of mass is 

i =1 


(x,y) 




(14 10 \ 
Vio’ 10 ) 


(1.4,1). 
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25. The region in the figure is “right-heavy” and “bottom-heavy,” so we know that 
x > 0.5 and y < 1, and we might guess that x = 0.7 and y = 0.7. 

A = fg 2x dx = [a; 2 ] * = 1 — 0 = 1. 

* = i fo x ( 2x ) dx = T [I 35 ®]o = I’ 

y= A fo U 2x ) 2 dx = f fo 2x2 dx = [f* 3 ] 0 = f • 

Thus, the centroid is (x, y) = (|, |). 


27. The region in the figure is “right-heavy” and “bottom-heavy,” so we know 
x > 0.5 and y < 1, and we might guess that x = 0.6 and y = 0.9. 

A = fg 1 e x dx = [e x ]J = e - 1. 
x = fg xe x dx = [xe x — e x ] J [by parts] 


v = 3 fo 1 U eX ) 2 dx = r=7 ■ i[ e 


Jo 4(e — 1) 


-1) = ^- 


Thus, the centroid is ( x,y ) = ~ (0.58,0.93). 


29 - A = JoV /2 - x2 ) dx = [ib 3/2 - = (I - I) “ 0 = 5- 

x = \ fg x(x 1 ^ 2 — x 2 ) dx = 3 fg(x 3 / 2 — x 3 ) dx 

= 3[l- a/a -h 4 ]; = 3(| -i) = 3(40 = £• 

V=\SA [(^ 1/2 ) 2 - (^ 2 ) 3 ] dx = 3(±)/ 0 1 (x-x 4 )dx 

= 3[I X 2 _ 1 5]1 = 3/1 _ 1\ = 3/_3 \ = _9_ 

2 l2 u ' 5^ Jo 2 \ 2 5/ 2 V 10 / 20' 

Thus, the centroid is (x,y) = (^, ^). 





31. A = fg /4 (cosx — sinx) dx = [ sin x + cos x] ^ ^ 4 = \/2 — 1. 


= A 1 fg A x(cos x — sin a:) dx 
= A -1 |x(sin x + cos x) + cos x — sin x] [integration by parts] 


= A- 1 (fV2-l) = 


3^72^ 1 
\/2 — 1 



y = A 1 /; /4 | (cos 2 x — sin 2 x) dx = ^ JJ^ 4 cos 2a: dx 


ITT [ sin 2x ] o /4 = TT = 


4A 


1 

4 (v/2 — l)' 


Thus, the centroid is (x, y) 


f TT \[2 — 4 1 \ 

^4(^2 - 1) ’ 4(^2 -1) J 


(0.27,0.60). 
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33. The curves intersect when 2 — y = y 2 -O- 0 = y 2 + y — 2 -o- 

0 = (y + 2 )(y-l) y = —2 or y = 1. 

A = fl a (2-y- y 2 ) dy = [ 2 , - § y 2 - §y 3 ] = I-(-$) = $. 

x=\J-A [(2 - y? (V 2 ) 2 } dy = §-lf! 2 (4-4y + y 2 - y 4 ) dy 
= | [4t/ - 2y 2 + \y 3 - \y 5 } ^ = | [f| - (-±g)] = |. 

y= i f- 2 y( 2 -y~ y 2 ) d v = l S-opy -v 2 - y 3 ) d v 

= l[y 2 -h 3 -ky 4 t 2 = m~l) = -i 

Thus, the centroid is (x, y) = (f, — \). 

35. The line has equation y = |x. A = |(4)(3) = 6, so m = pA = 10(6) = 60. 

M* = p/:mx) 2 d X = 10 f 0 4 dx = f| [fx 3 ]* = 11(f) = 60 

My = pf 0 4 x (§x) dx = f f 0 4 x 2 dx = f [§x 3 ]* = f (f) = 160 

— _ = - and y = —- = — = 1. Thus, the centroid is ( x,y ) = (|, l). 

m 60 3 m 60 ' 13 ' 



37. A = f 4 x [(x 3 — x) — (x 2 — 1)] dx = f 4 1 (l — x 2 )dx 

= 2f 4 (l-x 2 )dx = 2[x- |x 3 ]J = 2(|) = f. 

odd-degree terms 
drop out 

3" 

(*• = (“5 ' “If) 

k 3 / / 

y = x —xu 


0 / 

x = \ /f x(x 3 — x — x 2 + 1) dx = | f 4 1 (x 4 — x 2 - 

x 3 + x) dx 

^ / \ * 


= | XXi (x 4 — x 2 ) dx = | • 2 fg(x 4 — x 2 ) dx 


/ \ 

-^y = x 2 — 1 


y=\ X-i §[(x 3 — a:) 2 — (x 2 — l) 2 ] d X = f • | (x 6 — 2x 4 + x 2 — x 4 + 2x 2 — 1) dx 

= I ' 2 Xo P - 3x4 + 3x2 -l)d X =§ [fx 7 - fx 5 + x 3 - x ]l = | (-if) = -|f. 
Thus, the centroid is (x, y) = (— |, —1|). 


39. Choose x- and y-axes so that the base (one side of the triangle) lies along 
the x-axis with the other vertex along the positive j/-axis as shown. From 
geometry, we know the medians intersect at a point | of the way from each 
vertex (along the median) to the opposite side. The median from B goes to 
the midpoint (| (a + c), 0) of side AC, so the point of intersection of the 
medians is (| • |(o + c), |b) = (|(o + c), |&). 



[continued] 
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This can also be verified by finding the equations of two medians, and solving them simultaneously to find their point of 
intersection. Now let us compute the location of the centroid of the triangle. The area is A = A (c — a)b. 

Iff 0 b, . , r b, , , 1 1 \b 2 \ b f c , 2 , , ' 

x=— / x- o — x) ax + / x--(c — x)dx = — — / (ax — x ax H— / cx — x ax 

a Jo c v J A[aJ a cj 0 K ’ \ 


= —— -ax — -x + — -cx — -x =-— —-a +-a +-— -c —-c' 


Aa\ 2 


^ -a ^ c _ r 2 2-. _ a i- 

a(c — a) 6 c (c — a) 6 3 (c — a) 3 


_ 1 [ f° 1/6 , A 2 , f c 1/6, A 2 , 

ana V = ~r / - —{a — x) ax + \ - -(c — x) ax 

A J a 2\a y V J 0 2Vc v V 


= ~^ 2 q 2 / (a - 2a® + ® ) d® + — / (c — 2c® + ® 2 ) cfcr 


7 + ^i* - + MS 


= j - i«') + 33(0' - o' + Jo') | --Vlir<-« + o)l - 


2 (c — a)6 2 _ b 
(c — a) b 6 3 


Thus, the centroid is (x, y) = + C , ^, as claimed. 

Remarks: Actually the computation oft/ is all that is needed. By considering each side of the triangle in turn to be the base, 
we see that the centroid is 4 of the way from each side to the opposite vertex and must therefore be the intersection of the 


medians. 

The computation of y in this problem (and many others) can be y t 

( 0 , 6 ) _ 

simplified by using horizontal rather than vertical approximating rectangles. [ ? 

/ 'v b — y 

If the length of a thin rectangle at coordinate y is £{y), then its area is /_) y 

£(y) Ay, its mass is p£(y) Ay, and its moment about the x-axis is T 

AM, = py£(y) Ay. Thus, b- c-a -H 

M x = f pyify) dy and y = S P ye ( y ) dy = jf y£(y) dy 
c — a 

In this problem, £(y) = —-— (b — y) by similar triangles, so 

v = j So Ar y{p - y ^ dy = fp So ( by ~ y 2 ) dy = J> [W - l^ 3 ]o = h'\ = \ 

Notice that only one integral is needed when this method is used. 

41. Divide the lamina into two triangles and one rectangle with respective masses of 2, 2 and 4, so that the total mass is 8. Using 
the result of Exercise 39, the triangles have centroids (—1, |) and (l, |). The centroid of the rectangle (its center) is (0, — |). 

M 1 3 

So, using Formulas 5 and 7, we have y = —- = — Y1 m iVi = § [2(f) + 2(|) + 4(—§)] = |(|) = and x = 0, 

771 771 

since the lamina is symmetric about the line x = 0. Thus, the centroid is (x, y) = (0, . 
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43. f^(cx + d) f(x ) dx = / o b cx f{x) dx + j* df[x) dx = c jx f(x) dx + d / Q b f{x) dx = cxA + d j b /(x) dx [by (8)] 

= cx / Q b /(x) dx + d / a b /(x) dx = (cx + d) / a b /(x) dx 

45. A cone of height h and radius r can be generated by rotating a right triangle 
about one of its legs as shown. By Exercise 39, x = |r, so by the Theorem of 
Pappus, the volume of the cone is 

V = Ad = (| • base ■ height) • (2nx) = \rh ■ 2n (|r) = r 2 h. 

47. Suppose the region lies between two curves y = f(x) and y = g(x) where /(x) > g(x), as illustrated in Figure 13. 

Choose points Xi with a = xo < xi < • • • < x n = b and choose x* to be the midpoint of the ith subinterval; that is, 

x* = Xi = |(xi- 1 + Xi). Then the centroid of the ith approximating rectangle Ri is its center Ci = (xj, f[/(xi) + g(xi))). 

Its area is [/(x,) — fl(xi)] Ax, so its mass is 

Plf{xi) - g(xi)} Ax. Thus, My(Ri) = p[f(xi) - g(xi)\ Ax • x t = pxi [/(xi) - g{xi)\ Ax and 

M x {Ri) = p[f{xi) — ff(xi)] Ax • | [/(xi) + g(xi)\ = p • § [/(xi) 2 — g(xi ) 2 ] Ax. Summing over i and taking the limit 

as n —+ oo, we get M y = lim V. pxi [/(xi) — g(x;)l Ax = p f b x[/(x) — gr(x)] dx and 

Mx = J 1 ™, Si P ' \ [/(*i) 2 - fl(*i) 2 ] = P fa \ [/( X ) 2 - 9(,) 2 ] dx. 

Tllus ’ * = d:r and v= ^ = ^I = jJ a ^ ~ 9 

8.4 Applications to Economics and Biology 



1. By the Net Change Theorem, (7(4000) — (7(0) = / 0 4000 C'(x ) dx =>■ 

(7(4000) = 18,000 + fg°°°(0.82 — 0.00003x + 0.000000003x 2 ) dx 

= 18,000 + [0.82x - 0.000 015x 2 + 0.000 000 OOlx 3 ] 4000 = 18,000 + 3 104 = $21,104 

3. By the Net Change Theorem, (7(50) — (7(0) = / Q 5O (0.6 + 0.008x) dx =>■ 

(7(50) = 100 + [0.6x + 0.004x 2 ]®° = 100 + (40 - 0) = $140,000. Similarly, 

(7(100) - (7(50) = [0.6x + 0.004x 2 ] 4 °° = 100 - 40 = $60,000. 

5. p(x) = 10 =>■ = 10 =>■ x + 8 = 45 =>■ x = 37. 

f 37 f 37 ( 450 \ 

Consumer surplus = J [p{x) — 10] dx = J I —j-g — 10 ) ^ x 

= [450 in (x + 8) - 10.x] = (450 in 45 - 370) - 450 in 8 

= 4501n(f) - 370 « $407.25 
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7. P = p s (x) => 400 = 200 + 0.2x 3/2 => 200 = 0.2x 3/2 => 1000 = x 3/2 =4> x = 1000 2/3 = 100. 

Producer surplus = / 0 10 °[-P — Ps(x)] dx = / o 1O °[400 — (200 + 0.2x 3/2 )] dx = / Q 100 ^200 — |x 3/2 ^ dx 

= [ 200 x - A X 5 /2 ]^ 00 = 20,000 - 8,000 = $ 12,000 


„ , , 800,OOOe _a: / 5000 

9- p{x) = _ __ — = 16 


x = xi « 3727.04. 


x + 20,000 

Consumer surplus = f* 1 [p{x) — 16] dx « $37,753 



4000 


11. /(8) — /(4) = J 4 /'(/) dt = J 4 \/t dt = |f 3 / 2 = | (16 y/2 — 8) « $9.75 million 


13. N = / Ax~* dx = A 


-fc+1 


-k+ 1 


A 


1 -k 


/ 7 1 — k 1 — k\ 

(b -a ). 


Similarly, / Ax 1 k dx = A 


x 


2 — k 


2 — k 


(r2 — k 2 — k\ 

(b -a ). 


Thus, x = 


N 


^ Ax 1 - fe dx = ^/( 2 -fc)](fe 2 - fc -a 2 ~ fc ) _ (1 ~ k)(b ■ 


2—k 2—k\ 

- a 


[A/{l - fc)](6 1 - fc - a 1_fe ) (2 - kW~ k - a 1_fc )' 


,5. F _ ^ x ,0- cnl »/ s 

8 pi 8(0.027) (2) ' 


17. From (3), F = 


A 


f 0 T c(t)dt 20/ 


= 7 ^ 7 , where 


Thus, F = 


1= / te~°- 6t dt = 


6(0.36) _ 0.108 


(- 0 . 6 )' 


(—0.6/ — 1) e~ 


integrating 
by parts 


- o3e( _7e 6 + !) 


20(1 - 7e- 6 ) 1 - 7e -6 


0.1099 L/s or 6.594 L/min. 


19. As in Example 2, we will estimate the cardiac output using Simpson’s Rule with At = (16 — 0)/8 = 2. 

f 0 16 c(t ) dt « §[c(0) + 4c(2) + 2c(4) + 4c(6) + 2c(8) + 4c(10) + 2c(12) + 4c(14) + c(16)] 
« §[0 + 4(6.1) + 2(7.4) +4(6.7) + 2(5.4) +4(4.1) + 2(3.0) + 4(2.1) + 1.5] 

= |(109.1) = 72.73 mg- s/L 
A 7 

Therefore, F «-= =-= « 0.0962 L/s or 5.77 L/min. 

72.73 72.73 


8.5 Probability 


1. (a) fsg’oQQ f(x) dx is the probability that a randomly chosen tire will have a lifetime between 30,000 and 40,000 miles, 
(b) f^ 000 f(x) dx is the probability that a randomly chosen tire will have a lifetime of at least 25,000 miles. 
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3. (a) In general, we must satisfy the two conditions that are mentioned before Example 1 —namely, ( 1 ) f(x) > 0 for all x, and 
(2) f ^ f(x) dx = 1. For 0 < x < 1, f(x) = 30a: 2 (1 — x) 2 > 0 and f(x) = 0 for all other values of x, so f(x) > 0 for 
all x. Also, 

f^°oo /( x ) d x = So 30a; 2 (l — x) 2 dx = fj 30a; 2 (l — 2x + x 2 ) dx = fg(30x 2 — 60x 3 + 30a: 4 ) dx 
= [10a: 3 - 15a: 4 + 6x 5 ] ] = 10 - 15 + 6 = 1 
Therefore, / is a probability density function. 


(b) P(X < |) = f(x) dx = f 0 1/3 30a; 2 (1 - x) 2 dx = [10a: 3 - 15a; 4 + 6a; 5 ] * /3 


10 _ 15 I _6_ 17 _ 
27 81 ' 243 81 


5. (a) In general, we must satisfy the two conditions that are mentioned before Example 1—namely, (1) f(x) > 0 for all x, 
and (2) f-oo f(x)dx = l.lfc > 0, then f(x) > 0, so condition (1) is satisfied. For condition (2), we see that 


f(x) dx = 


-no 1 +X 2 


■ dx and 


r°° c r c 

/ -——-rr dx = lim / -——— dx = c lim [tan 

J Q 1 + X 2 t^O O J Q 1+X 2 o L 


1 x]* = c lim tan 1 1 = c( — ) 
JO oo \2J 


Similarly, f — dx = c( —) , so [ — < —^r dx = 2c( —) = car. 

7-no 1 + * 2 V2 )’ 7-oo 1 + * 2 V2 ) 

Since cn must equal 1, we must have c = 1/7T so that / is a probability density function. 

q a )P(-l<X<l)=J_ i ^dx=lJ o T ±^dx=l[ tan- 1 a;]; = ^(J-0)=l 


7. (a) In general, we must satisfy the two conditions that are mentioned before Example 1—namely, (1) f(x) > 0 for all x, 
and (2) f(x) dx = 1. Since f(x) = 0 or f(x) = 0.1, condition (1) is satisfied. For condition (2), we see that 

/“L f{x) dx = fg° 0.1 dx = [yjj*] J 0 = 1- Thus, f(x) is a probability density function for the spinner’s values. 


(b) Since all the numbers between 0 and 10 are equally likely to be selected, we expect the mean to be halfway between the 
endpoints of the interval; that is, x = 5. 

/i = 777 o x f{x) dx = f Q 10 x(0.1) dx = [^j* 2 ]^ 0 = = 5, as expected. 

9. We need to find m so that f 30 f(t) dt = 2 => lim \ x \e~ t ^ h dt=\ =>■ lim [4 (—5)e _t ^ 5 l = 2 => 

j W 2 x^oo JmS 2 x — *00 L 5 ' lm 2 

(-1)(0-e“ m/5 ) = i =>■ e" m/B = i =» —m/5 = In \ => m = -51n § = 51n2 « 3.47min. 

11. We use an exponential density function with /j, = 2.5 min. 

(a) P(X > 4) = f°° f(t) dt = lim f. x ±-e~ t/2 - 5 dt = lim [- e - t/2 ' 5 l* = 0 + e" 4/2 ' 5 « 0.202 

J 4 X —>00 X—KX) i J 4 

(b) P( 0 < X < 2) = f 3 f{t) dt = [-e -* /2 ' 5 ] 2 = -e" 2/2 ' 5 + 1 « 0.551 
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(c) We need to find a value a so that P(X > a) = 0.02, or, equivalently, P( 0 < X < a) = 0.98 -O- 

/“ f(t) dt = 0.98 <S> [-e~ t/2 ' 5 j“ = 0.98 <S> - e ~ a/2 - 5 + 1 = 0.98 <S> e" a/2 B = 0.02 <s> 

—a/2.5 = In 0.02 4=> a = —2.5 In -k = 2.5 In 50 w 9.78 min « 10 min. The ad should say that if you aren’t served 


within 10 minutes, you get a free hamburger. 


13. P(X > 10) = 


f io 4.2 \/2tv 


(x-9.4) s 
2 ■ 4.2 2 


dx. To avoid the improper integral we approximate it by the integral from 


f 100 1 ( (x — 9.4) 2 \ 

10 to 100. Thus, P(X > 10) « / -—= exp — ——— ' ’ dx « 0.443 (using a calculator or computer to estimate 

J io 4.2V2 tt \ 2 • 4.2 2 J 

the integral), so about 44 percent of the households throw out at least 10 lb of paper a week. 

Note: We can’t evaluate 1 — P(0 < X < 10) for this problem since a significant amount of area lies to the left of X = 0. 


15. (a) P (0 < X < 100) = 


(x- 112) 2 
2 - 8 2 


dx ~ 0.0668 (using a calculator or computer to estimate the 


integral), so there is about a 6.68% chance that a randomly chosen vehicle is traveling at a legal speed. 


(b) P(X > 125) = 


8\/27r 


(x- 112 ) 2 
2 - 8 2 


dx= f{x) dx. In this case, we could use a calculator or computer 

/125 


to estimate either f(x) dx or 1 — j f(x) dx. Both are approximately 0.0521, so about 5.21% of the motorists are 


targeted. 


17. P()i, - 2a < X < n + 2a) = 


/'H+2cr ^ 

/ fi — 2er O’\f‘2i 


(x - ny 


X — LL ! 

dx. Substituting t = -— and dt = — dx gives us 

a a 


[ — \= e * / 2 (cr dt) = [ e 4 / 2 dt « 0.9545. 

J-2aV2n V2nJ-2 


19. (a) First p(r) = ~^r 2 e 2r 7 a ° > Oforr > 0. Next, 
ag 

f p(r) dr = f r r ,2 e _2r|,a ° dr = 4 lim f r 2 e~ 2r ^ a ° dr 
7-00 Jo a o a o t_>00 /o 

By using parts, tables, or a CAS , we find that f x 2 e bx dx = ( e hx /b 3 ){b 2 x 2 — 2bx + 2). (*) 

Next, we use (*) (with b = —2/ao) and l’Hospital’s Rule to get —^ (—2) = 1. This satisfies the second condition for 

a o L“ 8 

a function to be a probability density function. 


4 r 2 4 2r 2 2 

(b) Using l’Hospital’s Rule, -=■ lim ——.— = lim —————— = -=■ lim ———— — — = 0. 

ag i '—‘oo g2r/ao ,j3 (2/ao)e 2r ' a ° Og r—>oo (2/ao)e 2r / a ° 


To find the maximum of p, we differentiate: 


p'(r) = 4 [r 2 e- 2r/ao f-—^ + e~ 2r/a °(2r) 

ag [ V a o) 


(2r) + 1 


p'(r) = 0 r = 0orl=— r = ao [ao « 5.59 x 10 11 m], 

ao 

p'(r) changes from positive to negative at r = ao, so p(r) has its maximum value at r = ao- 
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(c) It is fairly difficult to find a viewing rectangle, but knowing the maximum 
value from part (b) helps. 

p(a 0 ) = -4 ale~ 2ao/ao = — e~ 2 « 9,684,098,979 

<Xq «0 

With a maximum of nearly 10 billion and a total area under the curve of 1, 
we know that the “hump” in the graph must be extremely narrow. 



r r 4 r 4 ao 4 

(d) P(r) = / —s 2 e~ 2a ^ a °ds =>■ P(4ao) = / —s 2 e~ 2s ^ a ° ds. Using (*) from part (a) [with b = — 2/oo], 

Vo «o Vo °o 


P ( 4 «°) = 73 
tt o 


a — 2s/ao 


-8/ag V«o 


—H-s + 2 


ao 


' 4 “° _ 4 


o °o 

1 1 

OO | 


= 1 -41e“ 


0.986 


/ °° 4 rt 

rp(r) dr = lim / r 3 e ~ 2r / a ° dr. Integrating by parts three times or using a CAS, we find that 

-oo a 0 t ^°° Jo 

/ e bx 2 

x 3 e bx dx = -r- ( b s x 3 — 3 b 2 x 2 + 6bx — 6). So with b = -, we use l’Hospital’s Rule, and get 

b 4 v ' a 0 


4 

p = — 
a o 


16 v ’ 


= fao. 


8 Review 


CONCEPT CHECK 


1. (a) The length of a curve is defined to be the limit of the lengths of the inscribed polygons, as described near Figure 3 in 

Section 8.1. 

(b) See Equation 8.1.2. 

(c) See Equation 8.1.4. 

2. (a) S = 2irf(x)y/l + [f{x)} 2 dx 

(b) If x = g(y), c < y < d, then S = 2tt y + [g'(y)] 2 dy. 

( c ) s = fa 27rx V 1 + [f ( x )] 2 dx or s = If 2 ^a(y) V 1 + W(y )} 2 d v 

3. Let c(x) be the cross-sectional length of the wall (measured parallel to the surface of the fluid) at depth x. Then the hydrostatic 
force against the wall is given by F = j f 5xc(x) dx, where a and b are the lower and upper limits for x at points of the wall 
and 5 is the weight density of the fluid. 

4. (a) The center of mass is the point at which the plate balances horizontally. 


(b) See Equations 8.3.8. 
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5. If a plane region Sft that lies entirely on one side of a line t in its plane is rotated about t, then the volume of the resulting solid 
is the product of the area of 9! and the distance traveled by the centroid of 2ft. 

6. See Figure 3 in Section 8.4, and the discussion which precedes it. 

7. (a) See the definition in the first paragraph of the subsection Cardiac Output in Section 8.4. 

(b) See the discussion in the second paragraph of the subsection Cardiac Output in Section 8.4. 

8. A probability density function / is a function on the domain of a continuous random variable X such that f ’ f(x) dx 
measures the probability that X lies between a and b. Such a function / has nonnegative values and satisfies the relation 

f D f(x ) dx = 1, where D is the domain of the corresponding random variable X. If D = R, or if we define f(x) = 0 for real 
numbers x ^ D, then f(x) dx = 1. (Of course, to work with / in this way, we must assume that the integrals of / exist.) 

9. (a) J Q 130 /( x) dx represents the probability that the weight of a randomly chosen female college student is less than 

130 pounds. 

(b) M = fZa x f ( x ) dx = fo° x f( x ) dx 

(c) The median of / is the number m such that f(x) dx = 4. 

10. See the discussion near Equation 3 in Section 8.5. 


EXERCISES 


1. y = |(x 2 +4) 3/2 => dy/dx = j(x 2 + 4) 1/2 (2x) =» 

1 + ( dy/dx ) 2 = 1 + [|a;(at 2 + 4) 1/2 j = 1 + \x 2 (x 2 + 4) = \x 4 + x 2 + 1 = (|* 2 + l)" 


Thus, L = f 3 yj (i* 2 + l) 2 dx = / 0 3 (lx 2 + 1 )dx= [i* 3 + x\l = f. 

dy 


, . N X* 1 1 4 1 _ 2 

3 ' {a)y= W + 2^ = 16 X + 2 X 


_ — —x^ — X ^ 

dx 4 ‘ 


1 + (dy/dx) 2 = 1 + (\x 3 - x 3 )“ = 1 + jgX 6 - \ + x 6 = j^x & + \ + x 6 = (\x 3 + x 3 )" 
Thus, L = f 2 (lx 3 +x~ 3 )dx = [jqX 4 ~ i*" 2 ] 2 = (1- |) - (is - I) = T5- 
(b) S = J 2 2-kx(\x 3 + x~ 3 ) dx = 2n f 2 (jX 4 + x ~ 2 ) dx = 27t[4j* 5 — 4] 2 

= M(i-§) - -1)] =MI + = = ^ 

5. y = sina; =>• y' = cos x => 1 + (y 1 ) 2 = 1 + cos 2 x. Let f(x) = y/l + cos 2 x. Then 

L = fg f(x)dxRS Sio 

= [/(0) + 4f(fo) + 2/(fg) + 4/(fg) + 2 f(%) 

+ 4 f(%) + 2/(ff) + 4 f(%) + 2 /(ff) + 4/(2g) + /(tt)] 


3.820188 
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7. y = f* \/\/t — 1 dt =>■ dy/dx = \! \/x — 1 =>■ 1 + ( dy/dx ) 2 = 1 + (Vx — l) = \/x. 

Thus, L = Jj 16 \/\fxdx = Jj 16 x 1 / 4 da; = | |x 5 / 4 J = §(32 — 1) = 1|1. 

9 . As in Example 1 of Section 8.3, ^ a = ^ =>■ 2a = 2 — x and w = 2(1.5 + a) = 3 +2a = 3 + 2 — x = 5 — x. 
Thus, F = fg pgx(5 — x) dx = pg[ §x 2 — §x 3 ] 2 = P<?(lO — |) = 22.fi [pg = 5] ss 22 . 62.5 « 458 lb. 



Thus, the centroid is (x, y) = (|, l) . 


13. An equation of the line passing through (0, 0) and (3, 2) is y — |x. A = § • 3 • 2 = 3. Therefore, using Equations 8.3.8, 
a; = | / 0 3 *(1*) dx = ^ [a; 3 ] 3 = 2 and y = § / 3 § (§x) 2 dx = [x 3 ] 3 = |. Thus, the centroid is (x, y) = (2, |). 

15. The centroid of this circle, (1, 0), travels a distance 27r(l) when the lamina is rotated about the y- axis. The area of the circle 
is 7r(l) 2 . So by the Theorem of Pappus, V = A(2nx) = n(l) 2 2n(l) = 2n 2 . 

17. x = 100 => P = 2000 - 0.1(100) - O.Ol(lOO) 2 = 1890 

Consumer surplus = / 0 100 [p(x) — P\ dx = / 0 10 °(2000 — O.lx — O.Olx 2 — 1890) dx 

= [llOx - 0.05x 2 - Mix 3 ] 400 = 11,000 - 500 - 12f92 w $7i 66 . 67 


19. /(x) 



if 0 < x < 10 
if x < 0 or x > 10 


(a) /(x) > 0 for all real numbers x and 

IZof( x ) dx = fo° Jo ^(tS*) dx = W' vI-co^tHC = | (-cos7r +cos0) = 1(1 + 1) = 1 
Therefore, / is a probability density function. 

(b) P(X < 4) =/ 4 oo /(x)dx = / 4 ^sin(^x)dx= |[-cos(^x)] 4 = i(-cos ^ +cos0) 


1 (-0.309017+ 1) « 0.3455 
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(c) H = fZo xf(x) dx = f 0 10 ^xsin(^a:) dx 

= fo W ' V M ( sinu ) (v) du [“ = fo x > du =T5 *0 

= § Jq usinudu = ^ [sin it — mcosmJq = -|[0 — 7r(—1)] = 5 

This answer is expected because the graph of / is symmetric about the 
line x = 5. 

(0 if t < 0 

21 . (a) The probability density function is fit) = <; 

ll e_t/S if f > 0 



P( 0 <X<3) = f 0 3 |e" t/s dt = [-e~ t/8 ] ° = -e“ 3/s + 1 « 0.3127 

(b) P(X > 10) = r°° ±e~ t/8 dt = lim [—e _t/8 l * = lim (- e ~ x/8 + e" 10 / 8 ) = 0 + e“ 5/4 « 0.2865 

^ 1U ° x—*oo L J 10 ce—»oo 

(c) We need to find m such that P(X > m) = | =>■ .CT f e_ *^ 8 ^ = § lim [—e _t/,8 j =| =>■ 

lim (— e~ x / 8 + e _m / 8 ) = | =>■ e - m / 8 = 1 =>. —m/8 = In \ =>■ m = —81n | = 81n2 « 5.55 minutes. 




□ PROBLEMS PLUS 


1. x 2 + y 2 < 4y -*=> x 2 + (y — 2) 2 < 4, so S is part of a circle, as shown 
in the diagram. The area of S is 

Jo 1 V / ¥^V= 3 [^v/¥^ + 2cos- 1 (V)]* [a = 2] 

= — §\/3 + 2 cos -1 (|) — 2 cos -1 1 

= -#+ 2 (f)- 2 (0) = ¥-# 

Another method (without calculus): Note that 9 = ZCAB = ^, so the area is 
(area of sector OAB) — (area of AABC) = | (2 2 ) j — 



§(1)V3 


2tt 

3 


VI 

2 


3. 


(a) The two spherical zones, whose surface areas we will call Si and S 2 , are 

generated by rotation about the j/-axis of circular arcs, as indicated in the figure. 
The arcs are the upper and lower portions of the circle x 2 + y 2 = r 2 that are 
obtained when the circle is cut with the line y = d. The portion of the upper arc 
in the first quadrant is sufficient to generate the upper spherical zone. That 
portion of the arc can be described by the relation x = — y 2 for 

d < y < r. Thus, dx/dy = —y/\/r 2 — y 2 and 




rdy 

\Jf 2 -V 2 


From Formula 9.2.8 we have 


Si =fd 2 -^ 1 + (|) dy = J d 2 2nrdy = 2,r(r-d) 

Similarly, we can compute S 2 = f 2nx \J\ + {dx/dy) 2 dy = f_ r 2irr dy = 27rr(r + d). Note that Si + S 2 = 4nr 2 , 
the surface area of the entire sphere. 


(b) r = 3960 mi and d = r (sin 75°) « 3825 mi, 
so the surface area of the Arctic Ocean is about 
2'Kr{r—d) « 2tt(3960)(135) w 3.36xlO e mi 2 . 
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(c) The area on the sphere lies between planes y = y 1 and y = t/ 2 , where 2/2 — y\ = h. Thus, we compute the surface area on 


the sphere to be S 



2 nrdy = 2 nr(y 2 — yi) = 2 n rh. 


This equals the lateral area of a cylinder of radius r and height h, since such 
a cylinder is obtained by rotating the line x = r about the j/-axis, so the 
surface area of the cylinder between the planes y = y 1 and y = j /2 is 

A = J" 2 2nx Jl+ dy = 2nr \/\ + 0 2 dy 

\v 2 

= 2 nry\ = 27rr(j/2 — 3 / 1 ) = 2 irrh 
■ y—y\ 



(d) h = 2r sin 23.45° ~ 3152 mi, so the surface area of the 

Torrid Zone is 2nrh « 2tt(3960)(3152) w 7.84 x 10 7 mi 2 . 

y* 


iq 



p 23.45° 

H 

\ 

i 

I X 

V 



5. (a) Choose a vertical x-axis pointing downward with its origin at the surface. In order to calculate the pressure at depth z, 
consider n subintervals of the interval [0, z] by points X; and choose a point x* £ [x;-i, Xi] for each i. The thin layer of 
water lying between depth Xi-i and depth Xi has a density of approximately p{x *), so the weight of a piece of that layer 
with unit cross-sectional area is p(x* )g Ax. The total weight of a column of water extending from the surface to depth z 

n 

(with unit cross-sectional area) would be approximately ^ p(x* )g Ax. The estimate becomes exact if we take the limit 

i= 1 

n 

as n —> 00 ; weight (or force) per unit area at depth zisW= lim V p(x*)g Ax. In other words, P{z) = f „ 3 p(x)gdx. 

71 *°° i —1 

More generally, if we make no assumptions about the location of the origin, then P(z) = Po + Jq p(x)g dx, where Po is 
the pressure at x = 0. Differentiating, we get dP/dz = p{z)g. 


(b) 



F = f" r P(L + x) ■ 2 s/r 2 - x 2 dx 

= Z r (Po + f 0 L+x p 0 e z/H gdz'j ■ 2 sjr 2 - x 2 dx 
= Po f r _ r 2 Vr 2 — x 2 dx + p 0 gH Z r (^ L+X P H — . 2 sjr 2 — x 2 dx 

= (Po — p 0 gH)Z r 2 \/r 2 — x 2 dx + p 0 gH Z r e ( L+x P H • 2 \/r 2 — x 2 dx 
= (P 0 - p 0 gH)(irr 2 ) + p 0 gHe L/H $ r _ r e x,H ■ 2 Vr 2 - x 2 dx 
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7. To find the height of the pyramid, we use similar triangles. The first figure shows a cross-section of the pyramid passing 
through the top and through two opposite comers of the square base. Now \ BD\ = b, since it is a radius of the sphere, which 
has diameter 2b since it is tangent to the opposite sides of the square base. Also, \AD\ = b since A ADB is isosceles. So the 
height is \AB\ = y/b 2 + 6 2 = y/2b. 



We first observe that the shared volume is equal to half the volume of the sphere, minus the sum of the four equal volumes 
(caps of the sphere) cut off by the triangular faces of the pyramid. See Exercise 5.2.49 for a derivation of the formula for the 
volume of a cap of a sphere. To use the fonnula, we need to find the perpendicular distance h of each triangular face from the 
surface of the sphere. We first find the distance d from the center of the sphere to one of the triangular faces. The third figure 
shows a cross-section of the pyramid through the top and through the midpoints of opposite sides of the square base. From 
similar triangles we find that 

d _\ AB \ _ V2b ^ 2 b 2 _y/& 

b~W\~ ^ 

So h = b — d = b — ^b = 3 So, using the formula V = tt h 2 (r — h/3) from Exercise 5.2.49 with r = 6, we find that 
the volume of each of the caps is 7rf b) ( b — 3 ~ = 15 ~ 9 6 ^ • 6+ 9 ^ 7rb 3 = (| — ^v / 6)vr6 3 . So, using our first 

observation, the shared volume is V = |(|tt6 3 ) — 4(| — ^v / 6)7r6 3 = (f|V6 — 2)7r6 3 . 


9. We can assume that the cut is made along a vertical line x = b > 0, that the 
disk’s boundary is the circle x 2 + y 2 = 1 , and that the center of mass of the 
smaller piece (to the right of x = b) is (|, 0). We wish to find b to two 

1 _ [}x-2 \/l — x 2 dx 

decimal places. We have — = x = -2—,--. Evaluating the 

2 f^VT^dx 


Using Formula 30 in the table of integrals, we find that the denominator is 



-(1-6 2 ) 3 / 2 

\x y/l — x 2 + shA 1 *! J = (0 + ?) — (6 y/l — b 2 + sin _1 6). Thus, we have - = x = - 3 - — , or, 

L J 6 V 2/ V v ) 2 f -by/l-b 2 -sm-'b 
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equivalently, |(1 — b 2 ) 3 / 2 = ^ — ifr \/l — 6 2 — | sin 1 6. Solving this equation numerically with a calculator or CAS, we 
obtain 6 ~ 0.138173, or b = 0.14 m to two decimal places. 


11 . If h = L, then P = 


area under y = L sin 6 J^LsinOdO [— cos#]q — (—1) + 1 
area of rectangle irL ir n 


If h = L/2, then P = 


area under y = | L sin 0 | L sin 9 d8 [- 

area of rectangle nL 


cos 9]q 
~ 2 i r 


2 ?r 7r 




= “f(°) [odd integraiMi] -^(|) ^ 


Thus, as expected, the centroid is (a;, y) = (0, —1). We might expect this result since the centroid of an ellipse is 


located at its center. 
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9.1 Modeling with Differential Equations 


1. y = ^e x + e 2x =>■ y' = | e x — 2e 2x . To show that y is a solution of the differential equation, we will substitute the 
expressions for y and y in the left-hand side of the equation and show that the left-hand side is equal to the right-hand side. 

LHS = y' + 2y = §e* - 2 e - 2:c + 2(§e* + e” 2 *) = §e x - 2e“ 2a: + |e x + 2e“ 2a: 

= §e x = 2e x = RHS 

3. (a) y = e rx =>■ y' = re rx => y" = r 2 e rx . Substituting these expressions into the differential equation 
2 y" + y' — y — 0 , we get 2 r 2 e rx + re rx — e rx = 0 =>■ ( 2?- 2 + r — l)e rx =0 => 

(2 r — l)(r + 1 ) = 0 [since e rx is never zero] => r = \ or — 1 . 

(b) Let n = | and r 2 = —1, so we need to show that every member of the family of functions y — ae x ' 2 + be~ x is a 
solution of the differential equation 2 y" + y' — y = 0 . 
y = ae x/2 + be~ x =4> y' = \ae x ' 2 - be~ x =» y" = \ae x/2 + be~ x . 

LHS = 2 y" + y' -y = 2 (±ae x/2 + fee"*) + ( \ae x/2 - be~ x \ - ( ae x/2 + be~ x ) 

= \ae xl2 + 2be~ x + \ae x/2 - be~ x - ae x/2 - be~ x 
= (|a + |a — a)e x / 2 + (2b — b — b)e~ x 
= 0 = RHS 


5. (a) y = sin a; => y' = cos* => y" = — sin*. 

LHS = y" + 2/ = — sin * + sin * = 0 ^ sin *, so y = sin * is not a solution of the differential equation. 


(b) y = cos * =>■ 2 / = — sin * =>• y" = — cos *. 

LHS = 3 /” + y = — cos * + cos * = 0 7 ^ sin *, so y = cos * is not a solution of the differential equation. 

(c) j/=!*sin* =>■ y' = i (* cos * + sin *) =>■ y" = |(—*sin* + cos* + cos*). 

LHS = y" + y = § (—* sin * + 2 cos *) + |* sin * = cos * 7 ^ sin *, so y = \x sin * is not a solution of the 
differential equation. 

(d) y = — |*cos* =>■ y' = — \ (—* sin * + cos *) =>• y" = — 1 (—*cos* — sin* — sin*). 

LHS = y" + y = — § (—* cos * — 2 sin *) + (— |* cos *) = sin * = RHS, so y = — \x cos * is a solution of the 
differential equation. 


7. (a) Since the derivative y' = —y 2 is always negative (or 0 if y = 0), the function y must be decreasing (or equal to 0) on any 
interval on which it is defined. 

, 2 

, 1 _ , i / 1 

=>■ v = -- 


(b )y = 


x + C 


— — 7 . LHS = y' = -- —7 

(x + C) 2 * (x + C) 2 


x + C 


= —y 2 = RHS 
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(c) y = 0 is a solution of y' = —y 2 that is not a member of the family in part (b). 

(d) If 2 /( 0 ,) = then j / ( 0 ) = ^ = i. si nce 2 /( 0 ) = °.5,i = i =* C = 2 ,soy=^. 

(IP ( P \ dP P P 

,. (a) - = l.2 p [l-—y Now->0 =* [assuming that P > 0] ^ _<1 ^ 

P < 4200 =>■ the population is increasing for 0 < P < 4200. 
dP 

(b) -jj- < 0 => P > 4200 
dP 

(c) if- = 0 =>• P = 4200 or P = 0 


11. (a) This function is increasing and also decreasing. But dy/dt = e t (y — l ) 2 > 0 for all t, implying that the graph of the 
solution of the differential equation cannot be decreasing on any interval. 

(b) When y = 1, dy/dt = 0, but the graph does not have a horizontal tangent line. 

13. (a) y' = 1 + x 2 + y 2 > 1 and y' —> oo as x —> oo. The only curve satisfying these conditions is labeled III. 

/ _ 2 _ 2 . . 

(b) y = xe x y > 0 if x > 0 and y < 0 if x < 0. The only curve with negative tangent slopes when x < 0 and positive 
tangent slopes when x > 0 is labeled I. 


(c) y' 


-^— 5 - > 0 and y' —> 0 as x 

1 + e x +y 


oo. The only curve satisfying these conditions is labeled IV. 


(d) y' = sin (xy) cos (xy) = 0 if y = 0, which is the solution graph labeled II. 


15. (a) P increases most rapidly at the beginning, since there are usually many simple, easily-learned sub-skills associated with 
learning a skill. As t increases, we would expect dP/dt to remain positive, but decrease. This is because as time 
progresses, the only points left to learn are the more difficult ones. 


(b) -rjj- = k(M — P) is always positive, so the level of performance P 

is increasing. As P gets close to M, dP/dt gets close to 0; that is, 
the perfonnance levels off, as explained in part (a). 



9.2 Direction Fields and Euler's Method 


1. (a) y 1 

\ \ \ \ -» - 
\\\\\X>- 

-//III. / / 1. 

\ 

III///'- 
III//'- 
///////- 
1111/ Afr¬ 
it 1 1 / /V? ~ 

ill/ " - 

/ / 

- V. \ \ \ \ 

- "- \ \ \ \ \ \ 

- \ \ \ \ \ \ 

- ^ \ \ \ \ \ \ 

\ \ \ \ \ \ 

\ \ — - 

\ ,j, \ \ \ X' 

- ^ / / / / 

- / /,-/. /Ill 

( (l 

-2 ' -1 ' o 

1 2 X 


(b) It appears that the constant functions y = 0.5 and y = 1.5 are 
equilibrium solutions. Note that these two values of y satisfy the 
given differential equation y' = x cos ny. 
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3. y' = 2 — y. The slopes at each point are independent of x, so the slopes are the same along each line parallel to the tc-axis. 
Thus, III is the direction field for this equation. Note that for y = 2, y' = 0. 

5. y 1 = x + y — 1 = 0 on the line y = —x + 1. Direction field IV satisfies this condition. Notice also that on the line y = —x we 
have y = — 1, which is true in IV. 



X 

V 

II 

tO|M 

0 

0 

0 

0 

1 

0.5 

0 

2 

1 

0 

-3 

-1.5 

0 

-2 

-1 


Note that for y = 0, y' = 0. The three solution curves sketched go 
through (0, 0), (0,1), and (0, —1). 



11 . 


X 

y 

II 

1 

to 

-2 

-2 

2 

-2 

2 

6 

2 

2 

-2 

2 

-2 

-6 


Note that y' = 0 for any point on the line y = 2x. The slopes are 
positive to the left of the line and negative to the right of the line. The 
solution curve in the graph passes through (1,0). 


y\ 
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X 

y 

y' = y + xy 

0 

±2 

±2 

i 

±2 

±4 

-3 

±2 

T4 


Note that y' = y(x + 1) = 0 for any point on y = 0 or on x = — 1. 
The slopes are positive when the factors y and x + 1 have the same 
sign and negative when they have opposite signs. The solution curve 
in the graph passes through (0,1). 




\\\ \ \ - / 3 - 
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\ X 
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/////// 
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15. In Maple, we can use either directionf ield (in Maple’s share library) or 
DEtool s [ DEplot ] to plot the direction field. To plot the solution, we can 
either use the initial-value option in directionf ield, or actually solve the 
equation. 

In Mathematica, we use PlotVectorField for the direction field, and the 
Plot [Evaluate [... ] ] construction to plot the solution, which is 

y = 2 arctanfe 11 ^ 3 -tan|V 


4 



=—^ \ A A 



'f */”" "/* /!/_ 


! 

Z^/'' '' '' 


—A-// '/ ) 

i 1 1 xi -Mii 

^\\\\ 
^ V V V 1 


-2 


In Derive, use Direction_Field (in utility file ODE_APPR) to plot the direction field. Then use 


DSOLVE1 (-x~2*SIN (y) ,l,x,y,0,l) (in utility file ODE 1) to solve the equation. Simplify each result. 


17. 


n i i i n i 

i i i i i i i i 


r c=3 

ini i i i i i 
I / i i / i i i i 



The direction field is for the differential equation y' = y 3 — Ay. 
L = lim y(t) exists for —2 < c < 2; 

t —>oo 

L = ±2 for c = ±2 and L = 0 for —2 < c < 2. 

For other values of c, L does not exist. 


19. (a) y' = F(x, y) = y and y( 0) = 1 => x 0 = 0, y 0 = 1. 

(i) h = 0.4 and yi = yo + hF(xo, yo) =>■ yi = 1 + 0.4 • 1 = 1.4. x\ = xo + h = 0 + 0.4 = 0.4, 


so yi = y (0.4) = 1.4. 
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(ii) h = 0.2 =>■ a~i = 0.2 and x ,2 = 0.4, so we need to find y 3 . 

Vi = t/o + hF(xo,yo) = 1 + 0.2y o = 1 + 0.2 • 1 = 1.2, 

Vi = yi + hF(xi,yi) = 1.2 + 0.2yi = 1.2 + 0.2 • 1.2 = 1.44. 

(iii) h = 0.1 =>• X 4 = 0.4, so we need to find j/4. yi = yo + hF{x 0 , yo ) = 1 + O+ 2/0 = 1 + 0.1 • 1 = 1 . 1 , 

2/2 = 2/1 + hF(xi,yi) = 1.1 + O.lj/i = 1.1 + 0.1 ■ 1.1 = 1 . 21 , 

y 3 = y 2 + hF(x 2 , 2/2) = 1-21 + 0.1 y 2 = 1.21 + 0.1 ■ 1.21 = 1.331, 

2/4 = 2/3 + hF(x 3, y 3 ) = 1.331 + 0.1y 3 = 1.331 + 0.1 • 1.331 = 1.4641. 



0 0.1 0.2 0.3 0.4 * 


(c) (i) For h = 0.4: (exact value) — (approximate value) = e 0 ' 4 — 1.4 « 0.0918 

(ii) For h = 0.2: (exact value) — (approximate value) = e 0 ' 4 — 1.44 « 0.0518 

(iii) For h = 0.1: (exact value) — (approximate value) = e 0 ' 4 — 1.4641 « 0.0277 

Each time the step size is halved, the error estimate also appears to be halved (approximately). 

21. h = 0.5, xo = 1, yo = 0, and F(x, y) = y — 2x. 

Note that x\ = xo + h = 1 + 0.5 = 1.5, X 2 = 2, and *3 = 2.5. 

2 /i = 2 /o + hF(x 0 ,yo) = 0 + 0.5F(1, 0) = 0.5[0 - 2(1)] = -1. 

2/2 = 2/1 + hF(x 1 , 7 / 1 ) = -1 + 0.5F(1.5, -1) = -1 + 0.5[-l - 2(1.5)] = -3. 

2 /s = 2/2 + hF(x 2 ,y 2 ) = -3 + 0.5F(2, -3) = -3 + 0.5[-3 - 2(2)] = -6.5. 

2/4 = 2/3 + hF(x 3 ,y 3 ) = -6.5 + 0.5F(2.5, -6.5) = -6.5 + 0.5[-6.5 - 2(2.5)] = -12.25. 

23. h = 0.1, xo = 0, 2/0 = 1, and F(x, y) = y + xy. 

Note that a:i = xo + h = 0 + 0.1 = 0.1, x 3 = 0.2, x 3 = 0.3, and *4 = 0.4. 

2/i = 2 /o + hF{x 0 ,yo ) = 1 + 0 . 1 F( 0 , 1 ) = 1 + 0 . 1[1 + ( 0 )( 1 )] = 1 . 1 . 

2/2 = 2/i+ hF(x 1 , 1 / 1 ) = 1.1 + 0.1F(0.1,1.1) = 1.1 + 0.1[1.1 + (0.1)(1.1)] = 1.221. 

2/3 = 2/2 + hF(x 2 ,y 2 ) = 1.221 + 0.1+(0.2,1.221) = 1.221 + 0.1[1.221 + (0.2) (1.221)] = 1.36752. 
2 / 4 = 2/3 + hF(x 3 ,y 3 ) = 1.36752 + 0.1F(0.3,1.36752) = 1.36752 + 0.1(1.36752 + (0.3)(1.36752)] 
= 1.5452976. 

2/5 = 2/4 + hF{x 4 , y 4 ) = 1.5452976 + 0.1F(0.4,1.5452976) 

= 1.5452976 +0.1(1.5452976+ (0.4)(1.5452976)] = 1.761639264. 


Thus, 1 /( 0 .5) « 1.7616. 
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25. (a) dy/dx + 3 x 2 y = 6x 2 => y' = 6x 2 — 3 x 2 y. Store this expression in Yi and use the following simple program to 

evaluate j/(l) for each part, using H = h = 1 and N = 1 for part (i), H = 0.1 and N = 10 for part (ii), and so forth. 

h -*• H: 0 -> X: 3 -> Y: 

For(I, 1, N): Y + HxYi —> Y: X + H —> X: 

End(loop): 

Display Y. [To see all iterations, include this statement in the loop.] 

(i) H = 1, N = 1 =» y(l) = 3 

(ii) H = 0.1, N = 10 =>• y(l) « 2.3928 

(iii) H = 0.01, N = 100 = 4 > 3/(1) « 2.3701 

(iv) H = 0.001, N= 1000 =>■ 3 /( 1 ) w 2.3681 

(b) y = 2 + e~ x3 =>■ y' = —3x 2 e~ x3 

LHS = y' + 3 x 2 y = -3x 2 e~ x3 + 3x 2 (2 + e~ x3 \ = -3x 2 e~ x3 + 6x 2 + 3x 2 e~ x3 = 6x 2 = RHS 
3 /( 0 ) = 2 + e“° = 2 + 1 = 3 

(c) The exact value of 3 /( 1 ) is 2 + e~ l3 = 2 + e _1 . 

(i) For h = 1: (exact value) — (approximate value) = 2 + e _1 — 3 ~ —0.6321 

(ii) For h = 0.1: (exact value) — (approximate value) = 2 + e -1 — 2.3928 ss —0.0249 

(iii) For h = 0.01: (exact value) — (approximate value) = 2 + e -1 — 2.3701 ss —0.0022 

(iv) For h = 0.001: (exact value) — (approximate value) = 2 + e -1 — 2.3681 ss —0.0002 

In (ii)-(iv), it seems that when the step size is divided by 10, the error estimate is also divided by 10 (approximately). 


27. (a) R . ^ = E{t) becomes 5 Q' + -^—Q = 60 

Cit (_y U.UO 

or Q' + 4Q = 12. 



(b) From the graph, it appears that the limiting value of the 
charge Q is about 3. 

(c) If Q 1 = 0, then 4 Q = 12 => Q = 3 is an 
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(e) Q' + 4Q = 12 => Q' = 12 - 4 Q. Now Q(0) = 0, so t 0 = 0 and Q 0 = 0. 

Qi = Qo + hF(t 0 , Q 0 ) = 0 + 0 . 1(12 - 4 • 0 ) = 1.2 

Qi = Qi + hF(ti,Qi) = 1.2 + 0 . 1(12 - 4 • 1 . 2 ) = 1.92 

Q 3= Q 2 + hF{t 2 , Q 2 ) = 1.92 + 0.1(12 - 4 ■ 1.92) = 2.352 
Qi = Q 3 + hF(t s , Qz) = 2.352 + 0 . 1(12 - 4 • 2.352) = 2.6112 

Q 5 = Q 4 + hF{t 4 , Qi) = 2.6112 + 0.1(12 - 4 • 2.6112) = 2.76672 

Thus, Q s = Q(0.5) « 2.77 C. 


9.3 Separable Equations 


i. 

ax 


dy 


= xdx [y 7 ^ 0 ] =>■ Jy 2 dy = Jxdx 


y~ L = W + C 


- = -\x 2 -C 

y 


-§® 2 — C I< — x‘ 


where K = —2 C. y = 0 is also a solution. 


3. ®p 2 i/ = * + 1 =>■ y 2 -^ = ~— =>■ j / 2 dy = ^1 + —^ da: =>■ J y 2 dy = J ^1 + d® 

|y 3 = x + In |a;| + C =>■ y 3 = 3® + 3 In |®| + 3C =>■ y = %/3x + 31n|®| + K, where K = 3 C. 


5. (y + sin y) y' = x + x 3 => (y + sin y) = x + x 3 


J\y + sin y) dy = J(x + x 3 ) dx 


\y 2 - cos y = |® 2 + \x 4 + C. We cannot solve explicitly for y. 

dy t t 

dt ye v+t2 ye v e ±2 


ye v dy = te 4 dt =>■ J ye v dy = J te 4 dt 


ye y — e y [by parts] = — \e 4 + C. The solution is given implicitly by the equation e v (y — 1) = C — |e 4 . 


We cannot solve explicitly for y. 


9 ' dt = * P ~ V + ^ ~ 1 = P{t2 - !) + ^ - !) = (P + iX * 2 - !) 


p+ 1 


dp = (t 2 — 1 ) dt 


Jdp = J(t 2 - 1) dt => ln|p + 1 | = It 3 -t + C =>■ \p + 1| = e t3/3 ~ t+c =>■ p + l = ±e c e t3,3 ~ t =^ 

p = Ke 4 / 3-4 — 1, where K = ±e c . Since p = — 1 is also a solution, K can equal 0, and hence, K can be any real number. 
dy x 


11. ^ = — =>■ ydy = xdx =>■ f y dy = f xdx => \y 2 = |® 2 + C. y( 0) = —3 


§(—3) 2 = f(0) 2 + C => C = |, so §y 2 = |x 2 + | =>■ y 2 = x 2 + 9 =>■ y = —\/x 2 + 9 since y(0) = —3 < 0. 
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13. 4r = w (o) = —5. [2udu= f (2 1 + sec 2 t) dt =>■ u 2 = t 2 + tan t + C, 

dt 2u J J y ’ 

where [w(0 )] 2 = 0 2 + tanO + C =+ C = (—5 ) 2 = 25. Therefore, u 2 = t 2 + tant + 25, soa = ±\/f 2 + tani + 25. 


Since w(0) = — 5, we must have u = — sjf 1 + tan t + 25. 


15. *ln* = y(l + -y/3 + y 2 ^ y', y( 1) = 1 . / xlnxdx = J (y + yV 3 + y 2 dy => i* 2 ln* —J4*d* 

[use parts with u = In*, dv = xdx ] = \y 2 + |(3 + y 2 ) 3 / 2 =>■ |* 2 In* — |* 2 + C = |j / 2 + |(3 + 3 / 2 ) 3 / 2 . 
Now y(l) = 1 =► 0-|+C= | + |(4 ) 3 / 2 =* C= i + f + i = §,so 

\x 2 In * — \x 2 + || = | j / 2 + | (3 + y 2 ) 3 / 2 . We do not solve explicitly for y. 

dy 


17. y' tan* = a + y, 0<*< 7 r /2 =4> = a ^ 

a* tan * 


0 + 1 / 


= cot xdx [a + y V 0 ] 


dy 

a + y 


■ dx 


In |a + y\ = In |sin*| + C 


i + y\=e 


_ ^,ln|sinx|+C gln|sincc| _ C ^C 


e = e sins 


a + y = K sin*, where K = ±e c . (In our derivation, K was nonzero, but we can restore the excluded case 
y = —a by allowing K to be zero.) y(n/S)=a =4> a + a = A'sin^^ 


„ r > VS r . 4a 
=+ 2a = A — =+ K = —. 

2 fy3 


_ 4a . 4a . 

Thus, a + y = —= sm * and so y = —= sin * — a. 

Vs Vs 


19. If the slope at the point (*, y) is xy, then we have 4^ = xy =>■ —=xdx [y V 0] =>■ f — = [xdx => 

dx y J y J 

In \y\ = -|* 2 + C. y(0) = 1 =>■ In 1 = 0 + 6 * =+ C = 0. Thus, \y\ = e^^ 2 =>■ y = ±e x ^ 2 , so y = e x ^ 2 

since 3 /( 0 ) = 1 > 0. Note that y = 0 is not a solution because it doesn’t satisfy the initial condition 3 /( 0 ) = 1. 

d , . d , . du , dy , dy du 

2^.u = x + y => —(u) = —(x + y) => — = 1 + -V, but = * + y = u, so — = 1 + u =>■ 

dx dx dx dx dx dx 


du 

1 + u 


= dx [u 7 ^— 1 ] 


I£i-h 


In 11 + t/| = * + C 


|1 + w| = e 


_ 0 *+c 


1 + u = ±e c e x => u = ±e c e x — 1 =+■ * + y = ±e c e x — 1 =+ y = Ke x — * — 1, where K = ±e c V 0. 

If u = — 1, then — 1 = * + 3 / =>■ y = —x — 1, which is just y = Ke x — x — 1 with K = 0. Thus, the general solution 

is y = Ke x — x — 1, where K £ R. 


23. (a) y' =2*^1^ =S> ^ = 2x => ~^= 

dx V 1 -v 2 


= 2 * dx 


sin 1 y = x 2 + C for — | < * 2 + C < f. 


f-^== [2 xdx => 

J J 
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(b) 2/(0) = 0 =>■ sin -1 0 = 0 2 + C =>■ (7 = 0, 

so sin -1 y = x 2 and y = sin(* 2 ) for — y/n/2 < x < \/Tt/2. 



sJtt/2 


(c) For vT — j/ 2 to be a real number, we must have — 1 < y < 1; that is, —1 < y(0) < 1. Thus, the initial-value problem 
j/' = 2x -\/l — t/ 2 , t/(0) = 2 does not have a solution. 
dy sin x 


25. ^ = —-, y(0) = —. So /sin ydy = f sin xdx 4=> 

ax sin y a 


— cos y = — cos x + C 4=> cos y = cos x — C. From the initial condition, 
we need cos ^ = cos 0 — C =>■ 0 = 1 — C =>• C = 1, so the solution is 

cos y = cos a; — 1. Note that we cannot take cos -1 of both sides, since that would 
unnecessarily restrict the solution to the case where — 1 < cos x — 1 4=> 0 < cos x, 

as cos -1 is defined only on [—1,1], Instead we plot the graph using Maple’s 
plots [implicitplot ] or Mathematica’s Plot [Evaluate [•••]]. 



2.5 


27. (a) , (c) 



(b) y' = y 2 =* ^ = y 2 
ax 


y 2 dy = j dx 


—y 1 = x + C => - = — x — C =>■ 


, where K = —C. y = 0 is also a solution. 


K-x 


I I I I I 


29. The curves x 2 + 2y = k 2 form a family of ellipses with major axis on the x-axis. Differentiating gives 

—x 


(x 2 + 2y 2 ) = — (ft 2 ) =>■ 2x + Ayy' = 0 = 4 - 4 yy’ = —2x 

dx dx 


y‘ = —. Thus, the slope of the tangent line 

2 y 


at any point (x, y) on one of the ellipses is y' = ——, so the orthogonal trajectories 

2 V " ' 

. „ , 2y dy 2y dy dx 

must satisfy y = — 4=> — = — 4=> — = 2= — 4=> 

x dx x y x 


/?-»/ 


— 4=> In |j/| = 2 In \x\ + Ci 4=> In \y\ = In \x\ 2 + Ci -(=>■ 


_ gin x +c i ^ y = j szX 2 . e < 0 i _ q x 2 j s a f am py of parabolas. 



-4 


31. The curves y = k/x fonn a family of hyperbolas with asymptotes x = 0 and y = 0. Differentiating gives 

d , , d ( ft \ , ft , Xy . ■ , / , / V rr,, 

— (//) = — — =>■ w =-r- =>■ y =-- [since u = k x =>■ xy = ft I = 4 - y =-. Thus, the slope 

dx dx \ x J x 2 x 2 x 
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of the tangent line at any point ( x , y) on one of the hyperbolas is y' = —y/x, 

dzi x 

so the orthogonal trajectories must satisfy y' = x/y 4=> — = — 4=> 

ax y 

ydy = xdx +> / ydy = f xdx +> \y 2 = \x 2 + Ci +> 

y 2 = x 2 + C 2 -O- x 2 ~ y 2 = C. This is a family of hyperbolas with 
asymptotes y = ±x. 


x 2 -y 2 = C 



33. y(x) = 2 + J [t- ty(t)] dt =>■ y'(x) = x - xy(x) [by FTC 1] =>■ = x(l - y) =>■ 

—— = f xdx => — in 11 — y\ = \x 2 + C. Letting x = 2 in the original integral equation 

1 -y J “ 

gives us y(2) = 2 + 0 = 2. Thus, — in 11 — 21 = |(2) 2 + C => 0 = 2 + C => C = - 2. 

Thus, — in 11 — y\ = \x 2 — 2 =>■ in 11 — y\ = 2 — \x 2 - 


1 i 2 — x 2 /2 

1 — y = ±e ' 


35. 


\l~y\=e 2 ~ x /2 

y = l + e 2 ~* 2 / 2 [t/(2) = 2], 

y(x)=4 + J^ 2ty/y(f)dt =>■ y'{x) = 2 xy/y(x) =>■ = 2 x^/y =>■ J -^| = J 

2 sjy = x 2 + C. Letting x = 0 in the original integral equation gives us 2/(0) = 4 + 0 = 4. 

Thus, 2^4 = 0 2 + C =>■ C = 4. 2^/y = x 2 + 4 s/y = \x 2 + 2 y = (\x 2 + 2) 2 . 


—= = 2xdx =>• 


37. From Exercise 9.2.27, = 12 — 4Q -O- 

dt 


fl^ 4 Q = J dt ** -iMl2-4Q|=f + C- ^ 




12 - 4Q 

in112 — 4Q| = —47 — 4(7 <S> 112 - 4Q\ = e ~ u ~ w ^ 12-4 Q = Ke~ 4t [K = ±e~ 4C ] <=> 

4Q = 12- Ke~ 4t 0 Q = 3- Ae~ 4t [A = K/4\. Q{ 0) = 0 <S> 0 = 3 - A A = 3 
Q(t) = 3 — 3e _4t . As t —> 00, Q(t) —>3 — 0 = 3 (the limiting value). 

39 ,^- = k(M-P) ^ J P^M = / ^ ln|P — M\ = —kt + C \P - M\ = e~ kt+c 

P — M = Ae~ kt [A = ±e c ] P = M + Ae~ kt . If we assume that performance is at level 0 when t = 0, then 

P(0) = 0 <s> 0 = M + A <s> A = -M o P{t) = M — Me~ kt . lim P(f) = M - M ■ 0 = M. 

t —>00 

41. (a) If a = 6, then ^ = k(a — x)(b — x) 1 ^ 2 becomes ^ = fc(a — x) 3 ^ 2 =>■ (a — x) -3 ^ 2 dx = kdt =>■ 

LLL LLL 

f (a — x)~ 3 ^ 2 dx = f kdt => 2(a — a;) -1,72 = fcf + C [by substitution] 


fcf + C 


= ~ x 


kt + C 


= a — x => x(t) = a — 


(kt + C) 2 


The initial concentration of HBr is 0, so *(0) = 0 


4 4 4 

° = «-^2 =* c^= a ^ C =a 


C = 2/y / a [C is positive since kt + C = 2 (a — x) 4 ^ 2 > 0]. 


(fef + 2/ v / a) 


Thus, x(f) = a 
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(b) = k(a - x)(b - x) 1/2 


(a — x)\/b — x 


(■a — x)\/b — x 


From the hint, u = \/b — x => u 2 = b — x =>• 2 udu = —dx, so 


f I 

f —2 udu n j 

f du - o f 

J (a — x)\/b — x J 

[a — (6 — u 2 )]m _ J 

a — b + u 2 J 


= kdt (*). 


(Va^b ) 2 + u 2 


So (*) becomes , tan 1 ^ = kt + C. Now :r(0) = 0 =>■ C = , tan 1 = and we have 

V^b sf^l Va^b sU^b 


_^ tan -! ^E* =kt - 

/a — b va — b 


2.-1 Vb 

-= tan —j= 
'a — b \Ja — b 


lb _i b — x 

-r- tan \ -r 

a — b V a — b 


t{x) = 


k \J a — b 


b i b — x 

' -- — tan -1 J -- 

a — b V a — o 


, x dC , _ dC nr, \ f dC 

dt dt v ' J kC-r 


J — dt =>■ (1/k) ln\kC — r\ =—t + Mi 


ln\kC-r\=-kt + M 2 =» \kC - r\ = e~ kt+M2 =» kC - r = M 3 e~ kt =*► kC = M 3 e~ kt + r 
C(t) = M 4 e~ kt + r/k. C(0) = Co =>• C 0 = M 4 + r/k =>■ M 4 =C 0 -r/k =4> 

C(t) = (Co - r/k)e~ kt + r/k. 

(b) If Co < r/k, then Co — r/k < 0 and the formula for C(t) shows that C(t) increases and lim C(t) = r/k. 

t —>oo 

As t increases, the fonnula for C(t) shows how the role of Co steadily diminishes as that of r/k increases. 

45. (a) Let y(t) be the amount of salt (in kg) after t minutes. Then j/(0) = 15. The amount of liquid in the tank is 1000 L at all 


times, so the concentration at time t (in minutes) is j/(f)/1000 kg/L and — = — 


dy _ T y(t) kg 


^ 10 


[dy = _J_ 

J V 100 J 

It follows that in [ 


dt 1000 L V m i n 


lny =--—F C, and j/(0) = 15 =>• in 15 = C, so in y = in 15-—. 

y 100 ’ y 100 


y(t ) kg 
100 min' 


-j— and = e t/10 °, so y = 15e 4/100 kg. 
100 15 


(b) After 20 minutes, y = 15e 20/100 = I5e 0 2 « 12.3 kg. 

47. Let y(t) be the amount of alcohol in the vat after t minutes. Then j/(0) = 0.04(500) = 20 gal. The amount of beer in the vat 
is 500 gallons at all times, so the percentage at time t (in minutes) is y(t)/ 500 x 100, and the change in the amount of alcohol 


with respect to time t is — = rate in — rate out = 0.061 5 


gal \ y(t) gal 


min / 500 V min 


= 0.3- 


y = 30 - y gal 
100 100 min' 


e, [ ——— = [ and — in 130 — y\ = + C. Because j/(0) = 20, we have — in 10 = C, so 

J 30 — y J 100 u 


- in 130 — y\ = yjjgi — in 10 =>■ in 130 — y\ = — i/100 + in 10 =>■ lnj30 —y|=lne 4/100 + in 10 
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In |30 — y\ = ln(10e _t ' /10 °) =>■ |30 — y\ = lOe”^ 100 . Since y is continuous, y( 0) = 20, and the right-hand side is 

never zero, we deduce that 30 — y is always positive. Thus, 30 — y = 10e _t,/100 =>■ y = 30 — 10e _t,/100 . The 

percentage of alcohol is p(t) = y(t )/500 x 100 = y(t)/5 = 6 — 2e ~ t ‘ 100 . The percentage of alcohol after one hour is 
p(60) = 6 - 2e" 60/100 « 4.9. 


49. Assume that the raindrop begins at rest, so that z;(0) = 0. dm/dt = km and ( mv)' = gm 


mv + vm = gm 


mv 1 + v(km ) = gm 

— (1/fc) ln|gr — kv | = t + C 
So kv = g — ge~ kt 


i , dv 

v + vk = g => — = g — kv =>■ 

dt 


dv 


= dt 


J g~kv 
g — kv = Ae~ kt . v(0) = 0 


A = g. 


In | g — kv | = —kt — kC 
v = (g/k)(l — e~ kt ). Since k > 0, as t —> oo, e~ kt —+ 0 and therefore, lim v(t) = g/k. 

t —>oo 


,, , , 1 dLi 1 dL 2 d, d, 

51. (a) —-— = k— -— => — (lnLi) = — (/c in L 2 

L± dt Z/2 dt dz di 


In Li = In L 2 + C => L\ = e ln i2 + c = e ln ^ 2 e c => L\ = KL 2 , where K = e c . 

(b) From part (a) with Li = B, L 2 = V, and k = 0.0794, we have B = KV 0 0794 . 

53. (a) The rate of growth of the area is jointly proportional to y 7 A(t) and M — A(f); that is, the rate is proportional to the 

product of those two quantities. So for some constant k, dA/dt = k \f~A (M — A). We are interested in the maximum of 
the function dA/dt (when the tissue grows the fastest), so we differentiate, using the Chain Rule and then substituting for 
dA/dt from the differential equation: 


-f—)=k 

dt I dt 




, dA 


= \kA- 1/2 — [—2 A + (M-A)\ 


dt 


= \kA- 1 ' 2 [( kVA(M - A)] [M - 3A] = \k 2 {M - A)(M - 3 A) 

This is 0 when M — A = 0 [this situation never actually occurs, since the graph of A(t) is asymptotic to the line y = M, 
as in the logistic model] and when M — 3 A = 0 4=> A(t) = M/3. This represents a maximum by the First Derivative 

Test, since ( -y-^) goes from positive to negative when A(t) = M/3. 


dt V dt 


(b) From the CAS, we get A(f) = M 


Ce 


y/Mkt 


- 1 


Ce'AMkt _|_ i 


To get C in terms of the initial area Ao and the maximum area M, 


we substitute t = 0 and A = Ao = A(0): Ao = M ^ ^ ^ | ^ <=> (C + 1) \/Ao = (C — 1) n/M -*=>■ 

C s/A/o + VA^ = C \[M - \[M ^ \[M + \/Ao = C \fM — C \/Ao 

•Jm + -S7To = c(VM--JA~o) ^ 


VM-'/A’o 


. [Notice that if Aq = 0, then C = 1.] 
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9.4 Models for Population Growth 


1. (a) dP/dt = 0.05P - 0.0005P 2 = 0.05P(1 - 0.01P) = 0.05P(1 - P/100). Comparing to Equation4, 
dP/dt = fcP(l — P/M), we see that the carrying capacity is M = 100 and the value of k is 0.05. 

(b) The slopes close to 0 occur where P is near 0 or 100. The largest slopes appear to be on the line P = 50. The solutions 
are increasing for 0 < Po < 100 and decreasing for Po > 100. 

All of the solutions approach P = 100 as 7 increases. As in 
part (b), the solutions differ since for 0 < Po < 100 they are 
increasing, and for Po > 100 they are decreasing. Also, some 
have an IP and some don’t. It appears that the solutions which 
have Po = 20 and Po = 40 have inflection points at P = 50. 



(d) The equilibrium solutions are P = 0 (trivial solution) and P = 100. The increasing solutions move away from P = 0 and 
all nonzero solutions approach P = 100 as 7 —> oo. 


-**(*“]&) - *>- 


M 


1 + Ae~ kt 


with A = M With M = 8 x 10 7 , k = 0.71, and 


y( 0 ) = 2 x 10 7 , we get the model y{t) = 


8 x 10 7 
1 + 3e-°- 71t 


y{ °) 


, SO 7/(1) = 


8 x 10 7 
1 + 3e-°-7i 


: 3.23 x 10 7 kg. 


(b) y(t) = 4 x 10 7 


8 x 10 7 
l + 3e-°- 71t 

In 3 


= 4 x 10 7 


2 = 1 + 3e” 


—0.717 = In | =>■ 7 = « 1.55 years 

5. Using (7), A = 


0.71 

M - P 0 10,000 - 1000 


= 9 ’ so = 7 W 'H° 0 k f P W = 2500 


2500 = 


10,000 


P 0 1000 1 + 9 e -kf ~ ^ l + 9e- fc (i) 

l + 9e _fc = 4 =+ 9e~ k = 3 =+ e~ k = | +> — fc = In | => k = In 3. After another three years, t = 4, 

10,000 10,000 10,000 10,000 10,000 


and P(4) = 


10 

9 


= 9000. 


1 + 9e _ ( ln3 ) 4 i + 9( e in3 )- 4 i + 9(3)-4 1+ i 

7. (a) We will assume that the difference in the birth and death rates is 20 million/year. Let 7 = 0 correspond to the year 1990 


and use a unit of 1 billion for all calculations, few-!- ( 0 . 02 ) = —, so 

P dt 5.3 265 




P in billions 

1UU J 

. M-Po 100 - 5.3 947 M 100 

( } Po _ 5.3 53 ^ 7 ' 8679 ' ^ “ 1 + Ae~ kt ~ 1 + ^ e -(i/265)t 


, so P(10) w 5.49 billion. 





418 □ CHAPTER 9 DIFFERENTIAL EQUATIONS 


(c) P(llO) ss 7.81, and P(510) « 27.72. The predictions are 7.81 billion in the year 2100 and 27.72 billion in 2500. 

50 

(d) If M = 50, then P{t) = - tt=—. So P(10) « 5.48, P(110) « 7.61, and P(510) « 22.41. The predictions 

1 + ^ e - ! 1 ' 265 ' 4 

become 5.48 billion in the year 2000, 7.61 billion in 2100, and 22.41 billion in the year 2500. 
dy 

9. (a) Our assumption is that — = ky(l — y), where y is the fraction of the population that has heard the rumor. 


dP ( P\ P dP dy 

(b) Using the logistic equation (4), —— = kPl 1 — — ), we substitute y = —, P = My , and —— = M —, 

at \ M J M dt dt 


dy dll 

to obtain M — = k(My)(l — y) -o- -j- = ky(l — y), our equation in part (a). 

CLL cll 

Now the solution to (4) is P(t) = -^—tt, where A = ^ — — . 

w 1 + Ae~ kt Po 


We use the same substitution to obtain My = - 


M-My 0 

4 4-77- e 

My 0 


yo + (l - yo)e~ kt ' 


Alternatively, we could use the same steps as outlined in the solution of Equation 4. 

(c) Let t be the number of hours since 8 AM. Then y 0 — y(0) = = 0.08 and y( 4) = so 


\ = ^ 4 ) = 0 .08+ 0 0°92e- 4 ^ TllUS ’ °' 08 + = °' 16 ’ = §31 = *>• and e ~* = (A)^’ 


0.08 + 0.92(2/23) t/4 2 + 23(2/23) t/4 


. Solving this equation for t, we get 


2 j /+ 23 n 2 sJ =2 


It follows that -j — 1 = ln t (1 — y)/y\ 

4 ln i 


2~2 y 
23 y 


2 y /4 _ 2 1 - y 

23 J ~ 23 ' y 


, sot = A 1+ H0_zvM . 
L ln i J 


When y = 0.9, --— = so t = 4(1 — 


7.6 h or 7 h 36 min. Thus, 90% of the population will have heard 


the minor by 3:36 pm. 


„„ . N dP , P\ d 2 P , 1%/ 1 dP\ P\dP 1 , dP ( P P 

11 (a) ~dt ~ kP ( l - m) =* ~dP - k P (~M ~dt) + ( 1 _ m) ~dt ~ k ld\M +1 ~M 


= k kP 1-— 1- — )=k 2 P 1-— 1--7V 


M \ M 


(b) P grows fastest when P 1 has a maximum, that is, when P" = 0. From part (a), P" = 0 4=> P = 0, P = M, 


or P = M/2. Since 0 < P < M, we see that P" = 0 4^- P = M /2. 
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13. Following the hint, we choose t = 0 to correspond to 1960 and subtract 
94,000 from each of the population figures. We then use a calculator to 
obtain the models and add 94,000 to get the exponential function 
Pe(t) = 1578.3(1.0933)* + 94,000 and the logistic function 
32 658.5 

Pn(f) = -- ’ J 0 1706f + 94,000. Pl is a reasonably accurate 

1 V 12.75 e 

model, while Pe is not, since an exponential model would only be used 
for the first few data points. 


130,000 



1960 1980 2000 

t (year) 


. dP , _ , m\ T „ m dy dP , , , . dy 

15. (a) —— = kP — m = k\ P -— . Let y = P -—, so V- = —— and the differential equation becomes — = ky. 

dt V k) y k dt dt 4 dt y 

The solution is y = y 0 e kt =5 P - j = (p 0 - j ) e kt =5 P(t) = j + (p 0 - j ) e kt . 

7YI 

(b) Since k > 0, there will be an exponential expansion Pq —^ m < kPo. 

k 

TTl 7TL 

(c) The population will be constant if Pq - — = 0 m = kPo. It will decline if Pq - — < 0 rn > kPo. 

k k 

(d) Po = 8,000,000, k = a — j3 = 0.016, m = 210,000 => m > fcPo (= 128,000), so by part (c), the population was 
declining. 

17. (a) The term —15 represents a harvesting of fish at a constant rate—in this case, 15 fish/week. This is the rate at which fish 
are caught. 

(c) From the graph in part (b), it appears that P(t ) = 250 and P(t ) = 750 
are the equilibrium solutions. We confirm this analytically by solving the 
equation dP/dt = 0 as follows: 0.08P(1 — P/1000) — 15 = 0 => 
0.08P - 0.00008P 2 - 15 = 0 => 

—0.00008(P 2 - 1000P + 187,500) = 0 => 

(P - 250) (P - 750) = 0 => P = 250 or 750. 

For 0 < Po < 250, P(t) decreases to 0. For Po = 250, P(t) remains 
constant. For 250 < Po < 750, P(t) increases and approaches 750. 

For Po = 750, P(t) remains constant. For Po > 750, P(t) decreases 
and approaches 750. 

o[ Vo 80 120 < 



of'""! 1 - 


1000 


-15 * -M.^ = (0.08P- 0.00008P 2 -15).f-^ 

8 dt V 8 




dP 

-12,500 — = P 2 - 1000P + 187,500 
dt 


dP 


(P — 250)(P — 750) 12,500 


dt 
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19. 


-1/500 1/500 


P- 250 P-750 


dP = 


12,500 


dt 44 


P - 250 P - 750 


dP = -P dt 44 


InjP — 2501 — ln|P — 750| = + C 44 In 


P-250 


P- 750 


- Ts* + C ^ 


P-250 


P- 750 


_ gt/25+C _ ke t /25 


44 


P-250 


P-750 


= fce t/25 44 P - 250 = Pke t/25 - 750/ce t/25 44 P - Pke l/25 = 250 - 750fce t/25 44 


P(t) = 


250 - 750fce t/25 
1 — fce*/ 25 


If t = 0 and P = 200, then 200 = 


250 - 750fc 


1-k 


550fc = 50 44 k = jj. Similarly, if t = 0 and P = 300, then 
k = — |. Simplifying P with these two values of k gives us 

P( t ) = 25 °/ 3 ;/! n U| and P(t) = T5 °(«' /3 ' + 3 > 


44 200 - 200fc = 250 - 750 k 44 


P 1200 


gi/25 _|_ g 



(a) ^ = (fcP) (l - (l - ^m < P < Ad, then dP/df = (+)(+)(+) = + 

If 0 < P < m, then dP/dt = (+)(+)(—) = — =4 P is decreasing. 


P is increasing. 



k = 0.08, Ad = 1000, and m = 200 


dP 


— = 0.08P( 1- 
dt 


1000 




For 0 < Po < 200, the population dies out. For P 0 = 200, the population 
is steady. For 200 < Po < 1000, the population increases and approaches 
1000. For Po > 1000, the population decreases and approaches 1000. 

The equilibrium solutions are P(t) = 200 and P(t) = 1000. 




M — P\ (P — m 


Ad 


P 


= ^( M ~P)(P-m) 44 


dP 


J (Ad — P)(P — m) 

A(P - m) + B(M - P) = 1 
1 


k . 1 A B 

— dt. By partial fractions, - - n ,, „ -r = —-— + —-, so 

Ad (Ad — P)(P — m) M-P P-m 


If p = m, B = 


M — m 


;ifP = M,A=— --, so ■ 1 


M — m M — m 


1 1 
+ ■ 


M — P P — m 


dP = — dt =4 

/ Ad 


(— In |Af — P| + In |P — m|) = Ti + C 


Ad — m 


■In 


P — m 


M-P 


~M t + C 


In 


P — m 


M-P 


= (M-m)^rt + C 1 44 f r ™ [D = ±e Cl ], 

y 'M M-P L J 


Let t = 0: P °" m = D. So P ~ m = P ° ~ m e ( M ~™)WM)t 
M -P 0 '' " ’' " 

Solving for P, we get P(t) = 


M-P M-P 0 

m(M - Po) + M(P 0 - m )e (M - m)(,s/M)t 
Ad - Po + (Po - ' 
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(d) If P 0 < m, then Po — m < 0. Let N(t) be the numerator of the expression for P(t) in part (c). Then 

N(0) = P o (M-m) >0,andP 0 -m<0 lim M(P 0 - m)e (M_m){fe/M)t =-oo = 4 > lim N(t) = -oo. 

t — ►oo t — >oo 

Since N is continuous, there is a number t such that N(t) =0 and thus P(t) = 0. So the species will become extinct. 


21. (a) dP/dt = kPcos(rt — <f>) => (dP)/P = kcos(rt — <j>) dt => J(dP)/P = k fcos(rt — <f>) dt =>■ 

InP = ( k/r ) sin(rf — </>) + C. (Since this is a growth model, P > 0 and we can write InP instead of lnjP|.) Since 
P(0) = Po, we obtain InPo = (k/r) sin (—</>) + C = — (k/r) sin <j) + C => C = InPo + (k/r) sin <j>. Thus, 

InP = (k/r) sin(rt — </>) + InPo + (k/r) sin </>, which we can rewrite as ln(P/Po) = (k/r)[sin(rt — (/>) + sin <j>\ or, 
after exponentiation, P(t) = p oe Wr)isin(rt-^+sin^)_ 


(b) As k increases, the amplitude 
increases, but the minimum value 
stays the same. 


p 4 



P 0 = 1, r = 2, and cf) = tt/2 


As r increases, the amplitude and 
the period decrease. 


,r = 2 


A 'A 


Ay 




Comparing values of r with 
Pq = 1, k = 1, and <f> = 7t/2 


A change in <f> produces slight 
adjustments in the phase shift and 
amplitude. 


p 4 



P 0 = 1, k = 1, and r = 2 


P(t) oscillates between p 0 A /V )( 1+sln< ^ andPoA' /T ’^ 1+8ln ^) (the extreme values are attained when rt — ^isanodd 
multiple of f), so lim P(t) does not exist. 


23. By Equation 7, P(t) 


I< 

1 + Ae~ kt 


By comparison, if c 


(In A)/k and u 


\k(t — c), then 


1 + tanh u = 1 + 


e + e~ e — e” 


2e u 


gLL _|_ g — U gU g — U g U _|_ g —14 gLt _|_ g — U g — 

and e~ 2u = = e kc e~ kt = e lnA e~ kt = Ae~ kt , so 

K 


1 + e- 


|A'[l + tanh(ifc(f — c))] = ^[1 + tanhu] = ^ ■ — 


K 


+ e~ 


1 + e _2 “ 1 + Ae 


317 = P(t). 


9.5 Linear Equations 

1 . x — y' = xy 4=> y' + xy = x is linear since it can be put into the standard linear fonn ( 1 ), y' + P(x) y = Q(x). 

3. ?/ = — + — is not linear since it cannot be put into the standard linear form (1), y' + P(x) y = Q(x). 
x y 

5. Comparing the given equation, y' + y = 1, with the general form, y' + P(x) y = Q(x ), we see that P(x) = 1 and the 
integrating factor is I(x) = e f p ^ dx = e f 1 dx = e x . Multiplying the differential equation by I(x) gives 
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e x y' + e x y = e x => (e x y)'=e x => e x y=[e x dx =+ e x y = e x +C =s> ^ = — + — =+• 

J e x c x g x 

y = l+Ce~ x . 

7. y' = x — y =>• y' + y = x (*)./(*) = e f dx = e S ldx — e x Multiplying the differential equation (*) by 7 (x) gives 
e x y' + e x y = xe x =>■ (e x y)' =xe x =+ e x y = f xe x dx =$■ e x y = xe x — e x +C [by parts] =>■ 
y = x — 1 + Ce~ x [divide by e x ]. 


9. Since P(x) is the derivative of the coefficient of y' [P(x) = 1 and the coefficient is x], we can write the differential equation 
xy' + y = Vx in the easily integrable fonn (xy) 1 = Vx =>■ xy — \x 3 ^ 2 + C =>■ y = \\/x + C/x. 

. dy , . . . ,, . . , . . r . . , f sin (x 2 ) dx + C 

11. srni -—I- (cosa;) y = sin(i) =+• [(sma;)j/J = sin(ar) =4> (sina :) y = J sm(i ) dx => y=- -:-• 

ax sm x 

13. (1 + 7) ^ + u == 1 + 7, t > 0 [divide by 1 + 7] =>■ ~T P —-— u = 1 (*), which has the 

dt dt 1 - 1 - 1 

fonn v! + P(t) u = Q(t ). The integrating factor is 7(7) = e? p W dt = e /i 1 /( 1 + t )] dt = e ln (!+t) = 1 q- 1. 

Multiplying (*) by 7(7) gives us our original equation back. We rewrite it as [(1 + t)u]' = 1+7. Thus, 


(l + 7)u = f (1 + 7) dt = 7 + |7 2 + C =>■ u = 


7+ §7 2 +C 
1 + t 


7 2 + 27 + 2 <7 
2(7 + 1) ' 


15. x 2 y' + 2xy = lna; =>■ (x 2 y)'= in* =>■ x 2 y = Jlnzda; =>• x 2 y = a;lna; — a; + C [by parts]. Since j/(l) = 2 , 

1 2 (2) = 1 in 1 — 1 + (7 =>■ 2 = — 1 + <7 =>■ C = 3, so a: 2 j/= xlnx — a; + 3, or j/= i lna; — i +-^r. 

X X x z 

17. 7 ^ = 7 2 + 3w =+ v! — jU = 7 (*). 7(7) = e* ~ 3/tdt = e“ 31n|t| = (e ln|t| )" 3 = 7 " 3 [7 > 0] = ^. Multiplying (*) 

1 3 1 /lVl 1 f 1 1 1 

by 7(7) gives ^ u'- -^u = ^ => \^- u j=- => - u = J - dt => - U = --+C. Since m(2 ) = 4, 

7 ^( 4 ) = —i+C7 =+ (7 = 1, so ^ u = — i + 1, oru = — 7 2 + 7 3 . 

19. xy' = y + x 2 sina; =>■ y' — — y = aasinx. I{x) = ed ( '~ 1 ^ x ' )dx = e~ lnx = e lnx = 

„,.,. , i . i , i . /i V i 

Multiplying by — gives — y --t/ = sma; =+■ —y\ =sina; =>■ —y = —cosx + C =>■ y = —xcosx + Cx. 

x x x* 1 \ x ) x 


y{i r) =0 =+ 


—7r • (— 1) + Cn = 0 (7 = — 1, so y = —a;cosa; — a;. 
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21 . xy' + 2y = e x => y r + - y =—. 

X X 


C=3 

n\ 

C= 3 

5 llP 1 

I{x) = e^ 2/x)dx = e 21n|x| = (e lnlx 'Y = |a:| 2 = * 2 . 


jh 


Multiplying by I{x) gives x 2 y' + 2xy = xe x =>■ (x 2 y)' = xe x =>• 




-3 

p\ 

/ 

x 2 y = f xe x dx = (x — l)e x + C [by parts] =>• 

y =[(x— l)e x + C\/x 2 . The graphs for C = —5, —3, —1, 1, 3, 5, and 7 are 


c = -it1 

C — —3I 

\W=-5 
\ C = — 3 


shown. C = 1 is a transitional value. For C < 1, there is an inflection point and 
for C > 1, there is a local minimum. As \C\ gets larger, the “branches” get 
further from the origin. 


„ _ . du ,, , __ dy dy y n du u n ^ 4 n%> du _ , „ ... . , 

23. Setting u = y , — = (1 — n)y — or — =-=-. Then the Bernoulli differential equation 

dx dx dx 1 — n dx 1 — n dx 

becomes ^ + P(a;)w 1 ' /< ' 1_ri ) = Q(x)u n ^ 1 ~ n ^ or ^ + (1 — n)P{x)u = Q{x){ 1 — n). 

i- tx ax ax 


25. Flere y' + — y = ^r, so n = 3, P(x) = — and Q(x ) = -^r. Setting u = y 2 ,u satisfies u' — — = — - 3 -. 

sy* v- X ryi ry *7 rp rpJ* 

<Jy tv t aj 

Then I(x) = e-^ -4 ^ dx = x~ 4 and u = x 4 (^J — dx + C^j = x 4 + cj = Cx 4 + 

/ 2 \“ 1/2 
Thus ,y = ±(cx 4 + -) . 


27. (a) 2 -—|- 10/ = 40 or --f 5/ = 20. Then the integrating factor is e f 5 dt = e 5t . Multiplying the differential equation 

dt dt 

by the integrating factor gives e 5t ^ + 5/e Bt = 20e Bt =>■ (e 5t I)' = 20e 5t =>■ 

I(t) = e~ 5t [/ 20e 54 dt + C] = 4 + Ce~ st . But 0 = 7(0) = 4 + C, so 7(f) = 4 - 4e" 5t . 

(b) 7(0.1) = 4 - 4e~ 0 ' 5 « 1.57 A 

29. 5 + 20 Q = 60 with Q(0) = 0 C. Then the integrating factor is e f 4 dt = e 4t , and multiplying the differential 

equation by the integrating factor gives e 4t ^ + 4e 4t Q = 12e 4t =>■ ( e 4t Q)' = 12e 4t =>■ 

Q{t) = e _4t [/ 12e 4t dt + C] = 3 + Ce~ 4t . But 0 = <2(0) = 3 + C so Q(t) = 3(1 — e _4t ) is the charge at time t 
and 7 = dQ/dt = 12e _4t is the current at time t. 

HP 

31. ——|- kP = kM, so I (t) = e-f kdt = e kt . Multiplying the differential equation 7(0 
dt M 

dP 

by 7(7) gives e kt ^ + kPe kt = kMe kt => ( e kt P)' = kMe kt => 

P{t ) = e~ kt (f kMe kt dt + C) = M + Ce~ kt , k > 0. Furthermore, it is 

7(0) 

reasonable to assume that 0 < P( 0) < M, so —A7 < C < 0. 0 
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33. y(0) = 0 kg. Salt is added at a rate of ( 0.4 — ) ( 5 — — 1 = 2 —— • Since solution is drained from the tank at a rate of 
yw 5 \ L mm J mm 

3 L/min, but salt solution is added at a rate of 5 L/min, the tank, which starts out with 100 L of water, contains (100 + 24) L 

'Ll(t') kiz 

of liquid after 4 min. Thus, the salt concentration at time 4 is-. Salt therefore leaves the tank at a rate of 

4 100 + 2t L 


V(t) kg 


^ 3 


100 + 24 L / V min J 100 + 24 min 


dy 3y . . , . . dy ( 3 

— = 2 -. Rewriting this equation as ——F - 

dt 100 + 24 5 4 dt I 100 + 24 


ks 

-—. Combining the rates at which salt enters and leaves the tank, we get 


y = 2 , we see that it is linear. 


I (4) = exp 


100 + 24 


= exp(| ln(100 + 24)) = (100 + 24) 3/2 


Multiplying the differential equation by I(t) gives (100 + 2 t) 3 ^ 2 + 3(100 + 2t) 1 ^ 2 y = 2(100 + 2 t) 3 ^ 2 =>- 

[(100 + 24) 3/2 t/]' = 2(100 + 24) 3/2 =+ (100 + 2t) 3/2 y = § (100 + 24) 5/2 + C =+ 

y = §(100 + 24) + 61(100 + 24)“ 3/2 . Now 0 = y(0) = §(100) + C ■ 100 ^ 3/2 = 40 + =+ C = -40,000, so 

y = |^§(100 + 24) — 40,000(100 + 24) _3 ^ 2 j kg. From this solution (no pun intended), we calculate the salt concentration 


at time 4 to be C (4) = 


100 + 24 (100 + 24) 5/2 5 L 


-40,000 2 kg , . , -40,000 2 „ oorTr kg 

-FT 9 + T T- In particular, 67(20) = , + - « 0.2275 — 

00 + 24) s/ 5 L 140 5 ' 2 5 L 


and y(20) = §(140) - 40,000(140)“ 3/2 « 31.85 kg. 


35. (a) + — v = g and /(4) = dt = and multiplying the differential equation by 

at m 

7(4) gives e (c/m)t ^ = ge (c/rn)t =+ [e (c/m)t v]' = ge (c/m)t . Hence, 

v(t) = e _ ( c / m ) t jj ffe (c/m)t dt + A'j = mg/c + . But the object is dropped from rest, so v(0) = 0 and 

K = —mg/c. Thus, the velocity at time 4 is v(t) = (mg/c)[ 1 — 

(b) lim v(t) = mg/c 

t —>00 

(c) s(4) = f v(t) dt = (mg/c)[t + (m/c)e~ < - c ^ rn ^ t ] + ci where ci = s(0) — m 2 g/c 2 . 

s( 0 ) is the initial position, so s( 0 ) = 0 and s(t ) = ( mg/c)[t + ( m/c)e —C c /^)*] _ m 2 g / c 2 . 

11 z z I / 1 \ 

37. (a ) z = — =>■ P = - =>■ P' = — —. Substituting into P' = kP( 1 — P/M) gives us — -^ = fc - I 1-— ) 

Z Z Z Z \ ZJV1 J 

z' = -kz(\--^] =+ z' = -kz + 4 =>- z' + kz = 4 (*)• 
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(b) The integrating factor is e 


k 


e kt z = I -^e kt dt =* 
P = 


M 

1 


M +Ce ~ kt 


J k dt _ e kt_ Multiplying (*) by e kt gives e kt z , + ke kt z = ke^_ ^ ( e kt z y = ±_ e ki ^ 

e kt z = e kt +C =>■ 2 =tt + Ce~ kt . Since P = we have 
M M z 

M M 

P = — 7 T- which agrees with Equation 9.4.7, P = - - - rr, when MC = A. 

1 + MCe~ kt 5 4 1 +Ae~ kt 


9.6 Predator-Prey Systems 

1. (a) dx/dt = — 0.05* 4- O.OOOla;//. If y = 0, we have dx/dt = —0.05a;, which indicates that in the absence of y, x declines at 
a rate proportional to itself. So x represents the predator population and y represents the prey population. The growth of 
the prey population, 0.1 y (from dy/dt = 0.1 y — 0.005 xy), is restricted only by encounters with predators (the term 
—0.005a;//). The predator population increases only through the term O.OOOla;//; that is, by encounters with the prey and 
not through additional food sources. 

(b) dy/dt = —0.015y + 0.00008xy. If x = 0, we have dy/dt = — 0.015t/, which indicates that in the absence of x, y would 
decline at a rate proportional to itself. So y represents the predator population and x represents the prey population. The 
growth of the prey population, 0.2x (from dx/dt = 0.2a; — 0.0002a ; 2 — 0.006a;t/ = 0.2a;(l — 0.001a;) — O.OOGaiy), is 
restricted by a carrying capacity of 1000 [from the tern 1 — 0 . 001 a; = 1 — a;/ 1000 ] and by encounters with predators (the 
tern —0.006xy). The predator population increases only through the tern 0.00008 xy, that is, by encounters with the prey 
and not through additional food sources. 

3. (a) dx/dt = 0.5a; - 0.004a; 2 - O.OOlau/ = 0.5a;(l - a;/125) - 0.001.T y. 

dy/dt = QAy — 0.001 y 2 — 0.002a :y = 0.4j/(l — y/ 400) — 0.002a :y. 

The system shows that x and y have carrying capacities of 125 and 400. An increase in x reduces the growth rate of y due 
to the negative term —0.002 xy. An increase in y reduces the growth rate of x due to the negative tenn — O.OOlau/. Hence 
the system describes a competition model. 

(b) dx/dt = 0 => a;(0.5 — 0.004a; — 0.001 y) = 0 => a;(500 — 4a; — t/) =0 (1) and dy/dt = 0 => 

t/( 0 .4 - 0 . 001 ?/ - 0 . 002 x) = 0 =>• y{ 400 -y- 2 a;) = 0 ( 2 ). 

From (1) and (2), we get four equilibrium solutions. 

(i) x = 0 and y = 0: If the populations are zero, there is no change. 

(ii) x = 0 and 400 — y — 2x = 0 => a; = 0 and y = 400: In the absence of an a;-population, the //-population 

stabilizes at 400. 

(iii) 500 — 4x — y = 0 and y = 0 => x = 125 and y = 0: In the absence of //-population, the a;-population stabilizes 
at 125. 

(iv) 500 — 4x — y = 0 and 400 — y — 2x = 0 => y = 500 — 4a; and y = 400 — 2x => 500 — 4a; = 400 — 2a; => 

100 = 2x => x = 50 and y = 300: A //-population of 300 is just enough to support a constant x-population of 50. 
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5. (a) At t = 0, there are about 300 rabbits and 100 foxes. At t = ti, the number 
of foxes reaches a minimum of about 20 while the number of rabbits is 
about 1000. At t = t 2 , the number of rabbits reaches a maximum of about 
2400, while the number of foxes rebounds to 100. At t = £3, the number of 
rabbits decreases to about 1000 and the number of foxes reaches a 
maximum of about 315. As t increases, the number of foxes decreases 
greatly to 100, and the number of rabbits decreases to 300 (the initial 
populations), and the cycle starts again. 





dW _ -0.02 W + 0.00002.RLK 
dR ~ 0.08R-0.001RW 


44 (0.08 -0.001W)RdW = (-0.02 +0.00002R)WdR 44 


0.08- 0.001 W 


dW = 


-0.02 + 0.00002f?. 


dR 44 


0.001 dW = 


+ 0.00002 dR 44 


0.08 \n\W\ — 0.001W = —0.02 ln|7?| + 0.00002/? + K 44 0.08 In W + 0.02 In R = 0.001W + 0.00002E + K O 
ln(iy 0 08 f? 0 02 ) = 0.00 0 02f? + 0.001W + K ^ w o.os. R o.o 2 = e o.oooo 2 H+o.ooiw+x ^ 


^ 0 . 00002 ^- 0 . 001 ^ 


= C. In general, if ^ then C = 4^- 


11. (a) Letting W = 0 gives us dR/dt = 0.08i?.(l — 0.0002f?). dR/dt = 0 4^ R = 0 or 5000. Since dR/dt > 0 for 
0 < R < 5000, we would expect the rabbit population to increase to 5000 for these values of R. Since dR/dt < 0 for 
R > 5000, we would expect the rabbit population to decrease to 5000 for these values of R. Hence, in the absence of 
wolves, we would expect the rabbit population to stabilize at 5000. 

(b) R and W are constant => R' = 0 and W = 0 => 


0 = 0.08.R(1 - 0.0002f?) - 0.00 IRW 
0 = —0.02 W + 0.00002 RW 


0 = _R[0.08(1 - 0.0002.R) - 0.001LL] 
0 = W(- 0.02 + 0.00002 R) 
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The second equation is true if W = 0 or R = 0 q 0 ° 0 2 02 = 1000. If W = 0 in the first equation, then either R = 0 or 
R = = 5000 [as in part (a)]. If R = 1000, then 0 = 1000(0.08(1 - 0.0002 • 1000) - 0.001 W] <S> 

0 = 80(1 - 0.2) - W o W = 64. 

Case (i): W = 0, R = 0: both populations are zero 

Case (ii): W = 0, R = 5000: see part (a) 

Case (Hi): R = 1000, W = 64: the predator/prey interaction balances and the populations are stable. 


(c) The populations of wolves and rabbits fluctuate around 
64 and 1000, respectively, and eventually stabilize at 
those values. 



9 Review 


CONCEPT CHECK 


1. (a) A differential equation is an equation that contains an unknown function and one or more of its derivatives. 

(b) The order of a differential equation is the order of the highest derivative that occurs in the equation. 

(c) An initial condition is a condition of the form y(to) = yo- 

2. y' = x 2 + y 2 > 0 for all x and y. y' = 0 only at the origin, so there is a horizontal tangent at (0,0), but nowhere else. The 
graph of the solution is increasing on every interval. 


3. See the paragraph preceding Example 1 in Section 9.2. 

4. See the paragraph following Figure 14 in Section 9.2. 

5. A separable equation is a first-order differential equation in which the expression for dy/dx can be factored as a function of x 
times a function of y, that is, dy/dx = g(x)f(y). We can solve the equation by integrating both sides of the equation 
dy/f{y) = g(x)dx and solving for y. 


dy 

6. A first-order linear differential equation is a differential equation that can be put in the form ——h Pix ) y = Q(x), where P 

dx 

and Q are continuous functions on a given interval. To solve such an equation, multiply it by the integrating factor 
I(x) = ef p< - x ^ dx to put it in the form [I(x) y]' = I(x) Q(x) and then integrate both sides to get I(x)y = f I(x) Q(x) dx, 
that is, e ^ p(x)dx y = fe^ p(x) dx Q{x ) dx. Solving for y gives us y = e~ f p W d * f e / p W dx Q(x) dx. 


, , dy , , , . , 1 dy . 

(a) — = ky; the relative growth rate,-—, is constant. 

dt y dt 
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(b) The equation in part (a) is an appropriate model for population growth, assuming that there is enough room and nutrition to 
support the growth. 

(c) If t/(0) = 2 / 0 , then the solution is y(t) = yoe kt . 

8. (a) dP/dt = kP( 1 — P/M), where M is the carrying capacity. 

(b) The equation in part (a) is an appropriate model for population growth, assuming that the population grows at a rate 
proportional to the size of the population in the beginning, but eventually levels off and approaches its carrying capacity 
because of limited resources. 

9. (a) dF/dt = kF — aFS and dS/dt = -rS + bFS. 

(b) In the absence of sharks, an ample food supply would support exponential growth of the fish population, that is, 

dF/dt = kF, where k is a positive constant. In the absence of fish, we assume that the shark population would decline at a 
rate proportional to itself, that is, dS/dt = —rS, where r is a positive constant. 

TRUE-FALSE QUIZ 


1. True. 

3. False. 

5. True. 

7. True. 


Since y 4 > 0, y' = — 1 — y 4 < 0 and the solutions are decreasing functions. 
x + y cannot be written in the form g(x)f(y). 


e x y' = y =>• y' = e. x y =>■ y' + {—e x )y = 0, which is of the form 2 / +P(x)y = Q{x), so the 
equation is linear. 


By comparing 


dy 

dt 



with the logistic differential equation (9.4.4), we see that the carrying 


capacity is 5; that is, lim y = 5. 

t —K30 



EXERCISES 


(b) lim y(t) appears to be finite for 0 < c < 4. In fact 

t —>oo 

lim y(t) = 4 for c = 4, lim y{t) = 2 for 0 < c < 4, and 

t — >00 t — KX> 

lim y(t) = 0 for c = 0. The equilibrium solutions are 

t —>oo 


y(t) = 0, y(t) = 2, and y(t) = 4. 
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We estimate that when x = 0.3, y = 0.8, so y( 0.3) « 0.8. 


(b) h = 0.1, x 0 = 0, y 0 = 1 and F(x, y) = x 2 - y 2 . So y n = y n - i + 0.l(x 2 _i - yl-i). Thus, 

yi = l + 0.l(0 2 - l 2 ) = 0.9, j /2 = 0.9 + 0.l(0.1 2 — 0.9 2 ) = 0.82, y 3 = 0.82 + 0.1 (0.2 2 - 0.82 2 ) = 0.75676. 
This is close to our graphical estimate of 2 /( 0 .3) « 0.8. 

(c) The centers of the horizontal line segments of the direction field are located on the lines y = x and y = — x. 

When a solution curve crosses one of these lines, it has a local maximum or minimum. 

5. y' = xe~ alnx — y cos x => y 1 + (cosx)y = xe~ alnx (*). This is a linear equation and the integrating factor is 
I(x) = e fcosxdx = e sin x . Multiplying (*) by e sin:r gives e ainx y' + e sin * (cos x) y = x =>• (e sin:c y)' = x =>■ 


e ainx y = \x 2 + C => y=(\x 2 +C)e~ ainx . 


7. 2ye y2 y' = 2x + 3 Vx =>■ 2ye v ~ y = 2x + 3 Vx =>■ 2ye v ~ dy = (2x + 3\/x^J dx 


e y2 = x 2 + 2x 3/2 + C 


= ln(x 2 + 2x 3/2 + C) 


f 2ye v dy = f (2x + 3 Vx ^ dx 
y = ±-\/ln(* 2 + 2* 3 / 2 + C ) 

9. y + 2 tr = r =>■ y = r — 2 tr = r(l — 21 ) =>■ j — = J (1 — 21 ) dt =>■ In |r| = t — t 2 + C 

= fee 4- * 2 . Since r(0) = 5, 5 = ke° = k. Thus, r(l) = 5e 4-42 . 


Irl = e 4 - 4 ' +c - t - 4 “ 4 


11 . xy' — y = x In x =>■ y' — —y = \nx. I(x)=e ^ l / x ) dx =e ln l a: l = = 1*1 1 = 1 /* since the condition 

2 /( 1 ) = 2 implies that we want a solution with * > 0. Multiplying the last differential equation by I(x) gives 


1 , 


1 , 

(1 A 

l, 

1 

7 In* , 

1 

— In* =>■ 


= — m x =>■ 

- y = 

/ -d* =>■ 


X 

V* J 

X 

* J 

' X 

rr 


y = 4 (In *) 2 +C 


X X* 

2 /= |*(ln *) 2 + C*. Now 2/(1) = 2 =>■ 2 = 0 + C =>■ C = 2, so y = |*(ln *) 2 + 2x. 

13. (y) = ~7~ (ke x ) =>■ y' = ke x = y , so the orthogonal trajectories must have y’ = — — — 

dx dx y dx y 


ydy = —dx => fydy = —fdx => T y 2 = —x + C => x = C — \y 2 , which are parabolas with a horizontal axis. 
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15. 


dP f P \ 

(a) Using (4) and (7) in Section 9.4, we see that for —— = 0.1PI 1 — I with -P(O) = 100, we have k = 0.1, 

CLl \ ^UUU J 


M = 2000, P 0 = 100, and A = 

p U = TT^ mdPm 


2000 - 100 
100 
2000 

““ 1 + 19e- 2 


19. Thus, the solution of the initial-value problem is 
« 560. 


(b) P = 1200 

44 1200 

2000 

“ 1 + 19e- 01t 

44 1 + 19e _0 14 = 

2000 _o it 

1200 

e _0 14 = ( 

D/19 ^ 

—0.17 = In jp) 

44 t = —10 In ^ ps 

: 33.5. 


5 

3 


1 44 


17. (,) £ « L. 


dL - k(L 
~di ~ k[L ° 


L ) =4 J L dL _ L = J k dt =* -In | Loo-L| = kt + C 


In \L X - L\ = -kt - C =4 \L ao — L\ = e~ kt ~ c =4 L x - L = Ae~ kt =4 L = L 00 -Ae~ kt . 

At t =7 o, L = L(0) = Loo — A =4 A = Loo — L(0) =4 L(7) = Loo — [Loo — L(0)]e . 

(b) Loo = 53 cm, L(0) = 10 cm, and k = 0.2 =4 L(t ) = 53 - (53 - lOje " 0 ' 24 = 53 - 43e“°' 24 . 

19. Let P represent the population and 7 the number of infected people. The rate of spread dl/dt is jointly proportional to 7 and 


to P — I, so for some constant k, ^ = kl(P — I) =4- 7(f) = 


IoP 


Io + (P- Io)e- kpt 


[from the discussion of logistic 


growth in Section 9.4], 

Now, measuring t in days, we substitute t = 7, P = 5000, 7o = 160 and 7(7) = 1200 to find k: 
160 • 5000 „ 2000 


1200 = 


160 + (5000 - 160)e _5000 ' 7 fe 


44 3 = 


160 + 4840e- 35000 ' i 


44 480 + 14,520e _35000,i: = 2000 44 


-as.ooofc = 2222 — 44 —35,000fc = In — 44 k = -— In — w 0.00006448. Next, let 

14,520 363 35,000 363 


7 = 5000 x 80% = 4000, and solve for t: 4000 = 


160 • 5000 


160 + (5000 - 160)e _fc ' 5000 t 


44 1 = 


200 


160 + 4840e- 5000W 


44 


160 + 4840e~ 5 ° oofct = 200 44 e " 5000 * 4 = 222 — 122 -5000/W = In — 44 

4840 121 


t = gQQQ^r. In = i ^ 38 ' In = ^ • | n 3^3 ~ 14.875. So it takes about 15 days for 80% of the population 


363 


38 


to be infected. 


dft _ R / h 
' ~dt ~ V \ k + h 


k + h 
h 


dh = 


!(-*) 


— — J dt => 


1 + /- ) dh = — 77 [ 1 dt 


h 


V 


R 

h + k In h = — — t + C. This equation gives a relationship between h and t, but it is not possible to isolate h and express it in 


terms of t. 


23. (a) dx/dt = 0.4*(1 — 0.000005a:) — 0.002xy, dy/dt = —0.2a/ + 0.000008a:j/. If y = 0, then 

dx/dt = 0.4a:(l — 0.000005a;), so dx/dt = 0 44 a: = 0 or a: = 200,000, which shows that the insect population 
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25. 


increases logistically with a carrying capacity of 200,000. Since dx/ctt > 0 for 0 < x < 200,000 and dx/dt < 0 for 
x > 200,000, we expect the insect population to stabilize at 200,000. 

(b) x and y are constant =>■ x' = 0 and y' = 0 => 

1 0 = 0.4*(1 - 0.000005*) - 0.002*2, ) |0 = 0.4*[(1 - 0.000005*) - 0.005?/] 

|0 = - 0 . 22 / + 0 . 000008 * 2 / j ^ jo = y(-0.2 + 0.000008*) 

The second equation is true if y = 0 or * = 0 0 oooo8 = 25,000. If y = 0 in the first equation, then either * = 0 
or * = = 200,000. If* = 25,000, then 0 = 0.4(25,000) [(1 - 0.000005 • 25,000) - 0.005//] 

0 = 10,000[(1 - 0.125) - 0.005?/] => 0 = 8750 - 50 y =>• y = 175. 

Case (i): y = 0, * = 0: Zero populations 

Case (ii): y = 0, * = 200,000: In the absence of birds, the insect population is always 200,000. 

Case (iii): x = 25,000, y = 175: The predator/prey interaction balances and the populations are stable. 


(c) The populations of the birds and insects fluctuate 
around 175 and 25,000, respectively, and 
eventually stabilize at those values. 


(d) 



(a) = k i /1+ ( y- ) . Setting z = y-, we get = k \f\ + z 2 =>■ 


dx 2 


dy 


dx 


dy 


dz 


dz 


dx 


dx 




= k dx. Using Formula 25 gives 


ln(z + \Jl + z 2 ) = kx + c => z + \/l + z 2 = Ce kx [where C = e c ] =4> \Jl + z 2 = Ce kx — z 


1 + z 2 = C 2 e 2kx - 2Ce x z + z 2 


2 Ce kx z = C 2 e 2 


z ~ T- 75 e ~"’- Now 


y- = ye kx — yy,e kx => y — yre kx + —jr-e kx +C. From the diagram in the text, we see that y( 0) = a 

CiX Z Zu Zrv Zw /c 


and Vi±b) = h. a = 2/(0) = § + ^ +C" =* C ' = a-g--± => 

y=^j- (e kx - 1) + —^ {e~ kx - 1) + a. From h = y(±b), we find h = ^ ( e kb - 1) + —^ (e~ kb - 1) + a 
C 1 

and h = — (e~ — 1) + ( e kb — 1) + a. Subtracting the second equation from the first, we get 

Zr£ Z w K 


kb ^~kb 


0 = 


C e kb - e 


kb y~, — kb 


J_ e - e 

Ck 


= — I C — — | sinh kb 

o 


Now k > 0 and 6 > 0, so sinh kb > 0 and C = ±1. If C = 1, then 


, 1 P kx j _ P ~ kx 

y=f^ ekx - 1 ^Yk^ kx - 1 ^ a =k^- 


— i+o = a+ i (coshfc* — 1). If C = —1, 
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„kx | „ — kx 


theny = —2fc (e 1} ~2fc( e - 1) + a = k 


+ — + a = a — — (cosh kx — 1). 
k k 


Since k > 0, cosh kx > 1, and y > a, we conclude that (7=1 and y = a + — (cosh kx — 1), where 
h = y(b) = a + i (cosh kb — 1). Since cosh(A:6) = cosh (—kb), there is no further information to extract from the 

ft 


condition that y(b) = y(—b). However, we could replace a with the expression h — — (cosh kb — 1), obtaining 


y = h + — (cosh kx — cosh kb). It would be better still to keep a in the expression for y, and use the expression for h to 

solve for k in terns of a, b, and h. That would enable us to express y in terms of x and the given parameters a, b, and h. 
Sadly, it is not possible to solve for k in closed form. That would have to be done by numerical methods when specific 
parameter values are given. 

(b) The length of the cable is 

L= f^ b yj 1 + ( dy/dx) 2 dx = f^ b \Jl + sinh 2 kx dx = f^ b cosh kx dx = 2 j^ cosh kx dx 
= 21^(1 /k) sinh kx j = (2 /k) sinh kb 



□ PROBLEMS PLUS 


1. We use the Fundamental Theorem of Calculus to differentiate the given equation: 

[f( x )\ 2 = 100 + So {[/(l)] 2 + [/'(l)] 2 } dt => 2 f(x)f'(x) = {f(x)} 2 + [f'(x)] 2 => 

[f{x)] 2 + [f(x)] 2 — 2 f(x)f(x) = 0 =>■ [f{x) — f(x)] 2 = 0 4=> f(x) = f'{x). We can solve this as a separable 

equation, or else use Theorem 9.4.2 with k = 1, which says that the solutions are f(x) = Ce x . Now [/(0)] 2 = 100, so 
/(0) = C = ±10, and hence f(x) = ±10e a: are the only functions satisfying the given equation. 

o j.// , .. f(x + h) — f(x) ,. f(x) lf(h) - 1] ,, . . 

3. f (x) = lim —-.- LLJ. = i lm J y u ■ -1 [since f(x + h) = f(x)f(h)] 

h —>0 h h —>0 h 

- ft?. ' tw ft?. - w<°> = /w 

Therefore, f'(x) = /(*) for all x and from Theorem 9.4.2 we get f(x) = Ae x . 

Now /(0) = 1 =>• A = 1 =» f(x) = e x . 

5. “The area under the graph of / from 0 to a; is proportional to the (n ± l)st power of f(x)" translates to 

fS f{t) dt = k[f(x)] n+1 for some constant k. By FTC1, [ f(t) dt = {k[f(x )] n+1 } =>■ 

dx j q ax 

f(x) = k(n + l)[f (x)] n f (x) =» l = k(n+l)[f(x)] n - 1 f(x) => 1 = k(n + ljy"" 1 g =* 

k(n + l)y n_1 dy = dx =>■ f k(n + l)y n_1 dy = f dx =>■ k(n + 1)— y n = x + C. 

1 71 

Now/(0) = 0 => 0 = 0 + C =>■ C = 0 and then /(l) = 1 =>■ k(n + 1)—= 1 =>■ k = -, 

w w v ’ n n +1 

so = x and y = f(x) = x 1 ^ n . 

7. Let y(t) denote the temperature of the peach pie t minutes after 5:00 PM and R the temperature of the room. Newton’s Law of 

dy 

Cooling gives us dy/dt = k(y — R). Solving for y we get-— = kdt => ln|j/ — R\ = kt + C => 

y 

\y — R\ = e kt+c =>■ y — R = ±e kt ■ e c =>■ y = Me kt + R, where M is a nonzero constant. We are given 
temperatures at three times. 

2/(0) =100 =>■ 100= M + R => R = 100 — M 

2/(10)= 80 =>• 80 =Me 10k + R (1) 

2/(20)= 65 => 65 = Me 20k + R (2) 

Substituting 100 — M for R in (1) and (2) gives us 


-20 = Me 10k - M (3) and -35 = Me 20k - M (4) 


433 
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Dividing (3) by (4) gives us 


-20 _ M(e 10k - 1) 


=> 4e 2Ufc - 4 = 7e lufc - 7 =*• 


= | or 1 =>• 


-35 M(e 20k - 1) 7 e 20fc - 1 

4e 2 °fc _ 7e iofc + 3 = o This is a quadratic equation in e 10fc . (4e 10fe - 3) ( e wk - l) = 0 => e 1 
lOfe = In | or In 1 => k = ^ In | since k is a nonzero constant of proportionality. Substituting | for e 10k in (3) gives us 

-20 = => -20 = -hM =*• M = 80. Now R = 100 — M so R = 20°C. 


9. (a) While running from ( L , 0) to (x, y), the dog travels a distance 
s = f^\J 1 + ( dy/dx) 2 dx = —f* ^/1 4 - ( dy/dx) 2 dx, so 

dg 

— = — a/1 + (dy/dx) 2 . The dog and rabbit run at the same speed, so the 

dx 

rabbit’s position when the dog has traveled a distance s is (0, s). Since the 

dy § — y 

dog runs straight for the rabbit, —- = --(see the figure). 



dx 0 — x 


dy 


ds dy 


dx 


dx dx 


d 2 y . , dy 


Thus, s = y — x —r— =>• — = —- x —-=■ + 1 -y- ) = — x -r-~. Equating the two expressions for — 


dx 2 


dx 


d 2 y 


ds 


dx 2 ' 


dx 


dx 2 


d 2 y I (dy’. . 

gives us x -—— = \ /1 + I 3 - , as claimed. 


dx 


dy dz dz 

(b) Letting z = —, we obtain the differential equation x —— = y/1 -f z 2 , or ■ 


dx’ 


dx 




dx 

= —. Integrating: 


In a; = 


\/TT 


dz 25 , 

= 111 


z + \/l + z 2 ^ + C. When x = L, z = dy/dx = 0, so In L = In 1 + C. Therefore, 


C = InL, so In a; = ln(\/l 4- z 2 + z) + InL = ln[L(\/l + z 2 + z )] =>■ x = L(\/l + z 2 + z) 


VTTT 2 = l-z => 1 + * 2 = (z) 

_ ( x/L ) 2 - 1 _ X 2 - L 2 _ X LI 


x\ 2 2 xz 9 

— +z 


r-H§) 


X^ 2 

L 


-1 = 0 =>• 
2 L 


2 ix/L) 


~ ^ dV X“ ^ _ 

2Lx = 2L " 2 Z [for x > 0], Since 2 = -, y = - - - lira: + dr. 


Since y = 0 when x = L, 0 = ^ In L + Ci 

x 2 L L L x 2 - L 2 i, 

V =- mx H-InL-=-In — 

y 4L 2 2 4 4L 2 


Ci = -^ InL — Thus, 
2 4 


©■ 


(c) As x —> 0 + , y —* oo, so the dog never catches the rabbit. 

11. (a) We are given that V = |-7r r 2 h, dV/dt = 60,00071 ft 3 /h, and r = 1.5 h = | h. So V = |7r(^/i) 2 h = jirh 3 

dV 3 . o dl? g , 2 dh dh 4(i dV/dt) 240.0007T 80,000 

— = J 7 T • 3L 2 — = 77 r/i 2 —. Therefore, — = ——=- ~rz— = —(*) =*> 

dt 4 dt 4 dl dl 9nh 2 9nh 2 3h 2 

f 3h 2 dh = f 80,000 dt => h 3 = 80,0001 + C. When t = 0, h = 60. Thus, C = 60 3 = 216,000, so 

h 3 = 80,0001 + 216,000. Let h = 100. Then 100 3 = 1,000,000 = 80,0001 + 216,000 => 

80,0001 = 784,000 => 1 = 9.8, so the time required is 9.8 hours. 
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(b) The floor area of the silo is F = rr • 200 2 = 40,0007r ft 2 , and the area of the base of the pile is 
A = nr 2 = 7r (| /i) 2 = h 2 . So the area of the floor which is not covered when h = 60 is 

F — A = 40,0007r - 8100 tt = 31,900tt « 100,217 ft 2 . Now A=^fh 2 =>• dA/dt = ^ • 2 h ( dh/dt ), 
and from (*) in part (a) we know that when h = 60, dh/dt = ^ ft/h. Therefore, 

dA/dt = (2)(60)(^) = 2000tt « 6283 ft 2 /h. 

(c) At h. = 90 ft, dV/dt = 60,000tt - 20,000tt = 40,000tt ft 3 /h. From (*) in part (a), 


dh _ 4{dV/dt) _ 4(40,000tt) _ 160,000 
dt 


f 9 h 2 dh = f 160,000 dt => 3 h 3 = 160,000^ + C. When t = 0, 


9nh 2 9nh 2 9 h 2 

h = 90; therefore, C = 3 • 729,000 = 2,187,000. So 3 h 3 = 160,0001 + 2,187,000. At the top, h = 100 
3(100) 3 = 160,0001 + 2,187,000 => 1 = 333, °°° « 5.1. The pile reaches the top after about 5.1 h. 


13. Let P(a , b) be any point on the curve. If m is the slope of the tangent line at P, then m = y'(a), and an equation of the 

normal line at P is y — b = — —(% — o), or equivalently, y = ——x + b+—. The y-intercept is always 6, so 

m mm‘ 

CL CL CL dll X 

6H-=6 => — = 6 — 6 m = -. We will solve the equivalent differential equation — = - => 

m m 6 — 6 dx 6 — y 


(6 — y) dy = x dx 


J (0 — y) dy = J xdx 


Sy-\y 2 = \x 2 +C => I2y - y 2 = x 2 + K. 


Since (3, 2) is on the curve, 12(2) — 2 2 = 3 2 + K K = 11. So the curve is given by 12 y — y 2 = x 2 + 11 


x 2 + y 2 - 12 y + 36 = -11 + 36 


x 2 + (y — 6) 2 = 25, a circle with center (0,6) and radius 5. 


15. From the figure, slope OA = —. If triangle OAB is isosceles, then slope 

x 

'Ll 

AB must be ——, the negative of slope OA. This slope is also equal to fix). 


, dy y 

so we have — =- 

dx x 

In \y\ = - In |a;| + C 
|y| = (e ta| “l)- 1 e° = 


dy 

V 


dx 

x 


_ g— ln|®|+C 


= R e ° - 
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x = t 2 +t, y = t 2 — t, —2<t<2 


1 

-2 

-1 

0 1 

2 


re 

2 

0 

0 2 

6 


y 

6 

2 

0 0 

2 


re = c 

os 2 t, y = 

1 — sinl, 

0 < 1 < tt/2 

i 

0 7r/6 

7r/3 


71-/2 

re 

1 

3/4 

1/4 


0 

y 

1 

1/2 

i v^3 ^ 

2 ^ 

0.13 0 


x — 3 — 41, y = 2 — 31 

(a) r - T - 


1 

-l 

0 

1 

2 

re 

7 

3 

-1 

-5 

y 

5 

2 

-1 

-4 


(b) re = 3 — At => 4t = —re + 3 => t =—\x + §, so 


y = 2-3t = 2-3(-i®+|) =2+fa 
x = 1 - t 2 , y = t - 2, —2 < 1 < 2 

(a) i-1-1 


V=\x- 


1 

-2 

-1 

0 

1 

2 

re 

-3 

0 

1 

0 

-3 

y 

-4 

-3 

-2 

-1 

0 

1 - 

2 => 

t = 

y + 2, so x = 

1-1 




(—5, -4) 

t= 2 


(-3, -4) 
t = -2 



x = — (y + 2) 2 + 1, or x = —y 2 — 4y — 3, with —4 < j/ < 0 
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(a) 


y- 

= l 

-1 




y> 

(0, 1) t = 0 

t 

0 

i 

2 

3 

4 


\(1,0) t= 1 

X 

0 

i 

1.414 

1.732 

2 

0 

\ x 

y 

i 

0 

-1 

-2 

-3 


\ 


(b) x = y/t 


t = x 


y = l — t= l — x 2 . Since t > 0, x > 0. 


So the curve is the right half of the parabola y = 1 — x 2 . 


11. (a) x = sin i 9, y = cos i 9, —tt <9<-k. 

x 2 + y 2 = sin 2 + cos 2 \6 = 1. For —n < 9 < 0, we have 

— 1 < a; < 0 and 0 < y < 1. For 0 < 9 < 7r, we have 0 < x < 1 
and 1 > y > 0. The graph is a semicircle. 


13. (a) x = sinl, y = cscf, 0 < t < S-. -y = esc t = . 

sin t x 

For 0 < t < j, we have 0 < x < 1 and y > 1. Thus, the curve is the 
portion of the hyperbola y = 1/x with y > 1. 


15. (a) x = e 2t => 2t = Inx 
y = t + 1 = h\nx + 1. 


t = \ In x. 


17. (a) x = sinhi, y = coshf 


y 2 — x 2 = cosh 2 t — sinh 2 t = 1. Since 


y = cosh t > 1, we have the upper branch of the hyperbola y 2 


x 2 = 1. 


1(2,-3) f = 4 




19. x = 3 + 2 cos t,y= 1 + 2 sin t, n/2 < t < 3n/2. By Example 4 with r = 2, ft = 3, and k = 1, the motion of the particle 
takes place on a circle centered at (3,1) with a radius of 2. As t goes from ^ to , the particle starts at the point (3,3) and 
moves counterclockwise along the circle (x — 3) 2 + (y — l) 2 = 4 to (3, —1) [one-half of a circle]. 


21 . x = 5sinf, y = 2cosf => sinf = cost = sin 2 1 + cos 2 t = 1 => + ( tt ) = 1 . The motion of the 

particle takes place on an ellipse centered at (0, 0). As t goes from —7r to 57r, the particle starts at the point (0, —2) and moves 
clockwise around the ellipse 3 times. 

23. We must have 1 < x < 4 and 2 < y < 3. So the graph of the curve must be contained in the rectangle [1, 4] by [2, 3], 
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25. When t = — 1, (x, y) = (0, —1). As t increases to 0, x decreases to —1 and y 
increases to 0. As t increases from 0 to 1, x increases to 0 and y increases to 1. 
As t increases beyond 1, both x and y increase. For t < — 1, x is positive and 
decreasing and y is negative and increasing. We could achieve greater accuracy 
by estimating x- and y -values for selected values of t from the given graphs and 
plotting the corresponding points. 

27. When t = 0 we see that x = 0 and y = 0, so the curve starts at the origin. As t 
increases from 0 to the graphs show that y increases from 0 to 1 while x 
increases from 0 to 1 , decreases to 0 and to — 1 , then increases back to 0 , so we 
arrive at the point (0,1). Similarly, as t increases from | to 1 ,y decreases from 1 



to 0 while x repeats its pattern, and we arrive back at the origin. We could achieve greater accuracy by estimating x- and 


revalues for selected values of t from the given graphs and plotting the corresponding points. 



31. (a) x = xi + (x 2 — xi)t, y = yi + ( 3/2 — yi)t, 0 < t < 1. Clearly the curve passes through P\{x\, yi) when t = 0 and 
through P 2 {x 2 , t/ 2 ) when t = 1. For 0 < t < 1, x is strictly between xi and X 2 and y is strictly between y\ and 7 / 2 - For 

every value of t, x and y satisfy the relation y — y 1 = -(x — xi), which is the equation of the line through 

X 2 — Xl 

Pi(xi,yi) and P 2 (x 2 ,y 2 )- 

X) — 'Ll 1 X — X\ 

Finally, any point (x, y) on that line satisfies - = --—; if we call that common value f, then the given 

7/2 —y 1 X 2 - Xl 

parametric equations yield the point ( x, y); and any (x, y) on the line between Pi(xi, 1 / 1 ) and ^ 2 (^ 2 , J/ 2 ) yields a value of 
t in [0,1], So the given parametric equations exactly specify the line segment from Pi(xi, y\) to -P 2 (x 2 , t/ 2 ). 

(b) x = -2 + [3 - (—2)]t = -2 + 5t and y = 7 + (-1 - 7)f = 7 - 8t for 0 < t < 1. 


33. The circle x 2 + (y — l ) 2 = 4 has center (0,1) and radius 2, so by Example 4 it can be represented by x = 2 cos t, 

y = 1 + 2 sinf, 0 < t < 2-7T. This representation gives us the circle with a counterclockwise orientation starting at (2,1). 

(a) To get a clockwise orientation, we could change the equations to x = 2 cos t, y = 1 — 2 sin t, 0 < t < 2ir. 

(b) To get three times around in the counterclockwise direction, we use the original equations x = 2 cos t, y = 1 + 2 sin t with 
the domain expanded to 0 < t < 6ir. 
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(c) To start at (0, 3) using the original equations, we must have xi = 0; that is, 2 cos t = 0. Hence, t = ■|. So we use 
x = 2 cos t, y = 1 + 2 sin t, < t < ^ . 

Alternatively, if we want t to start at 0, we could change the equations of the curve. For example, we could use 
x = —2 sin t, y = 1 + 2 cos t, 0 < t < re. 

35. Big circle: It’s centered at (2, 2) with a radius of 2, so by Example 4, parametric equations are 

x = 2 + 2 cos t, y = 2 + 2 sin t, 0 < t < 2n 

Small circles: They are centered at (1,3) and (3,3) with a radius of 0.1. By Example 4, parametric equations are 

(left) £ = 1 + 0.1 cos f, y = 3 + 0.1 sinf, Q<t<2-n 
and (right) x = 3 + 0.1 cos f, y = 3 + 0.1sinf, 0 < t < 2n 

Semicircle: It’s the lower half of a circle centered at (2, 2) with radius 1. By Example 4, parametric equations are 

x = 2+1 cos t, y = 2+1 sin t , n < t < 2n 

To get all four graphs on the same screen with a typical graphing calculator, we need to change the last t-interval to[0, 2-7r] in 
order to match the others. We can do this by changing t to 0.5t. This change gives us the upper half. There are several ways to 
get the lower half—one is to change the “+” to a ” in the y-assignment, giving us 

x = 2 + 1 cos(0.5t), y = 2 — 1 sin(0.5f), 0 < t < 2ir 

37. (a) x = t 3 +■ t = x 1 / 3 , so y = t 2 = x 2 ^ 3 . (b) x = t 6 => t = x 1 ^ 6 , so y = t 4 = x 4 ^ 6 = x 2 ^ 3 . 

We get the entire curve y = x 2 ^ 3 traversed in a left to Since * = i 6 > 0, we only get the right half of the 


right direction. curve y = x 2/3 . 



39. The case $ < 9 < 7T is illustrated. C has coordinates ( rd , r ) as in Example 7, 
and Q has coordinates (rd, r + r cos(n — 6)) = ( rd , r(l — cos d)) 

[since cos(7T — a) = cos n cos a + sin 7r sin a = — cos a], so P has 
coordinates (rd — rsin(7r — d),r( 1 — cos#)) = (r(d — sin#),r(l — cos #)) 
[since sin(7r — a) = sin 7r cos a — cos tv sin a = sin a]. Again we have the 
parametric equations x = r(d — sin d),y = r(l — cos #). 
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41. It is apparent that x = \OQ\ and y = \QP\ = |ST|. From the diagram, 

x = | OQ j = a cos 9 and y = | ST\ = b sin 9. Thus, the parametric equations are 
x = a cos 9 and y = b sin 9. To eliminate 9 we rearrange: sin 9 = y/b =>■ 
sin 2 9 = {y/b) 2 and cos 9 = x/a =>• cos 2 9 = (x/a) 2 . Adding the two 
equations: sin 2 9 + cos 2 9 = 1 = x 2 /a 2 + y 2 /b 2 . Thus, we have an ellipse. 

43. C = (2 a cot 9, 2a), so the ^-coordinate of P is x = 2a cot 9. Let B = (0, 2a). 

Then ZOAB is a right angle and ZOBA = 9, so | OA\ = 2 a sin 9 and 
A = {{2a sin 9) cos 9, (2 a sin 9) sin 9). Thus, the y-coordinate of P 
is y = 2a sin 2 9. 

45. (a) 4 There are 2 points of intersection: 

( -- 

(—3, 0) and approximately (—2.1,1. 

-s . ( { )"' . . , 

V_ > 

-4 

(b) A collision point occurs when x\ = X 2 and y i = j /2 for the same t. So solve the equations: 

3 sin t = — 3 + cos t (1) 

2 cos t = 1 + sin t (2) 

From (2), sin t = 2 cos t — 1. Substituting into (1), we get 3(2 cos t — 1) = —3 + cos t => 5 cos t = 0 (*) => 

cos t = 0 => t = | or ^. We check that t = ^ satisfies (1) and (2) but t = f does not. So the only collision point 

occurs when t = , and this gives the point (—3,0). [We could check our work by graphing xi and X 2 together as 

functions of t and, on another plot, y\ and j /2 as functions of t. If we do so, we see that the only value of t for which both 
pairs of graphs intersect is t = ^.] 

(c) The circle is centered at (3,1) instead of (—3,1). There are still 2 intersection points: (3, 0) and (2.1,1.4), but there are 

no collision points, since (*) in part (b) becomes 5 cos t = 6 => cos t = | > 1. 

47. x = t 2 ,y = t 3 — ct. We use a graphing device to produce the graphs for various values of c with — n < t < 7r. Note that all 
the members of the family are symmetric about the *-axis. For c < 0, the graph does not cross itself, but for c = 0 it has a 
cusp at (0, 0) and for c > 0 the graph crosses itself at x = c, so the loop grows larger as c increases. 
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49. x = t + a cos t,y = t + a sin t, a > 0. From the first figure, we see that 
curves roughly follow the line y = x, and they start having loops when a 
is between 1.4 and 1.6. The loops increase in size as a increases. 



While not required, the following is a solution to determine the exact values for which the curve has a loop, 
that is, we seek the values of a for which there exist parameter values t and u such that t < u and 
(t + a cos t, t + a sin t) = (u + a cos u, u + a sin w). 

In the diagram at the left, T denotes the point (£, t ), U the point (u, u), 
and P the point (t + a cos t , t + a sin t) = (u + a cos u, u + a sin u). 
Since PT = PU = a, the triangle PTU is isosceles. Therefore its base 
angles, a = ZPTU and (5 = ZPUT are equal. Since a = t — f and 
/3 = 27r—2^— , u=^p — «, the relation a = ft implies that 
u + t= ^(1). 



Since TU = distance((f, f), ( u , w)) = \j2(u — t) 2 = \f2 (u — t ), we see that 

\TU (u —1)/\/2 ^ r- 

cos a = = 1 -—-, so u — t = vz a cos a, that is, 

PT a 

u — t = v / 2acos(f — f ) (2). Now cos(f — f ) = sin[-| — (t — f)] = sin(^ L — t), 

so we can rewrite (2) as u — t = v/2 a sin(^ — t) (2')- Subtracting (2') from (1) and 

dividing by 2, we obtain t = - -^2 a sin - t), or - t = -J= sin(^ - t) (3). 

Since a > 0 and t < u, it follows from (2') that sin(^ L — f) >0. Thus from (3) we see that t < [We have 

implicitly assumed that 0 < t < tv by the way we drew our diagram, but we lost no generality by doing so since replacing t 

by t + 2-7T merely increases x and y by 2-7T. The curve’s basic shape repeats every time we change t by 27r.] Solving for a in 

a /2 (^ - 1) , y/2 z r- 

(3), we get a = ——Write z = ^ — t. Then a = 3 -, where z > 0. Now sin z < z for z > 0, so a > \/2. 





As 2 : —► 0 + , that is, as t —► ( -r -) , a - 


s/2 . 


51 . Note that all the Lissajous figures are symmetric about the tc-axis. The parameters a and b simply stretch the graph in the 
x- and ^-directions respectively. For a = b = n = 1 the graph is simply a circle with radius 1. For n = 2 the graph crosses 
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itself at the origin and there are loops above and below the 2 >axis. In general, the figures have n — 1 points of intersection, 
all of which are on the y-axis, and a total of n closed loops. 


1.1 2.1 3.1 





a = b = 1 


n = 2 


n = 3 


10.2 Calculus with Parametric Curves 


1. x = t sin f, y = f 2 +t 


dy „ dx , , . . , dy 

— = 2f + 1, — = f cos t + sin f, and — 
dt dt dx 


dy/dt 

dx/dt 


2t + l 

t cos t + sin t 


3. x = 1 + 4f — f 2 , y = 2 — 

(x, y) = (4,1) and dy/dx 
V- 1 = ■“§(*- 4), ory = 


t 3 ; f = 1. 


— = —3f 2 , — = 4 — 2f, and — = 
at dt dx dx/dt 


—3t 2 
4-21' 


When f = 1, 


= — |, so an equation of the tangent to the curve at the point corresponding to f = 1 is 

= — 2* "I" 


- , , , • , , dy ... dx . dy dy/dt fcosf + sint 

5. x = tcost, y = tsmt; t = tx. — = tcost + smi, — = t( — smt) + cost, and — = —-— = -. 

dt dt dx dx/dt — t sin t + cost 

When t = 7T, (x, y) = (—7T, 0) and dy/dx = — 7r/(—1) = ir, so an equation of the tangent to the curve at the point 

corresponding tof = 7rist/ — 0 = 7r[a; — (—7r)], or y = nx + n 2 . 


dy 


dx 


dy 


7. (a) x = 1 + Inf, y = t +2; (1,3). -£ = 2t, — = and 


df 


dt 


t 


dx 


dy/dt 

dx/dt 


21 
l/t 


2t 2 . At (1,3), 


z = l + lnf=l 
or y = 2x + 1. 


Inf = 0 


f = 1 and — = 2, so an equation of the tangent i 

dx 




(b)x = l+lnf => lnf = x — 1 t = e x 1 , so y = t 2 + 2 = (e x 1 ) 2 + 2 = e 2x 2 + 2, and y'= e 2x 2 • 2. 

At (1,3), y' = e 2 *- 1 ^ 2 • 2 = 2, so an equation of the tangent is y — 3 = 2(ir — 1), or y = 2x + 1. 


9. x = 6sinf, y = t 2 +f; (0,0). 

dy _ dy/dt _ 2t + 1 p 0 j nt g\ C0rres p 011( i s to t = 0, so the 
dx dx/dt 6cosf 

slope of the tangent at that point is |. An equation of the tangent is therefore 
y-0= i(x-0), ory = \x. 



-2 
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d f dy 


a a __ f 2 ,, „_ f 2 ,, . dy dy/dt 2t + 1 1 d y eft ^ ~V( 2 * ) _ l_ 

dx dx/dt 21 2t dx 2 dx/dt 2 1 4t 3 


d 2 y 

The curve is CU when —- > 0, that is, when t < 0. 

dx 2 


13. x = e 4 , 

V = te t => 


d / dy\ 

*V = 

dt\dxj e 

dx 2 

dx/dt 


-t _^ dy _ dy/dt _ -te 4 + e * _ e *(1 - t) _ 21( . 

dx dx/dt e l e l ^ 

— 2 1( 1 \ I /I x\( r\—2t\ —21( 1 O I q.\ 


= e 34 (2£ — 3). The curve is CU when 


d 2 v 

—= > 0 , that is, when £ > §. 
dx 2 2 


15. x = 2sin£, y = 3 cos £, 0 < £ < 2n. 


d_ (dy\ 

dy dy/dt —3sin t 3 d 2 y dt\dx) — § sec 2 £ 3 3 

« — t j j ~ — “ tan t, so " r — j i — — — ■■ sec t. 

dx dx/dt 2 cos t 2 dx z dx/dt 2 cos t 4 

The curve is CU when sec 3 t < 0 =4* sec t < 0 =>■ cos £ < 0 =>■ f < t < . 


M. x = t 3 -3t, y = t 2 -3. ^ = 2t, so ^ = 0 £ = 0 

y dt dt 


(x,y) = (0, -3). 


da: 

dt 


= 3t 2 — 3 = 3(t + 1)(£ — 1 ), so A = q 


£ = —1 or 1 4=> (x,y) = (2, —2) or (—2, —2). The curve has a horizontal 

tangent at (0, —3) and vertical tangents at (2, —2) and (—2, —2). 


19. x = cos 9, y = cos 39. The whole curve is traced out for 0 < 9 < tt. 

= —3 sin 39. so A = 0 4=> sin 36 = 0 4=> 39 = 0, 7 r, 27r, or 37 r 4=> 
d6 d9 

6 = 0 ’ f. ir- or7r ^ 0 U 2 /) = (T,!), (±,-l), (— 5 , !), ° r (—!, —!)- 


—- = — sin 6, so — = 0 sin 0 = 0 6 = 0 or it 

dO dO 


Guy) 


dij dx 

(1,1) or (—1, —1). Both -^and —- equal 0 when 9 = 0 and n. 
du du 


2 


f 

\ 

(-2, - 2 )/ / 

(2,-2) 


(0, - 3) ) 

r=(Uy 

V_ 

y 

- 

4 



f (4-1) 

0=277-/3 

A 

\ 

(U) 

0 = 0 

/ 

/ 

(-1.-1) 

9—tt 

V 

A 

0= 77-/3 

y 


2 


dy 

To find the slope when 9 = 0. we find lim — = lim 

0^0 dx e =0 


—3 sin 39 
— sin 9 


h .. —9 cos 39 

= lim- — 

— cos 9 


9, which is the same slope when 9 


Thus, the curve has horizontal tangents at — l) and (— l), and there are no vertical tangents. 
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21. From the graph, it appears that the rightmost point on the curve x = t — t 6 ,y = e t 
is about (0.6, 2). To find the exact coordinates, we find the value of t for which the 
graph has a vertical tangent, that is, 0 = dx/dt = 1 — 6 1 5 4=> t = 1/ \/6. 

Flence, the rightmost point is 

(l/V6- 1/(6 \/6) ,e 1/ ^ = (5-6" 6/5 ,e 6_1/5 ) « (0.58, 2.01). 

23. We graph the curve x = t 4 — 2t 3 — 2i 2 , y = t 3 — t in the viewing rectangle [—2,1.1] by [—0.5,0.5], This rectangle 
corresponds approximately to t € [—1,0.8], 




We estimate that the curve has horizontal tangents at about (—1, —0.4) and (—0.17, 0.39) and vertical tangents at 

about (0, 0) and (—0.19, 0.37). We calculate ^ = ^v/dt _ St 1 — The horizontal tangents occur when 

dx dx/dt 4 1 3 — 6 t 2 — At 

dy/dt = St 2 — 1=0 4=> t = ±^=, so both horizontal tangents are shown in our graph. The vertical tangents occur when 

dx/dt = 2t(2t 2 — 3t — 2) = 0 4=> 2f(2f + l)(f — 2) = 0 4=> t = 0, — | or 2. It seems that we have missed one vertical 
tangent, and indeed if we plot the curve on the f-interval [—1.2, 2.2] we see that there is another vertical tangent at (—8,6). 

25. * = cost, y = sin t cos t. dx/dt = — sinf, dy/dt = — sin 2 t + cos 2 t = cos 2t. 

(x, y) = (0, 0) 4=> cos t = 0 4=> t is an odd multiple of \. When f = f, 

dx/dt = — 1 and dy/dt = —1, so dy/dx = 1. When t = dx/dt = 1 and 
dy/dt = —1. So dy/dx = —1. Thus, y = x and y = —x are both tangent to the 
curve at (0, 0). 



27. x = rd — d sin 6 , y = r — d cos 9. 


, „ dx . . dy , . . dy d sin (9 

( a ) IE = r ~ dcos = dsmd - s° ~r = - 7, - a- 

dd d6 dx r — d cos 6 

(b) If 0 < d < r, then | d cos 6 \ < d < r, so r — d cos 6 > r — d > 0. This shows that dx / dO never vanishes, 
so the trochoid can have no vertical tangent if d < r. 


29. x = 2t 3 , y=l+At-t 2 


dy _ dy/dt 
dx dx/dt 


4 — 2 f dy 

- —. Now solve -= = 1 4=> 

6 t z dx 


A—2t 
6 1 2 


1 


6f 2 + 2f — 4 = 0 2(3f — 2)(t + 1) = 0 4^ t = | or t = — 1. If t = |, thepoint is (||, ^), and iff = — 1, 

the point is (—2, —4). 
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31 . By symmetry of the ellipse about the x- and y-axes, 

A = 4 J 0 “ y dx = 4 f^ 2 b sin 9 (—a sin 9) d9 = 4 ab ff^ 2 sin 2 9 d9 = Aab ff^ 2 | (1 — cos 29) d9 
= 2ab[9 — | sin 2 9j n J 2 = 2a6(-|) = wab 

33. The curve x=l + e t ,y = t — t 2 = t( 1 — f) intersects the a>axis when y = 0, 
that is, when f = 0 and i = 1. The corresponding values of x are 2 and 1 + e. 

The shaded area is given by 

rx=l-\-e rt=l 

/ {yr -yB)dx= / [y(t) - 0] x'(t) dt = f g 2 (t - t 2 )e t dt 

J x=2 J t =0 

= f 2 ie 4 dt — f 2 i 2 e 4 dt = fg te* dt — [f 2 e 4 ] 2 + 2 te 2 dt [Formula 97 or parts] 

= 3 f 2 te* dt — (e — 0) = 3 [(f — l)e*] 2 — e [Fonnula 96 or parts] 

= 3[0 — (-1)] — e = 3 — e 



35. x = r9 — d sin 9, y = r — d cos 9. 

A = / 0 2?rr y dx = f 2w (r — d cos 9)(r — d cos 9) d9 = f 2n (r 2 — 2dr cos 9 + d 2 cos 2 9) d9 
= [r 2 9- 2dr sin 9+ § d 2 (9 + § sin 29)] ^ = 2ivr 2 + ird 2 

37. x = t + e -t , y = t — e -t , 0 < t < 2. dx/dt = 1 — e -t and dy/dt = 1 + e _t , so 

(< ix/dt ) 2 + [dy/dt) 2 = (1 - e" 4 ) 2 + (1 + e" 4 ) 2 = 1 - 2e" 4 + e -24 + 1 + 2e" 4 + e" 24 =2 + 2e" 24 . 

Thus, L = ff \J[dx/dt) 2 + (dy/dt) 2 dt = ff \/2 + 2e~ 2t dt x 3.1416. 

39. x = t — 2 sin t, y = 1 — 2 cos t, 0 < t < 47r. dx/dt = 1 — 2 cos t and dy/dt = 2 sin t, so 

(dx/dt) 2 + (dy/dt) 2 = (1 — 2cost) 2 + (2sint) 2 = 1 — 4cos£ + 4cos 2 t + 4sin 2 t = 5 — 4cosf. 

Thus, L = ff (dx/dt) 2 + (dy/dt) 2 dt = / Q 4lr \/5 — 4 cos t dt « 26.7298. 

41. x = 1 + 3 1 2 , y = 4 + 2 1 3 , 0 < t < 1. dx/dt = 6 1 and dy/dt = 6 1 2 , so (dx/dt) 2 + (dy/dt) 2 = 36i 2 + 36f 4 

Thus, L= f \/36 1 2 + 36 1 4 dt = f 6t \/l + t 2 dt = 6 f \fu (^du) [u = i + t 2 ,du = 2tdt\ 

Jo Jo J 1 

= 3 [§« 3/2 ] 2 = 2(2 3/2 - 1) = 2(2 y/2 - 1) 


43. x = t sini, y = tcost, 0 < t < 1. 


dx dzi 

— = t cos t + sin t and — = —t sin t + cos t, so 
dt dt 




= t 2 cos 2 t + 2t sin t cos t + sin 2 t + t 2 sin 2 t — 2t sin t cos t + cos 2 t 


= f 2 (cos 2 t + sin 2 t) + sin 2 t + cos 2 1 = t 2 + 1. 


\ ln(i + -\/f 2 + 1)] J 


\V2+ |ln(l + V2). 


Thus, L — f 2 \/t 2 + 1 dt = [^ty/t 2 
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-1.4 


x = e 4 cos t, y = e 4 sin t, 0 < t < ir. 

+ (luT = [e 4 (cos t — sini)] 2 + [e 4 (sint + cost)] 2 
= (e 4 ) 2 (cos 2 t — 2 cos t sin t + sin 2 t) 

+ (e 4 ) 2 (sin 2 t + 2sinf cost + cos 2 t 
= e 24 (2 cos 2 t + 2 sin 2 t) = 2e 24 

Thus, L = f* s/te^dt = f/ s/2 e'dt. = s/2 [e 4 ]^ = s/2(e n - 1). 

The figure shows the curve x = sin t + sin 1.5 t,y = cos t for 0 < t < 4tt. 
dx/dt = cost -f 1.5cos 1.5t and dy/dt = — sint, so 
( dx/dt ) 2 + {dy/dt) 2 = cos 2 t + 3cost cos 1.5t + 2.25cos 2 1.5t + sin 2 f. 
Thus, L = s/Y+~3^os!TmsT{5r+~2{25cos^~L5idt ~ 16.7102. 


49. x = t — e 4 , y = t + e 4 , —6 < t < 6. 

(ff ) 2 + (m) 2 = C 1 - e 4 ) 2 + (1 + e 4 ) 2 = (1 - 2e 4 + e 24 ) + (1 + 2e 4 + e 24 ) = 2 + 2e 24 , so L = f_ 6 s/2 + 2/^dt. 

Set /(t) = \J2 + 2e 2t . Then by Simpson’s Rule with n = 6 and At = 6 ~ ( 6 " 6 - ) = 2, we get 
£ « | [/(—6) + 4/(—4) + 2/(—2) + 4/(0) + 2/(2) + 4/(4) + /(6)] « 612.3053. 

51. x = sin 2 t, y = cos 2 t, 0 < t < 37 t. 

{dx/dt) 2 + {dy/dt) 2 = (2sint cost) 2 + (—2costsint) 2 = 8sin 2 tcos 2 t = 2sin 2 2t =4> 

Distance = J Q 3,r \/2 | sin 2t| dt = 6 \/2 JJ 1 ^ 2 sin 2t dt [by symmetry] = —3 s/2 ^ cos 2tj = —3 s/2 (—1 — 1) = 6 s/2. 
The full curve is traversed as t goes from 0 to because the curve is the segment of x + y = 1 that lies in the first quadrant 
(since x, y > 0), and this segment is completely traversed as t goes from 0 to j. Thus, L = f/ 2 sin 21 dt = s/2, as above. 


53. x = a sin 9, y = b cos 9, 0 < 9 < 2tv. 

(ff) 2 + (dtf = {acos9) 2 + (—&sin(9) 2 = a 2 cos 2 9 + b 2 sin 2 9 = a 2 (l - sin 2 9) + 6 2 sin 2 9 

= a 2 — {a 2 — b 2 ) sin 2 9 = a 2 — c 2 sin 2 9 = a 2 ^1 — ^ sin 2 9^j = a 2 (l — e 2 sin 2 9) 

So L = 4 f/ / ' 2 sja 2 (/ — e 2 sin 2 9 ) d9 [by symmetry] = 4a \/r^-^sin2^ d9. 


55. (a) x = 11 cos t — 4cos(llt/2), y = 11 sint — 4sin(llf/2). 

Notice that 0 < t < 27 t does not give the complete curve because 
x(0) / x{2n). In fact, we must take t G [0,47r] in order to obtain the 
complete curve, since the first tenn in each of the parametric equations has 
period 27r and the second has period Ay- = > an( j the l ea st common 



integer multiple of these two numbers is 4-zr. 


-15 
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(b) We use the CAS to find the derivatives dx / dt. and dy / dt, and then use Theorem 6 to find the arc length. Recent versions 
of Maple express the integral f* n \J ( dx/dt ) 2 + ( dy/dt) 2 dt as 88E(2 \f2i), where E(x ) is the elliptic integral 
r 1 _ x 2^2 

/ — ' dt and i is the imaginary number y/—l. 

Jo vl — t 2 

Some earlier versions of Maple (as well as Mathematica) camiot do the integral exactly, so we use the command 
evalf (Int (sqrt (diff (x,t)~2+diff (y,t)~2) , t=0 . . 4 *Pi ) ) ; to estimate the length, and find that the arc 
length is approximately 294.03. Derive’s Para_arc_length function in the utility file Int_apps simplifies the 


integral to 11 fg* — 4cosf cos(^) — 4 sin/ sin(^) + 5 dt. 


57. x = tsint, y = tcost, 0 < t < 7t/2. dx/dt = t cos t + sin t and dy/dt = —t sin t + cos t, so 

(dx/dt) 2 + (dy/dt) 2 = t 2 cos 2 t + 2t sin t cos t + sin 2 t + t 2 sin 2 t — 2t sin t cos t + cos 2 t 
= t 2 (cos 2 t + sin 2 t) + sin 2 t + cos 2 t = t 2 + 1 

S = f 2ivy ds = f; /2 2nt cosfx/f 2 + 1 dt ss 4.7394. 

59. x = 1 + te\ y = (t 2 + l)e\ 0 < t < 1. 

(f f + (§) 2 = ( te ‘ + e ‘) 2 + l(t 2 + l)e* + e*(2t)] 2 = [e\t + l)] 2 + [e\t 2 +21 + l)] 2 
= e 2t (t + l) 2 + e 2t (t + l) 4 = e 2t (t + 1) 2 [1 + (t + l) 2 ], so 

S = f 2ny ds = f* 27r(t 2 + l)e* y/e 2f (t + 1 ) 2 (t 2 + 2t + 2) dt = 2n(t 2 + l)e 2t (f + 1) Vt 2 + 2t + 2dt « 103.5999 


61. x = t 3 , y = t 2 , 0 < t < 1. (d) 2 + (^) 2 = (3f 2 ) 2 + (2t) 2 = 9 1 4 + 4t 2 . 


S = J 2 Txy\j + (%$)“ dt = J 2nt 2 \J 9 1 4 + 4f 2 dt = 2n J t 2 \Zt 2 (9t 2 + 4) dt 


= 2tt 


u — 4 


Vu(jgdu) 


u = 9t 2 + 4, t 2 = (u - 4)/9, 
du = 18t dt, so t dt = .A du 


2 TX 

9- 18 


(u 3/2 -4u 1/2 )d M 


= JL 2 5/2 _ 8 3/2 _ JL . _L 


3 u h ' 2 - 20u 3 / 2 ' 


= I §f 5 [(3-13 2 v / l3-20-13v'T3) -(3-32 - 20-8)] = ^(247^13 + 64) 


63. x = acos 3 8, y = asin 3 8, 0 < 8 < (^f ) 2 + (g§) 2 = (—3acos 2 8 sin#) 2 -+- (3asin 2 8 cos#) 2 = 9a 2 sin 2 8 cos 2 8 

S = fg /2 27r • a sin 3 8 ■ 3 a sin 8 cos 8 dd = 6na 2 f^ 2 sin 4 8 cos 8 dd = §7ra 2 [sin 5 #] = |7r a 2 


65. x = 3 1 2 , y = 2 1 3 , 0 < / < 5 => (^f) + (^) = (6/) 2 + (6f 2 ) 2 = 36f 2 (l + t 2 ) => 

S = fg 2ttx \J(dx/dt) 2 + (dy/dt) 2 dt = / Q 5 2n(3t 2 )6t \fl-\-t 2 dt = 187t fg t 2 VT+l 2 2tdt 


= 187T f 26 (u — 1) 


u = 1 + t , 
du — 2 1 dt 


= 18 vrf 26 (n 3/2 - u 1/2 )du = 18tt [f-u 5/2 - |a 3/2 ] 26 


= 18tt[(§ -676^26- § -26^26) - (f - §)] = f tt( 949 ^26 + l) 
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67. If /' is continuous and f'(t) 7 / 0 for a < t < b, then either f'(t) > 0 for all t in [a, b] or f'(t) < 0 for all t in [a, 6 ], Thus, / 
is monotonic (in fact, strictly increasing or strictly decreasing) on [a, b]. It follows that / has an inverse. Set F = g o / -1 , 
that is, define F by F(x) = g(f~ 1 (x)). Then x = f(t) =>■ / _1 (x) = t, so y = g(t) = g(f~ 1 (x)) = F(x). 


69. (a) d> = tan 1 (~r- 
\ dx 


at at 


dx J 1 + ( dy/dx ) 2 


'll 

/dy V 

dt ' 

ydx J 


— ( = If = yx-xy 


dt\dxj dt\x 


dt 1 + ( y/x ) 2 


yx — xy 
x 2 


But dy = dy/dt = y 
dx dx/dt x 


—tt ■ Using the Chain Rule, and the 

x 2 + jr 


fact that s = 


M + itfdt => f = x/(f) 2 + (f) 2 = (i 2 +y 2 ) 1/2 , we have that 


dip _ dcp/dt _ / xy — xy\ 


xy — xy 


ds ds/dt \x 2 + y 2 J (x 2 + y 2 ) 1 / 2 ( x 2 + y 2 ) 3 / 2 


. So k = 


dip 


xy — xy 

*?S5 

=B 

1 

•B 

1 

ds 


(x 2 + y 2 ) 3 / 2 

(x 2 +y 2 ) 3 / 2 


„ . , ., , dy .. d 2 y 

(b) x = x and y = t(x) => x = 1 , x = 0 and y = —, 3 / = ——. 

dx dx 2 


So k = 


1 • (d 2 y/dx 2 ) — 0 • (dy/dx )| 
[1 + (dy/dx ) 2 ] 3 / 2 


|d 2 y/dx 2 


[1 + (dy/dx ) 2 ] 3 / 2 ‘ 


71. x = 0 — sin 6 =>■ x = 1 — cos 9 => x = sin 6, and y = 1 — cos 9 => y = sin 9 => y = cos 9. Therefore, 

|cos# — cos 2 9 — sin 2 9\ |cos# — (cos 2 9 + sin 2 9)\ Icosd—11 

— J_!_ — I _:_I_ y T , f .1 1 ■ 

[(1 _ cos 9) 2 + sin 2 6»]3/2 (1 _ 2 cos 9 + cos 2 9 + sin 2 9f/ 2 (2-2 cos #) 3 / 2 ’ P 

characterized by a horizontal tangent, and from Example 2(b) in Section 10.2, the tangent is horizontal when 9 = (2 n — l) 7 r, 

, , , ■ n . | COS 7T — 1 | — 1 — 11 1 

so take n = 1 and substitute 9 = tt into the expression for n\ k = -J +— -A -77 = r „ , — -' .„ = 

(2 - 2 cos 7 r ) 3 / 2 [2 — 2(—l )] 3 / 2 4 


73. The coordinates of T are (r cos 9, r sin 9). Since TP was unwound from 
arc TA, TP has length rO. Also ZPTQ = ZPTR - ZQTR =\k-9, 
so P has coordinates x = r cos 9 + r9 cos (k*- e ) = r( cos 9 + 9 sin 9), 
y = r sin# — r9 sin 77 — 9) — r(sin# — 9 cos 9). 


R 



10.3 Polar Coordinates 


1 . (a) ( 2 , f) 



By adding 27r to we obtain the point (2, D- The direction 
opposite j is 4^, so (— 2 , 4^) is a point that satisfies the r < 0 
requirement. 





450 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


(b) (l,-2f) 

O 



r> 0: (1,-^+2tt) = (1,^) 
r < 0 : (-1,—2f+ tt) = (-1, f 


('■-'-fV' 

3n 




4 




(°) 



r>0: (-(- 1 ), f + 7 r) = (l,f) 
r <0: (-l,f + 27 r) = (-l,f) 


3. (a) 



(b) 



a; = 1 cos 7 r = 1 (— 1 ) = —1 and 
y = 1 sin 7 r = 1 ( 0 ) = 0 give us 
the Cartesian coordinates (—1, 0). 


x = 2 cos(—^) = 2 (—|) = —1 and 
y = 2 sin(— f) = 2 (— #) =— 73 
give us (-1, -^3). 


(c) 



a: = — 2 cos = - 2 ^-^') = 72 and 

V = - 2 sin f =- 2 (^) =-72 
gives us ( 72 ,- 72 ). 


5. (a) a: = 2 and y = —2 => r = 72 2 + (—2 ) 2 = 2 72 and 6 = tan 1 (~7) = • Since (2, —2) is in the fourth 

quadrant, the polar coordinates are (i) (2 72 , ^t) and (ii) (—2 72 , ^p). 

(b) x = — 1 and y = 73 =>■ r = y (— l ) 2 + (73)” = 2 and 0 = tan -1 f = T"' Since (— 1 , 73) is in the second 

quadrant, the polar coordinates are (i) ( 2 , pp) and (ii) (— 2 , Ap). 
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7. r > 1. The curve r = 1 represents a circle with center 9. r > 0, n / A < 9 < 3 tt/A. 

O and radius 1. So r > 1 represents the region on or 6 = k represents a line through O. 



13. Converting the polar coordinates (2, 7 r/ 3 ) and (4, 27r/3) to Cartesian coordinates gives us (2 cos 2sin-|) = (l,\/3) and 
(4 cos ^, 4 sin ^f) = (—2, 2 \/ 3 ). Now use the distance formula. 

d = \] ( x 2 — xij 2 + (y 2 - Vi) 2 = ^(-2 - l) 2 + (2 ^3 - ^3 ) 2 = ^9T3 = ^12 = 2 ^3 

15. r 2 = 5 44 a; 2 + y 2 = 5, a circle of radius y/E centered at the origin. 

17. r = 2cos# =4- r 2 = 2rcos# 44 x 2 + y 2 = 2x 44 x 2 — 2x + 1 + y 2 = 1 44 (x — l ) 2 + y 2 = 1, a circle of 

radius 1 centered at (1,0). The first two equations are actually equivalent since r 2 = 2 r cos 6 =4 r(r — 2 cos#) = 0 =4 

r = 0 or r = 2 cos 6. But r = 2 cos # gives the point r = 0 (the pole) when 9 = 0. Thus, the equation r = 2 cos 6 is 
equivalent to the compound condition (r = 0 or r = 2 cos 9). 

19. r 2 cos2# = l 44 r 2 (cos 2 9 — sin 2 9) = 1 44 (r cos #) 2 — (r sin #) 2 = 1 44 x 2 — y 2 = 1, a hyperbola centered at 

the origin with foci on the x-axis. 

2 

21. y = 2 44 rsin# = 2 44 r= -- 44 r = 2csc# 

y sin# 

23. y = 1 + 3x 44 r sin# = 1 + 3rcos# 44 r sin # — 3r cos # = 1 44 r(sin# — 3 cos#) = 1 44 

1 

V = - 

sin # — 3 cos # 

25. x 2 + y 2 = 2cx 44 r 2 =2crcos# 44 r 2 — 2crcos# = 0 44 r(r — 2ccos#) = 0 44 r = 0 or r = 2ccos#, 

r = 0 is included in r = 2 c cos # when # = f + twr, so the curve is represented by the single equation r = 2 c cos #. 
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49. x = r cos 0 = (4 + 2 sec 0) cos 9 = 4 cos 9 + 2. Now, r —* oo =>• 

(4 + 2 sec 0) —> oo 0 —» (f) or0—»(^) + [since we need only 


consider 0 < 0 < 2i r], so lim x = lim (4cos0 + 2) = 2. Also, 

i—>oo 6^n/2- 

r — > — oo =4> (4 + 2sec0) —> — oo =4> 0—>( : |) + or0- 
lim x = lim (4 cos 9 + 2) = 2. Therefore, lim x = 2 

v —► — oo 0 —►7I-/2+ r—>±oo 





x = 2 is a vertical asymptote. 


51. To show that x = 1 is an asymptote we must prove lim x = 1. 

r —► i oo 

x = (r) cos 9 = (sin 9 tan 9) cos 9 = sin 2 9. Now, r —► oo =>• sin 9 tan 9 —» oo 


0 —► (?) , so lim x = lim sin 2 0 = 1. Also, r —+ —oo 

X ' r—> oo tt/2- 


sin0 tan0 —» —oo 




X = 1 


9 —► (f) + , so lim x = lim sin 2 0 = 1. Therefore, lim x = l =>■ x = 1 is 

yz/ r —► — oo Q — > 7 r / 2 + r—>-±00 

a vertical asymptote. Also notice that x = sin 2 9 > 0 for all 0, and x = sin 2 0 < 1 for all 0. And x^l, since the curve is not 
defined at odd multiples of j. Therefore, the curve lies entirely within the vertical strip 0 < x < 1. 

53. (a) We see that the curve r — 1 + c sin 0 crosses itself at the origin, where r = 0 (in fact the inner loop corresponds to 

negative r-values,) so we solve the equation of the lima 9 on for r = 0 4=> csin0 = —1 4=> sin 0 = — 1/c. Now if 

|c| < 1, then this equation has no solution and hence there is no inner loop. But if c < —1, then on the interval (0, 27r) 
the equation has the two solutions 0 = sin _1 (—1/c) and 0 = tx — sin _1 (—1/c), and if c > 1, the solutions are 
0 = 7r + sin _1 (l/c) and 0 = 2tt — sin -1 (1/c). In each case, r < 0 for 0 between the two solutions, indicating a loop. 

(b) For 0 < c < 1, the dimple (if it exists) is characterized by the fact that y has a local maximum at 0 = 4^. So we 

d 2 y 

determine for what c-values -j-f is negative at 0 = 4^, since by the Second Derivative Test this indicates a maximum: 


d9 2 


y = r sin0 = sin0 + csin 2 0 =>■ ^ = cos 0 + 2c sin 0 cos 0 = cos 0 + csin 20 =>• = — sin0 + 2c cos 20. 

y d0 ja2 


<fy 

d9 2 


At 0 = Tp, this is equal to —(—1) + 2c(—1) = 1 — 2c, which is negative only for c > A similar argument shows that 
for — 1 < c < 0, y only has a local minimum at 0 = ^ (indicating a dimple) for c < — ^. 

55. r = 2 sin 0 x = r cos 0 = 2 sin 0 cos 0 = sin 20, y = r sin 0 = 2 sin 2 0 => 


dy dy/d9 2-2sin0cos0 sin 20 


= tan 20 


dx dx/d9 cos 20-2 cos 20 

el'll / , jY \ iy _ 

When 0 = —, — = tanl 2 • — I = tan — = [Another method: Use Equation 3.1 
6 dx V 6/ 3 

57. r = 1/0 => x = r cos 9 = (cos0)/0, y = r sin0 = (sin0)/0 =>■ 

dy dy/d9 sin0(—1/0 2 ) + (1/0) cos0 0 2 — sin0 + 0cos0 
dx dx/d9 cos0(—1/0 2 ) — (1/0) sin0 0 2 —cos0 —0sin0 

. dy -0 + 7r(—1) -7T 

Wh6n0 = = -(-1) -7T(0) = — =--• 
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59. r = cos 26 =>• x = r cos 6 = cos 26 cos 8, y = r sin 6 = cos 28 sin 6 =>• 

dy dy/dd cos 26 cos 6 + sin 6 (—2 sin 26) 
dx dx/dd cos 26 (— sin 6) + cos 6 (—2 sin 26) 

0 (^/ 2 ) + 2 ) = -^ = 1 
4 dx 0 (—v/ 2 / 2 ) + (v / 2 / 2 )(- 2 ) -a /2 

61. r = 3 cos f? =>■ x = r cos 6 = 3 cos 0 cos 6, y = r sin 6 = 3 cos 0 sin 6 => 

§ = -3sin 2 6> + 3cos 2 6> = 3cos26> = 0 => 26 = f or ^ <s> 6 >=for^f. 

So the tangent is horizontal at ( ^, f ^ and ^ ^ ) j^same as (^75 > ~ f ) j • 

= —6 sin 6 cos 6 = —3 sin 26 = 0 =4> 26 = 0 or tx 4=> 8 = 0 or So the tangent is vertical at (3, 0) and (0, |-). 

63. r = l + cos# =>• x = r cos# = cos# (1 + cos#), y = r sin# = sin# (1 + cos#) =£■ 

= (1 + cos#) cos# — sin 2 6 = 2 cos 2 6 + cos# — 1 = ( 2 cos# — l)(cos# + 1 ) = 0 =£■ cos#=|or —1 =4* 

6=j,tt, or ^ =>• horizontal tangent at (0, 7 r), and (|, 

—(1 + cos#) sin# — cos#sin# = — sin# (1 + 2 cos#) = 0 = 4 > sin# = 0 or cos# = — | =>. 

6 = 0 , 7 r, or ^ =>■ vertical tangent at ( 2 , 0 ), (|, ^), and 4^). 

Note that the tangent is horizontal, not vertical when 8 = n, since lim = 0. 

0 —* 7 r dx/dd 

65 . r = a sin 6 + b cos 8 =>• r 2 = ar sin 6 + br cos 6 =>■ x 2 + y 2 = ay + bx => 

x 2 — bx + (|&)“ + y 2 — ay + (|a)“ = (§#) 2 + (l a )~ (* — |&)“ + (y — |a ) 2 = |(o 2 + b 2 ), and this is a circle 

with center ^a) and radius |a/ a 2 + b 2 . 


67. r = 1 + 2 sin(#/2). The parameter interval is [0,4zr]. 



-2.6 


71. r = 1 + cos 999 8. The parameter interval is [0, 2n\. 



-1.1 


69. r = e sinS — 2 cos (40). 

The parameter interval is [0, 27r], 
3.5 
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73. It appears that the graph of r = 1 + sin ((9 — is the same shape as 
the graph of r = 1 + sin d, but rotated counterclockwise about the 
origin by ^. Similarly, the graph of r = 1 + sin((9 — is rotated by 
In general, the graph of r = f(d — a) is the same shape as that of 
r = f(9), but rotated counterclockwise through a about the origin. 
That is, for any point (ro, do) oil the curve r = f(d), the point 


2.1 



(Vo, &o + a) is on the curve r = f(d — a), since ro = f(d o) = f((do + a) — a). 


sin 6 

sin(e-f ) 
sin(@ - j ) 


75. Consider curves with polar equation r = 1 + ccos 6, where c is a real number. If c = 0, we get a circle of radius 1 centered at 
the pole. For 0 < c < 0.5, the curve gets slightly larger, moves right, and flattens out a bit on the left side. For 0.5 < c < 1, 
the left side has a dimple shape. For c = 1, the dimple becomes a cusp. For c > 1, there is an internal loop. For c > 0, the 
rightmost point on the curve is (1 + c, 0). For c < 0, the curves are reflections through the vertical axis of the curves 
with c > 0. 




c = 0.25 c = 0.75 


77. tamp 


tan (<p — d) 


tan <p — tan d 
1 + tan <f> tan d 


dy 

dx 


— tan d 


1 + -r~ tan d 
dx 


^f-^tan d i sin d + r cos (A — tan d 
_ dd dd = \ du _ i _ 

dx dy . . / dr „ „\ 

-jt; + - 77. tan d I — cos d — r sin d ) + tan d 

dd dd \dd J 



3 


r cos 2 d + r sin 2 d 

dr , n i dr- . 2 . 
— cos 2 d + -77 sir d 
dd dd 


r 

dr/dd 


10.4 Areas and Lengths in Polar Coordinates 


1. r = e 9 / 4 , 7r/2 < d < ix. 

A= f” \r 1 dd= r \(e~ 9 ^fdd 
J tt /2 J n /2 


/-7t/2 


h 


\\-2e~ e/2 Y = — l(e 

Jtt/2 


dd= \\-2e- e/2 


- n /2 _ _ g -^/ 4 _ g - n /2 
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3. r 2 = 9 sin 29, r > 0, 0 < 9 < tt/2. 


A = 



1 r 2 

2 ' 


de 



| (9 sin 20) d6 = 


9 

2 


[-± cos 20 ] 


tt/2 

0 


-K-1-i) = 


9 

2 


/ ATX rAir . >2 /*Z7T 

ir 2 dd = J i(yejde = j ±ede = [\e 2 } 0 


212 ir 2 
— 7T 


7. r = 4 + 3sin6>, -§<#<■§ 

rir /2 


/ 7r/2 /»7r/2 

±((4 +3 sin 8) 2 d9=\ / (16 + 24 sin <9 + 9 sin 2 0) dd 

-7t/2 J — 7r/2 


tt/2 


I -tt/2 


(16 + 9 sin 2 0) dO [by Theorem 4.5.6(a)] 


rr/2 


= \ • 2 / [16 + 9 • ^(1 — cos 20)] dO [by Theorem 4.5.6(a)] 


t/2 


(f - §cos 20 ) d 0 = [f 0 - f sin 20 ]y 2 = (+ - 0 ) - (0 - 0 ) 


417T 

4 


9. The area is bounded by r = 2 sin 9 for 0 = 0 to 9 = ir. 

A = [ \r 2 d9=\ f (2sin 9) 2 d9 = \ [ 4sin 2 0d0 
Jo Jo Jo 

= 2 J |(1 — cos 2 9)d9 = |^0 — i sin2#J = 7r 
Also, note that this is a circle with radius 1, so its area is tt(1) 2 = ir. 



/*27T /»27T /*27T 

11. A = / |r 2 d0 = / |(3 + 2cos #) 2 d9 = | / (9 + 12cos0 -f- 4cos 2 0) d0 

Jo “ do “ Jo 

[9 + 12cos# + 4 • |(1 + cos2#)] d9 

(11 + 12 cos 0 + 2 cos 2#) d9 = | [110 + 12 sin 0 + sin 2#] 2?r 
= |(22tt) = lbr 

p2tt p2tt /*27t 

13 -A= |r 2 d0 = / i(2 + sin4 #) 2 d# = | / (4 + 4 sin 4# + sin 2 4#) d0 

J o </o ./o 

[4 + 4 sin 4# + |(1 — cos 8 #)] d9 

(| + 4sin4# — i cos 8 #) d9 = i [|0 — cos4# — ^ sin 8 #] 2?r 
= |[(9 tt — 1) - (-1)] = §7T 






-3 
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17. The curve passes through the pole when r = 0 =>• 4 cos 36 = 0 =>• cos 36 = 0 
9 = The part of the shaded loop above the polar axis is traced out for 

6 = 0 to 9 = 7r/6, so we’ll use —n/6 and tt/6 as our limits of integration. 

/ 7r/6 r7r/6 

|(4cos3#) 2 dd = 2 / \ (16 cos 2 36) d9 

-7t/6 Jo 

ptt/6 

= 16 / | (1 + cos 60) dO = 8 [0 + ^ sin 60] q 6 = 8 (-|) = |7r 

Jo 





= [9-4co S 9 + 29-sin29] 3 Z / ; 6 = m-(%+2V3-^)=.-^ 


23. 2 cos 9 = 1 => cos 9=± => 9 = f or 

A=2 fj /3 i[(2cos0) 2 — l 2 ] d9 = JJ r ^ 3 ( 4 cos 2 0 — 1) dd 
= Io /3 { 4 [K 1 + cos 20)] - 1} cZ6» = fg /3 {l + 2cos26)dd 
= [6 + S in29]l /3 = l + ^ 
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25. To find the area inside the leminiscate r 2 = 8 cos 20 and outside the circle r = 2, 
we first note that the two curves intersect when r 2 = 8 cos 29 and r = 2, 
that is, when cos 29 = |. For — ix < 9 <i r, cos 29 = | 4=> 2 9 = ±7r/3 

or ±57r/3 4=> 9 = ±7r/6 or ±57r/6. The figure shows that the desired area is 

4 times the area between the curves from 0 to tt/6. Thus, 

A=4f 0 w/6 [|(8cos 29) - §(2) 2 ] d9 = 8/ 0 7r/6 (2cos26» - 1) d9 

= 8 [sin2 9-9y /6 = 8(73/2- tt/6) = 4^3- 4tt/3 

27. 3 cos 9 = 1 + cos 9 4=> cos 9 = | =>• 9 = j or —f. 

A = 2 fg /3 | [(3 cos 9) 2 — (1 + cos 9) 2 } d9 
= f^ 3 (8cos 2 9 — 2cos9 — 1) d9 = J^ 3 [4(l + cos 29) — 2cost? — 1] d9 
= ^ 3 (3 + 4 cos 29 — 2 cos 9) d9 = [30 + 2 sin 29 — 2 sin 0][^ 3 

= 7T + 73 — 73 = 7T 

29. \/3 cos 9 = sin 9 =>■ 73 = =>• tan 9 = 73 =>■ 9 = 4. 

COS0 J 

^ = Jo' 3 §(sin0) 2 rf6 * + Ills I (73 cos 0) 2 00 
= f; /3 \ \ (1 - cos 29) d9 + jj/g 2 | • 3 • | (1 + cos 20) d9 
= I[e_I s in20]- /3 + f[0 + Isin20]:; 2 
= i[(f-^)-o]+l[(f + o)-(f + ^)] 

__7T_ -\/3 | 7T 3a/3 57T \/3 

— 12 16 8 16 — 24 4 
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35. The darker shaded region (from 9 = 0 to 9 = 2n/3) represents \ of the desired area plus \ of the area of the inner loop. 
From this area, we’ll subtract | of the area of the inner loop (the lighter shaded region from 9 = 2n/3 to 9 = n), and then 
double that difference to obtain the desired area. 


A = 2 [fo 7T/3 KI+COS0) 2 3 §(§+cos 0) 2 dd 


= (| + cos 9 + cos 2 0 ) dd — SL/s (| + cos 9 + cos 2 0 ) 


d9 


= / 0 27r/ ‘ ! [\ + cos 8 + | (1 + cos 29)] d8 


9 . 9 sin 29 

_+sm0+- + — 


f 2 l/s [3 + cos 9 + | (1 + cos 28)] d9 
2,r/3 r 9 . . 8 sin 201 ^ 

- 4+ sm0 +2 + — 

0 Z ^ J 2tt/3 


— ( 2L - 4- V^3 1 7T _ ^3 ^ _ / 7T I 7T\ _i_ ( 7T _j_ \/3 1 7T _ \/?> \ 

^ 6 ' 2 '3 8 ) V4'2/'\ v 6' 2 '3 8 ) 

= 3 + 1^3= i(yr + 3^3) 



37. The pole is a point of intersection. 

1 + sin 9 = 3 sin 8 =>■ 1 = 2 sin (9 =>■ sin 8 = \ =>■ 

8 = 5 or^. 

6 6 

The other two points of intersection are (f, f) and (f, 3 ? ) . 


39. 2sin20 ss 1 =>• sin20=± =>■ 26> = §, ±§^, or ±|^. 

By symmetry, the eight points of intersection are given by 
( 1 , 8), where 8=^, f§, and and 
(- 1 , 0 ), where 0 = g, and 

[There are many ways to describe these points.] 


41. The pole is a point of intersection, sin 9 = sin 28 = 2 sin 8 cos 8 4=> 
sin 0(1 — 2 cos 9) = 0 4=> sin 9 = 0 or cos 9 = ^ =>■ 

8 = 0 , 7 r, f,or-f => the other intersection points are f) 
and x) [by symmetry]. 
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From the first graph, we see that the pole is one point of intersection. By zooming in or using the cursor, we find the 0-values 
of the intersection points to be a ~ 0.88786 ~ 0.89 and 7r — a « 2.25. (The first of these values may be more easily 
estimated by plotting y = 1 + sin x and y = 2x in rectangular coordinates; see the second graph.) By symmetry, the total 
area contained is twice the area contained in the first quadrant, that is, 


PCX PTC / Z PCX PTC j Z 

A = 2 i(20 ) 2 d6 + 2 ±(l + sin d) 2 dd = 40 2 dd +/ [l + 2sin0 + ±(1 - cos20)] dd 

JO Jex Jo Ja 

= [|0 3 ] “ + [0 - 2 cos 0 + (|0 — | sin 20)] = | a 3 + [(^ + j ) — (a — 2 cos a + |a — \ sin 2a)] « 3.4645 


45. L = / y/r 2 + {dr/d9) 2 dd = y/ (2 cos 0) 2 + (—2 sin 0) 2 dd 

J a Jo 

PTC j - PTC 

= J y 4(cos 2 0 + sin 2 6)d6 = J y/4 dd = [ 20 ] ^ = 2 - 7 T 
As a check, note that the curve is a circle of radius 1, so its circumference is 27r(l) = 2n. 


pb _ p2tc j - p2tc _ 

47. L = / y/r 2 + ( dr/dO ) 2 dO = / J(0 2 ) 2 + (2 6) 2 d0= + 4 0 2 dO 

J a Jo Jo 

= J ■ s /d 2 {d 2 + A)dd = J d\Jd 2 +4d0 
Now let u = d 2 + 4, so that du = 20 dd [0 dd = i du ] and 


d^^+ldd = ^du = | • | [« 3/2 ]' (,r2+1) = |[4 3/ V + l) 3 / 2 - 4 3 / 2 ] = f [(tt 2 + 1) 3/2 - 1] 


49. The curve r = cos 4 (0/4) is completely traced with 0 < 0 < 47 r. 
r 2 + (dr/dd) 2 = [cos 4 (0/4 )] 2 + [4cos 3 (0/4) • (—sin(0/4)) • |] 2 
= cos 8 (0/4) + cos 6 (0/4) sin 2 (0/4) 

= cos 6 (0/4) [cos 2 (0/4) + sin 2 (0/4)] = cos®(0/4) 

L — fg 77 y/cos 6 (0/4) dd = I cos 3 (0/4) I dd 

= 2 J 2n cos 3 (0/4) dd [since cos 3 (0/4) > 0 for 0 < 0 < 27t] 


1 



= 8 fg /2 cos 3 u du [w= \e] 


= 8 fg/ 2 ( 1 — sin 2 u) cos udu = 8 f*( 1 — x 2 ) dx 

= »[*- 5* 3 ]J = 8(! — |) = f 
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51. One loop of the curve r = cos 2 6 is traced with — 7 t/4 < 6 < 7r/4. 

r 2 + = cos 2 26 + (—2sin2#) 2 = cos 2 26 + 4 sin 2 26 = 1 + 3 sin 2 26 


/* 7r /4 

/ ^ 

J —7t/4 


+ 3 sin 2 26> dd « 2.4221. 


53. The curve r = sin(6 sin 0) is completely traced with 0 < 6 < n. r = sin(6 sin 6) => — = cos(6 sin 6) ■ 6 cos 6, so 

du 

r 2 + = sin 2 (6 sin 6) + 36 cos 2 6 cos 2 (6 sin 6) =>■ L J ^/sin 2 (6sin61) +36 cos 2 # cos 2 (6sin6>) dd m 8.0091. 


55. (a) From (10.2.6), 

S = Jj2ny^(dx/dd) 2 + {dy/dd) 2 dd 

= 2vy sj^r^rj^rjdff) 2 d6 [from the derivation of Equation 10.4.5] 

= J^2-Krsm6^r 2 + ( dr/dd) 2 dd 


(b) The curve r 2 = cos 26 goes through the pole when cos 26 = 0 

26 = § =>■ 9 = j. We’ll rotate the curve from 6 = 0 to 6 = and double 

this value to obtain the total surface area generated. 


dr 


r = cos 26 =>■ 2r — = —2 sin 26 =>■ — = 


dd 


dr \ 2 sin 2 26 sin 2 2 6 


d6 J 


cos 26 



cos 2 26 + sin 2 26 


cos 26 


1 -^/ 4 , _ . - ^tt/4 _ I 

S=2J 27t V cos 26 sin 6 y cos 26 + (sin 2 26 s ) / cos 26 dd = An j \J cos 26 sin 6 y 

= 47r / V cos 26 sin 6 — dd = 47r / sin 6 dd = An\— cos 0] * 4 = — 47T ( =2 — 1) = 27r ( 2 — \p2 

Jo V^26 Jo L Jo V 2 J V 


10.5 Conic Sections 

1. x 2 = 6y and x 2 = 4py =>■ 4p = 6 =4> p = §. 

The vertex is (0,0), the focus is (0, §), and the directrix 

is y = -§• 



3.2 x =—y 2 =>■ y 2 = —2x. 4p = —2 => p = — |. 

The vertex is (0,0), the focus is (— |, 0), and the 
directrix is x = |. 
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5. (x + 2) 2 = 8 (y — 3). 4p = 8, so p = 2. The vertex is 
(—2, 3), the focus is (—2, 5), and the directrix is y = 1. 



7. y 2 + 2y + 12x + 25 = 0 =>■ 

y 2 + 2y +1 = —12x — 24 =>■ 

(y + l) 2 = —12(x + 2). 4 p = —12, so p = —3. 

The vertex is (—2, —1), the focus is (—5, —1), and the 
directrix is x = 1. 



9. The equation has the form y 2 = 4px, where p < 0. Since the parabola passes through (—1, 1), we have l 2 = 4p(— 1), so 
4p = — 1 and an equation is y 2 = —x or x = —y 2 . 4p = — 1, so p = — j and the focus is |, 0) while the directrix 


H. y + ^- = 1 =>■ a=V4 = 2,b=V2,c=Vtf=W = V4=2 = V2. The 
ellipse is centered at (0, 0), with vertices at (0, ±2). The foci are (0, ±y2). 



13. x 2 + 9y 2 = 9 <S> y + ^- = l =>■ a=V 9 = 3, 

b = vT = 1, c = Va 2 - b 2 = ^ 9^1 =V8 = 2\p2. 
The ellipse is centered at (0,0), with vertices (±3, 0). 

The foci are (±2\/2,0). 



15. 9a; 2 - 18a; + 4y 2 = 27 <S> 

9(x 2 - 2x + 1) + 4y 2 = 27 + 9 <S> 

9(x - l) 2 + 4 y 2 = 36 ^ ^ ~ ^ ^ = 1 => 

a = 3, b = 2, c = y/5 => center (1,0), 
vertices (1, ±3), foci (l, ±\/5) 



17. The center is (0,0), a = 3, and b = 2, so an equation is — + — = 1. c = %/ a 2 —b 2 = \/5, so the foci are (0, ±\/5). 
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19 ' 25 _ V = 1 ^ a = 5- b = 3, c = V25 ± 9 = VM =4 

center (0, 0), vertices (0, ±5), foci (0, ±v34), asymptotes y = ±|x. 

IVofe: It is helpful to draw a 2a-by-26 rectangle whose center is the center of 
the hyperbola. The asymptotes are the extended diagonals of the rectangle. 


x 

Too 


21. x 2 — y 2 = 100 4* 

c = V100 ± 100 = 10y/2 


100 


= 1 =4 a = b = 10, 


center (0, 0), vertices (±10, 0), 
foci (±10 y/2, 0), asymptotes y = ±y§a; = ±x 



23. 4a: 2 - y 2 - 24* - Ay ± 28 = 0 44 

4(x 2 - 6* ± 9) - ( y 2 ± Ay ± 4) = -28 ±36-4 44 


(* — 3) 2 (y ± 2) 2 


= 1 =4 


4(* - 3) 2 - (y ± 2) 2 = 4 44 1 4 

a = x/T = 1, 6 = %/4 = 2, c = ^TT4 = ^5 

center (3, —2), vertices (4, —2) and (2, —2), foci (3 ± x/5, —2), 

asymptotes y ± 2 = ±2(* — 3). 



25. x 2 = y + 1 44 a; 2 = l(y±l). This is an equation of a parabola with 4p = 1, so p = The vertex is (0,-1) and the 


focus is (0, — |). 

27. x 2 = 4y - 2y 2 44 x 2 ± 2y 2 - 4y = 0 44 x 2 ± 2(y 2 - 2y ± 1) = 2 44 x 2 ± 2{y - l) 2 = 2 44 

* 2 , (y^i ) 2 


2 + ' 1 


= 1. This is an equation of an ellipse with vertices at (±v / 2, l). The foci are at (±-^/2 — 1, l) = (±1,1). 


29. y 2 ± 2y = 4x 2 ± 3 44 y 2 ± 2y + 1 = 4x 2 ± 4 44 (y ± l) 2 - 4x 2 = 4 44 


(y + 1) 2 


— x 2 = 1. This is an equation 


of a hyperbola with vertices (0, —1 ± 2) = (0,1) and (0, —3). The foci are at (0, —1 ± \/4 ± l) = (0, —1 ± x/5) • 

31. The parabola with vertex (0, 0) and focus (1,0) opens to the right and has p = 1, so its equation is y 2 = 4px, or y 2 = 4x. 


33. The distance from the focus (—4, 0) to the directrix x = 2 is 2 — (—4) = 6, so the distance from the focus to the vertex is 
\ (6) = 3 and the vertex is (—1, 0). Since the focus is to the left of the vertex, p = —3. An equation is y 2 = 4p(x ±1) =4 

y 2 = —12(x ± 1). 
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35. A parabola with vertical axis and vertex (2,3) has equation y — 3 = a(x — 2) 2 . Since it passes through (1, 5), we have 
5 — 3 = o(l — 2) 2 =>■ a = 2, so an equation is j/ — 3 = 2(x — 2) 2 . 

37. The ellipse with foci (±2, 0) and vertices (±5,0) has center (0, 0) and a horizontal major axis, with a = 5 and c = 2, 


2 2 
■ x y 


so b = a — c — 25 — 4 = 21. An equation is — + = 1. 


39. Since the vertices are (0, 0) and (0, 8), the ellipse has center (0,4) with a vertical axis and a = 4. The foci at (0, 2) and (0, 6) 

_ _ _ — 0) 2 (y — 4) 2 

are 2 units from the center, so c = 2 and b = \/a 2 — c 2 = %/4 2 — 2 2 = vl2. An equation is ———h -= 1 =>■ 

b 2 a 2 

x 2 (y — 4) 2 
12 16 

(x 1)^ (y — 4) 2 

41. An equation of an ellipse with center (—1,4) and vertex (—1,0) is -—^—h -— y = 1. The focus (—1,6) is 2 units 

_L (y _ 4) 2 

from the center, so c = 2. Thus, b 2 + 2 2 = 4 2 =>■ b 2 = 12, and the equation is ^ 2 —h ^ ; = 1. 


x 2 2 

43. An equation of a hyperbola with vertices (±3, 0) is = 1. Foci (±5, 0) c = 5 and 3 2 + 6 2 = 5 2 

3 2 b z 

2 2 

b 2 = 25 — 9 = 16, so the equation is ^-= 1. 

9 16 


45. The center of a hyperbola with vertices (—3, —4) and (—3,6) is (—3,1), so a = 5 and an equation is 


iy ~ i) 2 Or + 3) 2 


= 1. Foci (-3, -7) and (-3,9) => c = 8, so 5 2 + b 2 = 8 2 =>• b 2 = 64 - 25 = 39 and the 


. (y — l) 2 (x + 3) 2 , 

equation is ------— = 1. 

4 25 39 


2 2 

X V 

47. The center of a hyperbola with vertices (d=3,0) is (0,0), so a = 3 and an equation is — — — = 1. 

6 Z b z 


Asymptotes y = ± 2x 


b 2 2 

- = 2 => b = 2(3) = 6 and the equation is ^= 1. 
a 9 36 


49. In Figure 8, we see that the point on the ellipse closest to a focus is the closer vertex (which is a distance 
a — c from it) while the farthest point is the other vertex (at a distance of a + c). So for this lunar orbit, 

(a — c) + (a + c) = 2a = (1728 + 110) + (1728 + 314), or a = 1940; and (a + c) - (a - c) = 2c = 314 - 110, 

2 2 

or c = 102. Thus, b 2 = a 2 - c 2 = 3,753,196, and the equation is - J y = 1. 

3,763,600 3,753,196 


51. (a) Set up the coordinate system so that A is (—200, 0) and B is (200, 0). 

\PA\ — \PB\ = (1200)(980) = 1,176,000 ft = mi = 2a a = ^, and c = 200 so 

, 2 2 2 3,339,375 121a; 2 121 y 2 

121 1,500,625 3,339,375 
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(b) Due north of B => x = 200 


(121)(200) 2 121 y 2 


= 1 =>• y. 


133,575 


1,500,625 3,339,375 " 539 

53. The function whose graph is the upper branch of this hyperbola is concave upward. The function is 


248 mi 


y = f(x) = ayl + 7T = T Vb 2 + x 2 , so y' = yx(b 2 + x 2 ) 1//2 and 

V b z b b 

y" = ^ |^(b 2 + a; 2 ) -1 / 2 — x 2 (b 2 + £ 2 ) _3 / 2 J = ab(b 2 + x 2 )~ 3 ^ 2 > 0 for all x, and so / is concave upward. 

x 2 y 2 

55. (a) Ifk> 16, then k — 16 > 0, and-1-= 1 is an ellipse since it is the sum of two squares on the left side. 

k k — 16 

2 2 
X V 

(b) If 0 < k < 16, then k — 16 < 0, and —— - = 1 is a hyperbola since it is the difference of two squares on the 

k k — 16 

left side. 

(c) If k < 0, then k — 16 < 0, and there is no curve since the left side is the sum of two negative terms, which cannot equal 1. 

(d) In case (a), a 2 = k,b 2 = k — 16, and c 2 = a 2 — b 2 = 16, so the foci are at (±4,0). In case (b), k — 16 < 0, so a 2 = k, 

b 2 = 16 — k, and c 2 = a 2 + b 2 = 16, and so again the foci are at (±4, 0). 



i ± \Ja 2 + 4 p 2 

2 p 


, so the product of the two slopes is 

a+ \Ja 2 + 4p 2 a — ^a 2 + 4 p 2 a 2 — (a 2 + 4p 2 ) —4 p 


2 p 2 p 

showing that the tangent lines are perpendicular. 


4p2 


4 p 


,2 =-!. 


2 2 
x , y 


59. 9x z +4y =36 — + — = 1. We use the parametrization x — 2 cos t,y = 3 sin t, 0 < t < 2tv. The circumference 

is given by 

L = J Q 27r dx/dt ) 2 + ( dy/dt ) 2 dt = J Q 27r yj (—2 sin t) 2 + (3 cos t ) 2 dt = J Q 27r \J 4 sin 2 t + 9 cos 2 t dt 


— f 0 n V4 + 5 cos 2 1 dt 

2tj- _ Q ft 

Now use Simpson’s Rule with n = 8, At = —-— = —, and f(t) = \J4 + 5 cos 2 t to get 

o 4 


L*Ss = ^ [m + 4 /(f) + 2/(f) + 4/(f) + 2 /(tt) + 4 f(%) + 2/(f) + 4 f(%) + f(2n)] « 15.9. 
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x 2 v 2 

6i. _— y~ = 1 

a 2 b 2 


y 2 _ x 2 — a 2 
b 2 a 2 


y = ±— y/x 2 — a 2 , 
a 


A = 2 / - v x 2 — a 2 dx = — — yjx 2 — a 2 —— In x + y x 2 — a 2 

j n a cl a z 


= - [c Vc 2 — a 2 — a 2 In \c + \J c 2 — a 2 | + a 2 In |a| ] 


Since a 2 + 6 2 = c, c — a 2 = 6, and \/c 2 — a 2 = b. 

= — [c6 — a 2 ln(c + 6) + a 2 In a] = — [c6 + a 2 (In a — ln(6 + c))] 


= 6 2 c/a + abln[a/(b + c)], where c 2 = a 2 + 6. 



63 . 9x 2 + 4y 2 = 36 -o- -—|- — = 1 =>■ a = 3, 6 = 2. By symmetry, x = 0. By Example 2 in Section 7.3, the area of the 
4 9 

top half of the ellipse is \ (nab) = 3n. Solve 9x 2 + 4 y 2 = 36 for y to get an equation for the top half of the ellipse: 
9x 2 +4j/ 2 = 36 4=> 4y 2 = 36 — 9x 2 4=> y 2 = |(4 —x 2 ) =>■ y = \\/4 — x 2 . Now 



2x 2yyf b 2 x 

65. Differentiating implicitly, — + — = 1 =>■ — H——- =0 =>■ y' =- 7 - [y 7 ^ 01. Thus, the slope of the tangent 

a 2 b 2 a 2 b 2 a 2 y 

b 2 xx y\ yx 

line at P is-■?—. The slope of F\ P is-and of F 2 P is — -. By the formula in Problem 15 on text page 202, 

a 2 y 1 xi + c xi — c 

we have 


tan a = 


xi + c a 2 yi _ a 2 y\ + 6 2 xi(xi + c) _ a 2 b 2 + b 2 cxi 
! b 2 xxyx a 2 yx(xx + c) - b 2 xxyx c 2 xiyi+a 2 cyi 
a 2 y\(x\ + c) 

6 2 (cxi + a 2 ) _ b 2 
cyi(cxi+a 2 ) cyi 


using b 2 x 2 + a 2 y 2 — a 2 b 2 , 
and a 2 — b 2 = c 2 


tan p _ a 2 yi xi-c _ - a 2 yl - b 2 x i(xi - c) _ -a 2 6 2 + b 2 cxi _ b 2 (cxi - a 2 ) _ l 
t b 2 xiyi a 2 y\ (xi - c) - 6 2 xij/i c 2 xiyi - a 2 cyi cyx(cxx - a 2 ) cyi 

a 2 yi(xi - c) 


Thus, a = p. 
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10.6 Conic Sections in Polar Coordinates 


1. The directrix x = 4 is to the right of the focus at the origin, so we use the form with “+ e cos 9” in the denominator. 

&d 4 • 4 4 

(See Theorem 6 and Figure 2.) An equation is r = - -- = -- = -- 

6 4 1 + e cos 9 1 + | cos 9 2 + cos 9 

3. The directrix y = 2 is above the focus at the origin, so we use the form with “+ e sin 9 ” in the denominator. An equation is 

_ ed _ 1.5(2) _ 6 

1 + esin# 1 + 1.5 sin# 2 + 3sin# 

5. The vertex (4, 37 r/ 2 ) is 4 units below the focus at the origin, so the directrix is 8 units below the focus (d = 8 ), and we 

use the form with e sin 9 ” in the denominator, e = 1 for a parabola, so an equation is 

_ ed _ 1 ( 8 ) _ 8 

1 — e sin 9 1 — 1 sin 9 1 — sin 9 

7. The directrix r = 4 sec 9 (equivalent to r cos 9 = 4 or x = 4) is to the right of the focus at the origin, so we will use the fonn 

with “+ e cos 9" in the denominator. The distance from the focus to the directrix is d = 4, so an equation is 

ed |(4) 2 4 

1 + e cos 9 1 + 5 cos 9 2 2 + cos 9 


„ 4 V 5 4 / 5 , 4 , , 4 , 1 

5 — 4 sin 9 1/5 1-fsin# 5 5 

(a) Eccentricity = e = | 

(b) Since e = | < 1, the conic is an ellipse. 

(c) Since e sin 6" appears in the denominator, the directrix is below the focus 
at the origin, d = \Fl\ = 1, so an equation of the directrix is y = — 1. 


(d) The vertices are (4, |) and (|, ^). 


11 . r = 


3 + 3 sin 9 


1 + lsin# 


, where e = 1 and ed = 5 


(a) Eccentricity = e = 1 

(b) Since e = 1, the conic is a parabola. 

(c) Since “+ esin#” appears in the denominator, the directrix is above the focus 
at the origin, d = |E7| = |, so an equation of the directrix is y = |. 

(d) The vertex is at (|, 5), midway between the focus and directrix. 
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13. r = 


9 


6 + 2 cos 9 


1/6 

1/6 


3/2 


1 + | cos 0 


, where e = \ and ed = § 


d= 2 

a — 2 - 


(a) Eccentricity = e = j 

(b) Since e= 5 < 1, the conic is an ellipse. 

(c) Since “+e cos 9 ” appears in the denominator, the directrix is to the right of 
the focus at the origin, d = \Fl\ = |, so an equation of the directrix is 



(d) The vertices are (|, 0) and (|, n ), so the center is midway between them, 
that is, (^,7r). 



15. r = 


1/4 


3/4 


, where e = 2 and ed = | =>■ d = §. 


4 — 8 cos 9 1/4 1 — 2 cos 9 

(a) Eccentricity = e = 2 

(b) Since e = 2 > 1, the conic is a hyperbola. 

(c) Since “—e cos 6 ” appears in the denominator, the directrix is to the left of 
the focus at the origin, d = |+1| = |, so an equation of the directrix is 


(d) The vertices are (— |, 0) and , 7r), so the center is midway between them, 
that is, + + 


17 . (a) r = --, where e = 2 and ed = 1 => d = i. The eccentricity 

1 — 2 sm 9 

e = 2 > 1, so the conic is a hyperbola. Since “—e sin 9 ” appears in the 
denominator, the directrix is below the focus at the origin, d — \Fl\ = 
so an equation of the directrix is y = — i. The vertices are (—1, and 

(I ’ IT )’ so the center is midway between them, that is, (|, ^). 


(b) By the discussion that precedes Example 4, the equation 
1 

is r — --=—r. 

1 — 2sin(0 — 







-2 
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19. For e < 1 the curve is an ellipse. It is nearly circular when e is close to 0. As e 
increases, the graph is stretched out to the right, and grows larger (that is, its 
right-hand focus moves to the right while its left-hand focus remains at the 
origin.) At e = 1, the curve becomes a parabola with focus at the origin. 



21. \PF\ = e \Pl\ => 
r(l — e cos 9) = ed 


r = e[d — r cos(-7r - 
ed 


= e(d + r cos 9) 


1 — e cos 9 


23. \PF\ = e \Pl\ => 
r(l — e sin 9) = ed 


r = e[d — r sin(# — 7 r)] = e(d + r sin 9) 
ed 

=> r = - 

1 — e sin 9 




25. We are given e = 0.093 and a = 2.28 x 10 s . By (7), we have 

q(l — e 2 ) _ 2.28 x 10 8 [1 - (0.093) 2 ] _ 2.26 x 10 s 

1 + ecos# 1 + 0.093 cos 9 1 + 0.093 cos 9 


27. Here 2a = length of major axis = 36.18 AU 


a = 18.09 AU and e = 0.97. By (7), the equation of the orbit is 


18.09[1 - (0.97 ) 2 


1.07 


. By ( 8 ), the maximum distance from the comet to the sun is 


1 + 0.97 cos 9 1 + 0.97 cos 9 

18.09(1 + 0.97) « 35.64 AU or about 3.314 billion miles. 

29. The minimum distance is at perihelion, where 4.6 x 10' = r = a(l — e) = a(l — 0.206) = a(0.794) => 

a = 4.6 x 10 7 /0.794. So the maximum distance, which is at aphelion, is 
r = a( 1 + e) = (4.6 x 10 7 /0.794) (1.206) « 7.0 x 10 7 km. 

31. From Exercise 29, we have e = 0.206 and a(l — e) = 4.6 x 10 7 km. Thus, a = 4.6 x 10 7 /0.794. From (7), we can write the 


equation of Mercury’s orbit as r = a 

dr a(l — e 2 )esin# _ 
d9 (1+ ecos #) 2 ^ 


dr 


1 — e 


1 + e cos 9 


. So since 




a 2 (l — e 2 ) 2 a 2 (l — e 2 ) 2 e 2 sin 2 9 


(1 + ecos 9) 2 


(1 + ecos#) 4 


a 2 (l — e 2 ) 2 
(1 + ecos #) 4 


(1 + 2ecos# + e 2 ) 
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the length of the orbit is 


+ e 2 + 2 ecos t 


L = / Jr 2 + (dr/dd) 2 d6 = a{ 1 - e) / v ' ' —— d8 « 3.6 x 10 s km 
Jo Jo (1 + ecos d) 2 

This seems reasonable, since Mercury’s orbit is nearly circular, and the circumference of a circle of radius a 

is 2na « 3.6 x 10 s km. 


10 Review 


CONCEPT CHECK 


1. (a) A parametric curve is a set of points of the form ( x , y) = ( f{t),g(t )), where / and g are continuous functions of a 

variable t. 

(b) Sketching a parametric curve, like sketching the graph of a function, is difficult to do in general. We can plot points on the 
curve by finding f(t) and g(t ) for various values of t, either by hand or with a calculator or computer. Sometimes, when 
/ and g are given by formulas, we can eliminate t from the equations x = f(t) and y = g(i) to get a Cartesian equation 
relating x and y. It may be easier to graph that equation than to work with the original formulas for x and y in terms of t. 

2. (a) You can find y^ as a function of t by calculating [if dx/dt 7 ^ 0]. 

(b) Calculate the area as J* ydx = j^ g(t) f'(t)dt [or /“ g(t) f'(t)dt if the leftmost point is (/(/3), ff(/3)) rather 
than ( f{a),g{a))]. 

3 . (a) L = sj (dx/dt) 2 + ( dy/dt) 2 dt = y/[f'(t)] 2 + [g’(t)] 2 dt 

(b) S = fa 2 ™yV {dx/dt) 2 + ( dy/dt) 2 dt = 2Tvg(t) y / [f’(t)} 2 + [g'(t)) 2 dt 

4. (a) See Figure 5 in Section 10.3. 

(b) x = r cos 0, y = r sin 6 

(c) To find a polar representation (r, 8) with r > 0 and 0 < 8 < 27r, first calculate r = \Jx 2 + y 2 . Then 8 is specified by 
cos 8 = x/r and sin# = y/r. 


dy — ( v ) —( rs - m Q) sin 8 + r cos 8 

5. (a) Calculate ± = f. = = d = W _ 

dx dx d d (dr\ 

dd M (rCOs6) U c os#-rsm# 


, where r = /(#). 


(b) Calculate A = f a \r 2 dO = f a \[f{0)} 2 dO 

(c) L = / a 6 ^(dx/d8) 2 + (dy/d8) 2 d8 = / a 6 ^r 2 +(dr/dd) 2 d8 = f * ^[ f ( 8)] 2 + [ f '( 8)] 2 d 8 


6. (a) A parabola is a set of points in a plane whose distances from a fixed point F (the focus) and a fixed line l (the directrix) 
are equal. 


(b) x 2 = Apy; y 2 = 4 px 
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7. (a) 
(b) 


An ellipse is a set of points in a plane the sum of whose distances from two fixed points (the foci) is a constant. 


a 2 a 2 — c 2 


8. (a) 

(b) 

(c) 


A hyperbola is a set of points in a plane the difference of whose distances from two fixed points (the foci) is a constant. 
This difference should be interpreted as the larger distance minus the smaller distance. 



. Vc 2 — a 2 

y = ± - x 

a 


9. (a) If a conic section has focus F and corresponding directrix l, then the eccentricity e is the fixed ratio | PF\ / | PI | for points 
P of the conic section. 

(b) e < 1 for an ellipse; e > 1 for a hyperbola; e = 1 for a parabola. 


(c) x — d: r = 


ed 


1 + e cos 0 


. x = —d: r = 


ed 


1 — e cos 6 


. y = d: r = 


ed 


1 + e sin 9 


. y = —d: r 


■ 


1 — e sin t 


TRUE-FALSE QUIZ 

1. False. Consider the curve defined by x = f(t) = (t — l ) 3 and y = g(t) = (t — l) 2 . Then g'(t) = 2(t — 1), so g'( 1) = 0, 
but its graph has a vertical tangent when 7=1. Note: The statement is true if f(l) ^ 0 when g'( 1) = 0. 

3. False. For example, if f(t) = cos t, and g(t) = sin t for 0 < t < 47 r, then the curve is a circle of radius 1, hence its length 

is 27r, but J 0 47r \/[f'(t)] 2 + [p'(f )] 2 dt = J^ \J (— sin t) 2 + (cos t) 2 dt = 1 dt = 47 T, since as t increases 

from 0 to 47 r, the circle is traversed twice. 

5. True. The curve r = 1 — sin 20 is unchanged if we rotate it through 180° about O because 

1 — sin 2(0 + 7 r) = 1 — sin(2(9 + 27r) = 1 — sin 20. So it’s unchanged if we replace r by — r. (See the discussion 
after Example 8 in Section 10.3.) In other words, it’s the same curve as r = — (1 — sin 20) = sin 20 — 1. 

1. False. The first pair of equations gives the portion of the parabola y = x 2 with x > 0, whereas the second pair of equations 
traces out the whole parabola y = x 2 . 

9. True. By rotating and translating the parabola, we can assume it has an equation of the form y = cx 2 , where c > 0. 

The tangent at the point (a, ca 2 ) is the line y — ca 2 = 2 ca(x — a); i.e., y = 2cax — ca 2 . This tangent meets 
the parabola at the points (*, ca; 2 ) where cx 2 = 2cax — ca 2 . This equation is equivalent to x 2 = 2ax — a 2 
[since c > 0]. But x 2 = 2ax — a 2 4^ x 2 — 2ax + a 2 = 0 44 (x — a) 2 = 0 44 x = a 44 

(x, cx 2 ) = (a, ca 2 ). This shows that each tangent meets the parabola at exactly one point. 
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EXERCISES 


1. x = t 2 + At, y = 2 — t, —4 < t < 1. t = 2 — y, so 

x = (2 - y) 2 + 4(2 - y) = 4 - 4y + y 2 + 8 - Ay = y 2 - 8y + 12 
x + 4 = y 2 — 8y + 16 = (y — 4) 2 . This is part of a parabola with vertex 
(—4,4), opening to the right. 



3. y = sec 9 = —= i. Since 0 < 6 < n/ 2, 0 < x < 1 and y > 1 . 
cos p x 

This is part of the hyperbola y = 1 /x. 


5. Three different sets of parametric equations for the curve y = Vx. are 

(i ) x = t, y=Vt 

(ii) x = i 4 , y = t 2 

(iii) x = tan 2 t, y = tant, 0 < t < n /2 



There are many other sets of equations that also give this curve. 

The Cartesian coordinates are x = 4 cos 



y = 4 sin ^ = 4 =2 \/3, that is, 


¥ = 4 H) = - 2and 

the point (— 2 , 2 \/3). 


y Q 

(b) Given x = — 3 and y = 3, we have r = \/{—3) 2 + 3 2 = \/l 8 = 3 \/2. Also, tan 9 = — => tan 9 = —, and since 

x —3 

(—3,3) is in the second quadrant, 9 = Thus, one set of polar coordinates for (—3,3) is (3 \/2, ^), and two others are 

(3^2,4^) and (-3^2,^). 




9. r = 1 — cos 0. This cardioid is 
symmetric about the polar axis. 




474 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


11 . r = cos 38. This is a 

three-leaved rose. The curve is 
traced twice. 




13. r = 1 + cos 26. The curve is 
symmetric about the pole and 

both the horizontal and vertical 
axes. 


15 . r = -- =>• e = 2 > 1 , so the conic is a hyperbola, de = 3 =>• 

1 + 2 sin 6 

d = | and the form “+2 sin 6 ” imply that the directrix is above the focus at 
the origin and has equation y = §. The vertices are (l, f ) and (—3, 4^) . 



17. x + y = 2 4=> r cos 0 + r sin 6 = 2 4=> r(cos 0 + sin 6) = 2 +> r = 



cos 6 + sin 6 


19. r = (sin 6)/6. As 6 —> ±oo, r 0. 
As 6 —> 0, r —> 1. In the first figure, 
there are an infinite number of 
^-intercepts at x = nn, n a nonzero 
integer. These correspond to pole 
points in the second figure. 



-0.75 


1 



dy 


dx _ 1 dy _ dy/dt 


21. x = inf, y — 1 + t , t = 1. — = 2t and — = so — = . 

dt dt t dx dx I dt 

When t = 1, (x, y) = (0, 2) and dy/dx = 2. 



23. r = e 9 => y = r sin 8 = e e sin 8 and x = r cos 8 = e 6 cos 8 => 

dy dy/dd ^sin(9 + rcos# — e~ e sin# + e~ e cos8 —e 9 sin0 —cos 0 

dx dx/dd ^jcosd — rsin# — e~ e cos6 — e~ e sin# — e 9 cos 6 + sin 8 


When 8 = ir, 4^ 
dx 


o-(-D 
-1 + 0 


1 

— 


- 1 . 
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25 . x = 7 + sin 7, y = 7 — cos 7 


dy dy/dt 1 + sini 
dx dx/dt 1 + cos 7 


d / dy\ (1 + cos7) cost — (1 + sin7)(— sin7) 

d 2 y _ dt \dx J (l + cos7 ) 2 cos 7 + cos 2 7 + sin 7 + sin 2 7 _ 1 + cost + sin7 

dx 2 dx/dt l + cos7 (l + cos7 ) 3 (l + cos7 ) 3 


27 . We graph the curve x = t 3 — 37, y = t 2 + t + 1 for —2.2 < 7 < 1.2. 
By zooming in or using a cursor, we find that the lowest point is about 
(1.4,0.75). To find the exact values, we find the 7-value at which 
dy/dt = 2 t + l = 0 <^> t = ~\ O (®> 2 /) = (t> f) • 


4 



29 . x = 2a cos t — a cos 2 1 
sin t = 0 or cos t = | 
y = 2a sin t — a sin 2 1 


— = —2 a sin t + 2a sin 2 1 = 2a sin 7(2 cos t — 1 ) = 0 -O- 
t = 0 , f , 7 T,or 

^y- = 2acost — 2acos27 = 2a(l + cos7 — 2cos 2 7) = 2a(l — cos7)(l + 2cos7) =0 =>■ 


7 = 0,f,orf. 

Thus the graph has vertical tangents where 7 = ?, 7 r and ^, and horizontal tangents where 7 = ^? and 4?. To detennine 


dy/dt 


what the slope is where 7 = 0, we use l’Hospital’s Rule to evaluate lim 

‘ t —o dx/dt 


= 0 , so there is a horizontal tangent there. 


t 

X 

y 

0 

a 

0 

7T 

3 

§« 


2tt 

3 

“5° 

¥« 

7r 

—3a 

0 

47T 

3 

-I a 

-¥« 

57T 

3 

§« 




31 . The curve r 2 = 9 cos 5 9 has 10 “petals.” For instance, for — ^ < d < there are two petals, one with r > 0 and one 
with r < 0 . 


A = 10 o I 7-2 d6 = 5 9 cos 50 d8 = 5 • 9 • 2 fj /lu cos 50 dd = 18 [ sin 50] ]] /iu = 


P7r/10 


tt/10 


tt/10 


= 18 


33 . The curves intersect when 4 cos 0 = 2 

for — 7 r < 0 < 7 r. The points of intersection are (2, and (2, — 


0 = ±! 


r = 2 


r = 4 cos ( 
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35. The curves intersect where 2 sin 9 = sin 9 + cos 8 =>• 

sin 9 = cos 9 =>■ 9 = j, and also at the origin (at which 9 = 

on the second curve). 

A = JJ 1 ^ 4 i (2 sin 9) 2 dO + Slj{ 4 | (sin 8 + cos 8) 2 d6 
= Io /4 (1 - cos 29) d8+\ (1 + sin 29) d8 

= [8 sin 28}l ,4 +[\9-\ cos 29] = ±(tt - 1) 



37. x = 3 1 2 , y = 2 1 3 . 

L = f 2 sj(dx/dt ) 2 + ( dy/dt ) 2 dt = J Q 2 \J ( 6 t) 2 + ( 6 i 2 ) 2 dt = / Q 2 \/36f 2 + 36f 4 dt = / Q 2 \/36i 2 v/1 + £ 2 dt 

= J Q 2 6 |7| v/1 + f 2 dt = 6 f 2 t v/1 + t 2 dt = 6 J 5 u 1 / 2 (idu) [u = l + t 2 , du = 21 dt] 

= 6 • | • | [u 3/2 ] * = 2(5 3/2 - 1) = 2(5 v/5 - 1) 


r2 

39. L = /I" \Jr 2 + (dr/dfl) 2 d0 = / 2,r V(V^) 2 + (-l/<? 2 ) 2 ^ = / 

«/ 7T 


a/6> 2 + 1 


d 6 > 


i/<9 2 + 1 


In 


(e + i/e 2 


+ i 


v/tt 2 + 1 \/ 47 r 2 + 1 j ( 2tt -\- \/ 47 r 2 + 1 


2 tt 


77 + V^ 2 + 1 


2\Ar 2 + 1 — V47r 2 + 1 j f 2n + \J 47r 2 + 1 


2tt 


7T -+■ 


41. x = 4v/f, t/ = — + ^, 1 <i<4 =>■ 


S' = J 4 2ny^/ ( dx/dt ) 2 + {dy/dt) 2 dt = J 4 2n^t 3 + 2 ) \J(2/\/t) 2 + ( t 2 — t~ 3 ) 2 dt 

= 2 77 J 4 (|7 3 + if 2 ) yWTT^dt = 2* ft (K + f + if 5 ) dt = 2n[±t° + ft - if 4 ] 4 


471.295 
1024 " 


43. For all c except —1, the curve is asymptotic to the line x = 1. For 
c < — 1, the curve bulges to the right near y = 0. As c increases, the 
bulge becomes smaller, until at c = — 1 the curve is the straight line x = 1 . 
As c continues to increase, the curve bulges to the left, until at c = 0 there 
is a cusp at the origin. For c > 0, there is a loop to the left of the origin, 
whose size and roundness increase as c increases. Note that the ^-intercept 
of the curve is always —c. 


3 



3 
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X 'll 

45. — + — = 1 is an ellipse with center (0, 0). 
9 o 

a = 3, b = 2 \/2> c = 1 => 

foci (±1, 0), vertices (±3, 0). 



47. 6y 2 + x - 36y + 55 = 0 

6{y 2 - 6y + 9) = -(x + 1) 4=> 

(:y — 3) 2 = — |(x + 1), a parabola with vertex (—1,3), 
opening to the left, p = — =>• focus (—§|, 3) and 

directrix x = —§§. 



49. The ellipse with foci (±4, 0) and vertices (±5, 0) has center (0, 0) and a horizontal major axis, with a = 5 and c = 4, 

2 2 

so b 2 = a 2 — c 2 = 5 2 — 4 2 = 9. An equation is ^ = 1. 

y 2 x 2 

51. The center of a hyperbola with foci (0, ±4) is (0, 0), so c = 4 and an equation is — — = 1. 

The asymptote y = 3x has slope 3, so ^ = y => a = 3b and a 2 +b 2 = c 2 => (3b) 2 +b 2 = 4 2 =>■ 

106 2 = 16 =>■ b 2 = | and so a 2 = 16 — | = Thus, an equation is ^ — Z— = 1, or -= 1. 

/ Z / o o/D / Z o 


53. x 2 = — (y — 100) has its vertex at (0,100), so one of the vertices of the ellipse is (0,100). Another form of the equation of a 
parabola is x 2 = 4 p(y — 100) so 4 p(y — 100) = —(y — 100) =>• 4p = —1 =>■ p = — Therefore the shared focus is 
found at (0, 222) so 2c = 222 — 0 =>■ c = 2|2 and the center of the ellipse is (0, 2|2). So a = 100 — and 


_399 2 

b 2 = a 2 — c 2 = -—--= 25. So the equation of the ellipse is ^ + 

8 2 b z a 


*- . (»-¥) 


= l -a — + 


*- . (y-m 


25 (m) 2 


= 1, 


x 2 ( 8 y- 399 ) 2 = 
25 160,801 


55. Directrix x = 4 =>■ d = 4, so e = 4 =>■ r = 


ed 


1 + e cos 6 3 + cos 9 


3t\ 


uu 3t 2 

57. (a) If (a, b) lies on the curve, then there is some parameter value 1 1 such that ” L1 3 = a and - 3 = b. If ti = 0, 

1 *T 1 f 


the point is (0,0), which lies on the line y = x. If t\ ^ 0, then the point corresponding to t = — is given by 

fi 


1 -o'(l /^) 3 = 1 = V = p = i = a - So (&> °) a l so ^ es 011 the curve. [Another way to see 


3f 2 


3(l/7i 


37 


this is to do part (e) first; the result is immediate.] The curve intersects the line y = x when 
t = f 2 =>■ t = 0 or 1 , so the points are ( 0 , 0 ) and (|, |). 


3 1 


3t 


1 + 1 3 1 + t 3 
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(b) ^ ^ +t f (30 = 67— 3t = o when 6i - 3i 4 = 37(2 - 7 1 * 3 1 ) = 0 =>■ 7 = 0 or 7 = J/2, so there are 

at (1 + 7 3 ) 2 (1 + 7 3 ) 2 

horizontal tangents at (0,0) and ( \/2, \[\). Using the symmetry from part (a), we see that there are vertical tangents at 
(0,0) and (^4, ^2). 

(c) Notice that as t —> —1 + , we have x —> —oo and y —> oo. As t —+ —1 _ , we have * —> oo and y —> — oo. Also 

.. 7 „ , „ , ■, _ 3t + 3t 2 + (1 + 1 3 ) _ (7 + 1) 3 _ (7+1) 2 


y - (-x -l)=y + x + l = 
slant asymptote. 


1 + 7 3 7 2 - t + 1 


0 as t —► —1. So y = —x — 1 is a 


dx _ (1 +7 3 )(3) - 37(37 2 ) 3 - 67 3 __ dy _ 67 - 3 1 4 dy _ dy/dt _ 7(2 - 7 3 ) 

(d) dt~ (1 + 73)2 " (1 + 73)2 and from P art W we have ^ - (1 + ^2 • So da; “ da;M - x _ 2i a • 


d f dy 


d 2 y dt\dx J 2(1 + 7 3 ) 


>0 <=> 7 < - 7n =. 


dx 2 dx/dt 3(1 - 27 3 ) 3 ^2' 

So the curve is concave upward there and has a minimum point at (0,0) 
and a maximum point at ( ^2, \/4). Using this together with the 
information from parts (a), (b), and (c), we sketch the curve. 


(e) x 3 + y 3 = 


3 xy = 3 


/ 37 y / 37 2 y _ 277 3 + 277 6 _ 277 3 (l + 7 3 ) _ 277 3 

\ 1 + 7 3 / + V1+7 3 J “ (1 + 7 3 ) 3 “ (1 + 7 3 ) 3 _ (1 + 7 3 ) 2 

37 \ / 37 2 \ 277 3 3 3 ,, 

TTt 3 ) vTTt 3 ) = (TTt 3 ) 2 ’ sox +y =3xy - 



/ = ■ 

V- _1+ 

t~> co / 

'v 


'xj 

t = 0 

Yr->— co x 


\t >-i 

277 3 

> = - 


(f) We start with the equation from part (e) and substitute x = r cos 6,y = r sin #. Then x 3 + y 3 = 3 xy 


r 3 cos 3 # + r 3 sin 3 6 = 3r 2 cos 6 sin 0. For r^0, this gives r = 


3 cos 8 sin 6 
cos 3 9 + sin 3 9 


. Dividing numerator and denominator 


by cos 3 8, we obtain r = 


1 \ sin 8 

cos 8 J cos 9 3 sec 8 tan 8 

sin 3 8 1 + tan 3 8 


(g) The loop corresponds to 8 £ (0, §), so its area is 

f w/2 r 2 1 r /2 / 3 sec 61 tan#\ 2 9 r' 2 sec 2 9 tan 2 8 9 


A= — dd = - 

,/n 2 2 


Jo V 1 + tan3 0 

3x —IT b _ 3 


d8 = - 


d9 = - 


2 Jo (1 + tan 3 8) 2 2 J 0 (1 + u 3 ) 


[let u = tan 9\ 


= lim|[-|( 1 + W 3 )- 1 ]; = l 


(h) By symmetry, the area between the folium and the line y = —x — 1 is equal to the enclosed area in the third quadrant, 
plus twice the enclosed area in the fourth quadrant. The area in the third quadrant is and since y = —x — 1 =>• 


r sin 9 = —r cos 9 — 1 


1 r ’r/ 4 / 1 Y /3sec# tan# 

2 J-tt /2 V sdl d + cos 8 J \ 1 + tan 3 9 


r = -, the area in the fourth quadrant is 

sin # + cos # 


d0 C = - Therefore, the total area is|+2(i) = |. 



□ PROBLEMS PLUS 


1. X = 


r sin ?/ dx cos t du sin t 

■ du, y= - du, so by FTC 1, we have — = -and -j - = -. Vertical tangent lines occur when 

" i u dt t dt t 5 


dx 

— =0 4=> cos t = 0. The parameter value corresponding to ( x, y ) = (0, 0) is t = 1, so the nearest vertical tangent 
occurs when t = ?. Therefore, the arc length between these points is 


L = 


fn/2 


dx\ 


dt ) 


+ 


dt = 


f 7r / 2 /cos 2 t sin 2 t 

H- —dt = 


t 2 


t 2 


rn/2 dt r W a , . 
— = [ In f]! =ln- 


3. In terms of x and y, we have x = r cos 9 = (1 + c sin 9) cos 9 = cos 9 + c sin 9 cos 9 = cos 9 + \ c sin 29 and 

y = rsin0 = (l + csinf?) sinU = sin# + csin 2 9. Now — 1 < sin# < 1 => — 1 < sinS + csin 2 9 < 1 + c < 2, so 

— 1 < J/ < 2. Furthermore, y = 2 when c = 1 and 9 = ■ | , while y = — 1 for c = 0 and 9 = ^ . Therefore, we need a viewing 
rectangle with — 1 < V < 2. 

To find the tc-values, look at the equation x = cos 9 + \c sin 29 and use the fact that sin 29 > 0 for 0 < 9 < ^ and 

sin 29 < 0 for — ^ < 9 < 0. [Because r = 1 + c sin 9 is symmetric about the j/-axis, we only need to consider 

— ^ < 9 < ^.] So for — < 9 < 0, x has a maximum value when c = 0 and then x = cos 9 has a maximum value 

of 1 at 9 = 0. Thus, the maximum value of x must occur on [0, with c = 1. Then x = cos 9 + \ sin 29 => 

|| = - sin6> + cos 261 = -sin0 + 1 - 2sin 2 6> => || = -(2sin6> - l)(sin6> + 1) = 0 when sin 9 = -1 or § 

[but sind ^ —1 for 0 < 9 < ^]. If sin# = |, then # = f and 
x = cos f + \ sin f = f x/3- Thus, the maximum value of * is | \f?>, and, 
by symmetry, the minimum value is — | \Z?>. Therefore, the smallest 
viewing rectangle that contains every member of the family of polar curves 
r = 1 + csin#, where 0 < c < 1, is [— §\/3, f x/3] x [—1, 2], 

-l.t 



5. 


Without loss of generality, assume the hyperbola has equation — 

rt~ 


b 2 


1. Use implicit differentiation to get 


2x 2 y y' 

a 2 b 2 


0 , so y' 


b 2 x b 2 c 

— 7 —. The tangent line at the point (c, d) on the hyperbola has equation y — d = (x — c). 

a 2 y a 2 d 


The tangent line intersects the asymptote y = — x when —x — d = -J-Ax 

a a a 2 d 


c) 


abdx — a 2 d 2 = b 2 cx — b 2 c 2 =>■ 


479 
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, , l2 2,2 ,22 a 2 d 2 — b 2 c 2 ad + bc , , , . bad + be ad + bc 

abdx — b ex = a d — be => x = — - —1-7- =- ; - and the y- value is- - -=-. 

b(ad — be) b a b a 


... b [be—ad ad—be 

Similarly, the tangent line intersects y = - a: at ---,- 

a \ b a 


. The midpoint of these intersection points is 


1 f ad + bc be — ad\ 1 / ad + bc ad — be 


2 V b 


’ 2 V a 


/126c 12 ad\ , n , ^ 

= I 7 T —r~, 7 T- I = (c, d), the point ol tangency. 

\ A 0 Z (L ) 


Note: If y = 0, then at (±a, 0), the tangent line is x = ±o, and the points of intersection are clearly equidistant from the point 
of tangency. 



11 □ INFINITE SEQUENCES AND SERIES 

11.1 Sequences 


1. (a) A sequence is ail ordered list of numbers. It can also be defined as a function whose domain is the set of positive integers. 

(b) The terns a n approach 8 as n becomes large. In fact, we can make a n as close to 8 as we like by taking n sufficiently 
large. 

(c) The terns a n become large as n becomes large. In fact, we can make a n as large as we like by taking n sufficiently large. 

, 2 n , . f 2 4 6 8 10 1 1 4 3 8 5 1 

3. a n = —--, so the sequence is < -,-,-,-,- ....> = <1,-.-, —, — ....>. 

n 2 +1 4 1 1 + 1 4 + 1’ 9 + 1 16+1 25 + 1 J 1 5 5 17 13 j 


„ (-i ) n_1 , . r i -i i -i i 

5 ' °» = 5 n > so the sequence isj-,— 


Ill 


1 


5’ 25’125’ 625’3125’’ 


, 1 , .111111 1 fill 11 

7 ' = (^T)T' SOthe sequencels \2!’3!’4!’5l’6!’ -/ = \ 2’ 6’ 24’ 120’ 720’'' ’/' 

9. ai = 1, a n +i = 5 a n — 3. Each term is defined in terms of the preceding term, a 2 = 5ai — 3 = 5(1) — 3 = 2. 
a 3 = 5a 2 - 3 = 5(2) -3 = 7. a 4 = 5a 3 - 3 = 5(7) - 3 = 32. a 5 = 5a 4 - 3 = 5(32) - 3 = 157. 

The sequence is {1, 2, 7, 32,157,...}. 

.. a n ai 2 2 02 2/3 2 a 3 2/5 2 

11. a 1 = 2, o„+i = — -. a 2 = —-= ; : - = -. a 3 = — -= , , „ /0 = -. a 4 = - — 


1 + 


1 + ai 1 + 2 3' 1 + a 2 1 + 2/3 5' 1 + a 3 1 + 2/5 7' 


= 1^7 = I Thesequenceis ^ 2 ’i’s-?>§>•• 

13. Il,y i 3....}. The denominator of the nth term is the nth positive odd integer, so a n = —-—. 

1 j 0 / a j 2n — 1 

15. { — 3, 2, — |, |, —,...}. The first term is —3 and each term is — | times the preceding one, so a n = — 3 (— |)" 1 . 

17. {§: — |>Ii — T’T’.''}. llum erator of the nth tern is n 2 and its denominator is n + 1. Including the alternating signs, 

2 


we get On = (-1) 


71+1 


n + 1 
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n 

3n 

a n — 1 « 

1 + 6n 

1 

0.4286 

2 

0.4615 

3 

0.4737 

4 

0.4800 

5 

0.4839 

6 

0.4865 

7 

0.4884 

8 

0.4898 

9 

0.4909 

10 

0.4918 


a n k 


u n t 




0 . 5 - 

• • 

• • • • 

• • • 

0 . 4 - 

• 



0 


' 5 ' 

' 10 n 


It appears that lim a n = 0.5. 

n —>oo 

,. 3n .. (3 n)/n .. 3 3 1 

lim - = lim 7 —^— LL -—— = lim — - - = — = — 

n^oo 1 + 6 n ™^oo(l + 6n)/n l/n + 6 6 2 



3 + 5n 2 _ (3 + 5n 2 )/n 2 
n + n 2 (■n + n 2 )/n 2 


5 + 3/n 2 

—- 7 - 7 —, so a, 

1 + 1/n 


5 + 0 
1 + 0 


5 as n —> 00 . 


Converges 


27. Because the natural exponential function is continuous at 0, Theorem 7 enables us to write 

lim a n = lim e 1 /” = e hm n^°o(i/+ = e° = 1. Converges 

n—>00 n —>00 


„ 2mr , (2mr)/n 2ix 2f f 

29. If o n = -.then lim b n = lim - 7 -^- . , = lim —- = — = —. Since tan is continuous at 

1 + 8n n^oo n n -oo(l + 8 n)/n n^ool/n + 8 8 4 


Theorem 7, lim tan 


2mr 


00 V 1 + 8n 


= tan ( lim 


2mx 


n —»oo 1 + 8 n 


= tan — = 1. Converges 


31. dn — 


Vn 3 + An \/n 3 + 4 n/Vn 3 a/1 + 4/n : 
lim a/ 1 + 4/n 2 = 1. Diverges 


so o„ —► 00 as n —> 00 since lim sjn = 00 and 


33. lim I an I = lim 


(-ir 


2y/n 


= i lim —!-7 = i(0) = 0, so lim a n = 0 by (6). Converges 

2 n—>00 Tl l / Z 2 7 i—>00 
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35. On = cos( n/ 2). This sequence diverges since the terms don’t approach any particular real number asn-» oo. 
The terms take on values between — 1 and 1. 


37. On — 


(2 n- 1)! _ (2n — 1)! 


(2n + l)! (2n+ l)(2n)(2n- 1)! (2n + l)(2ra) 


0 as n —> oo. Converges 


39. On = 


e” + e~” e~ n _ 1 + e~ 

g2n _ l 


o — n /on p — n 


0 as n —> oo because 1 + e 2n —* 1 and e n — e 71 —> oo. Converges 


Tt X^ H 2 x H 2 

41. On = n 2 e~ n = —. Since lim -— = lim — = lim — = 0, it follows from Theorem 3 that lim a n = 0. Converges 

e n x —>oo C x x —>oo C x x—>oo C x n —>oo 


.. „ . cos 2 n . 1 „ ^ 2 ^ ,. 1 „ cos 2 n 

43. 0 < - < — since 0 < cos n < 1 , so since hm — = 0, <- 

— 2" “ 2 n — _ n—»oo 2" 12" 


converges to 0 by the Squeeze Theorem. 


45. On =nsin(l/n) = since lim = lim [where t = 1/x\ = 1, it follows from Theorem 3 


1 /n 

that {on} converges to 1. 


1/a; t-> o+ t 


2 \ / 2' 

47. y = ( 1 + — J =>■ In y = x In ( 1 + — ), so 


.. , ,. ln(l + 2/*) H ,. \l + 2/*y\ x 2 J .2 

lim In y = lim — r -—-—- = hm —- — , „ -— = i lm ^ _ =2 =>■ 


x —»oo x —>oo 


1/x 


— 1/x 2 


x—too 1 + 2/a; 


lim (1 + — ) = lim e lny = e 2 , so by Theorem 3, lim (1 + — ) = e 2 . Converges 

x —>oo V X ) x —>oo n —»oo y fl . 


49. On = ln(2 n 2 + 1) — ln(n 2 + 1) = In 


2n 2 + l\ =h J 2 + 1/n 


In 2 as n —> oo. Converges 


tl 2 -fly \ 1 +1 / n2 , 

51. On = arctan(lnn). Let f(x) = arctan(lna;). Then lim f(x) = since In x — > oo as x — + oo and arctan is continuous. 

X—*OCl 

Thus, lim a n = lim f(n) = Converges 


n — >oo n —*og 


53 . {0,1,0,0,1, 0,0,0,1,...} diverges since the sequence takes on only two values, 0 and 1, and never stays arbitrarily close to 
either one (or any other value) for n sufficiently large. 

n! 1 2 3 (n — 1) n 1 n n . , 

55 - a " = g ’ T ' 9..9-g - 2 ' 2 [ for n > !] = 4 -*• 00 as n °°> so diverges. 


57. 



From the graph, it appears that the sequence converges to 1. 
{(—2/e) n } converges to 0 by (7), and hence (1 + (—2/e)' 1 } 
converges to 1 + 0 = 1. 


21 
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From the graph, it appears that the sequence {a,i} = 


1 + n 2 


divergent, since it oscillates between 1 and —1 (approximately). To 

n 2 

prove this, suppose that { a „} converges to L. If b n = --, then 

1 + n z 

{&„} converges to 1, and lim ^ ^ = L. But ^ = cosn, so 

n —>oo O n 1 On 


lim -rp- does not exist. This contradiction shows that {a n } diverges. 

n —*-oo b n 



65. (a) a n = 1000(1.06)" =>• ai = 1060, a 2 = 1123.60, o 3 = 1191.02, a 4 = 1262.48, and a 5 = 1338.23. 
(b) lim a n = 1000 lim (1.06) n , so the sequence diverges by (9) with r = 1.06 > 1. 

n —>oo n —>oo 


67. (a) We are given that the initial population is 5000, so Po = 5000. The number of catfish increases by 8% per month and is 
decreased by 300 per month, so Pi = Po + 8 %Po — 300 = 1.08Po — 300, P 2 = I.O 8 P 1 — 300, and so on. Thus, 

P„ = 1.08P n _i - 300. 

(b) Using the recursive formula with Po = 5000, we get Pi = 5100, P 2 = 5208, P 3 = 5325 (rounding any portion of a 
catfish), P 4 = 5451, P 5 = 5587, and Pq = 5734, which is the number of catfish in the pond after six months. 

69. If |r| > 1, then {r n } diverges by (9), so {nr n } diverges also, since \nr n \ = n\r n \ > \r n \. If |r| < 1 then 

X h 1 

lim xr x = lim — : — = lim -— --- = lim —-— = 0, so lim nr n = 0, and hence {nr"} converges 

x —>00 x —>00 t x x—*oo (— In r) r x x—>oo — In v n —>oo 

whenever |r| < 1. 
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71. Since {a„} is a decreasing sequence, a n > a n +i for all n > 1. Because all of its terns lie between 5 and 8, {a n } is a 

bounded sequence. By the Monotonic Sequence Theorem, {a n } is convergent; that is, {a,, } has a limit L. L must be less than 
8 since {a,, } is decreasing, so 5 < L < 8. 

73. a n = -—-—- is decreasing since a n +i = tt, --rr-- = -—-—- < -—-—- = a„ for each n > 1. The sequence is 

2 n + 3 2 (n + 1) + 3 2n + 5 2n + 3 

bounded since 0 < a„ < | for all n > 1. Note that «i =. i. 


75. The terms of a„ = n(— l) n alternate in sign, so the sequence is not monotonic. The first five terms are —1, 2, —3, 4, and —5. 
Since lim |a„| = lim n = oo, the sequence is not bounded. 

n—»oo n —>oo 


77. a n = 


n 2 + 


. f( N x , (x +l)(l)-x(2x) 1 — x 

— defines a decreasing sequence since tor j(x) = — - j ( x) = - - — 1 

1 X ~ I - 1 (3/ -f“ 1) yX ~\~ 1) 


< 0 


for x > 1. The sequence is bounded since 0 < a n < | for all n > 1. 


79. For | V2, a/2 s/2, \J2 a/2 y/2, ... j, oi = 2 1/2 , a 2 = 2 3/4 , a 3 = 2 7/8 , . .., so a„ = 2 (2n - 1)/2 " = 2 1 ~ (1/27t \ 
lim a„ = lim 2 1_ ^ 1 ' /2 "- ) = 2 1 = 2. 

n —>oo n —»oo 

Alternate solution : Let L = lim a n . (We could show the limit exists by showing that {a„} is bounded and increasing.) 

n —»oo 

Then L must satisfy L = \/2 ■ L => L 2 = 2L => L(L — 2) = 0. L^O since the sequence increases, so L = 2. 


81. ai = 1, a n +i =3 -. We show by induction that {a„ } is increasing and bounded above by 3. Let P„ be the proposition 

that a n +i > a n and 0 < a n < 3. Clearly Pi is true. Assume that P n is true. Then a n+ 1 >«„ => —-— < — => 

fln+1 (In 

- — > ——. Now a n + 2 =3 --— >3 -— = o„+i 4=> P„+ 1 . This proves that {a„} is increasing and bounded 

fln+1 CL n fln+1 An 

above by 3, so 1 = ai < a n < 3, that is, {a n } is bounded, and hence convergent by the Monotonic Sequence Theorem. 

If L = lim a n , then lim a„+i = L also, so L must satisfy L = 3 — 1/ L => L 2 — 3L + 1 = 0 =>■ L = 3± 2 %/3 . 


But L > 1, so L = 3+ 2 ^ ■ 


83. (a) Let a n be the number of rabbit pairs in the nth month. Clearly oi = 1 = a 2 - In the nth month, each pair that is 

2 or more months old (that is, a n -2 pairs) will produce a new pair to add to the a n -i pairs already present. Thus, 
a n = a„-i + On- 2 , so that {o„} = {/n}, the Fibonacci sequence. 


,, , __ fn+ 1 n _ fn _ fn-1 + fn -2 _ 1 fn -2 _ 1 , 1 

(b) On - — - =*> On-1 - -7- - - J. - - 1 + - — 1 + - - J — » , . ^ A , 

Jn Jn — 1 Jn — 1 Jn — 1 Jn — 1 / Jn —2 CLn — 2 n—>oo 


= 1 q-. If L = lim a„, 


then L = lim a n -i and L = lim a n - 2 , so L must satisfy L = 1 + i L 2 — L — 1 = 0 =4> L = 1 

71—>00 71—»00 ]_j 


[since L must be positive]. 
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85. (a) 


(b) 



From the graph, it appears that the sequence 


converges to 0, that is, lim —- = 0. 

n —hoo 


12.5 


0.03 



15.5 


From the first graph, it seems that the smallest possible value of N corresponding to e = 0.1 is 9, since n 5 /n! <0.1 
whenever n > 10, but 9 5 /9! > 0.1. From the second graph, it seems that for e = 0.001, the smallest possible value for N 
is 11 since n 5 /n! < 0.001 whenever n > 12. 


87. Theorem 6: If lim |a„| =0 then lim — |a n | =0, and since — |o„| < a n < |a n |, we have that lim o„ = 0 by the 

n —>oo n—>oo n—>oo 

Squeeze Theorem. 

89. To Prove: If lim a n = 0 and {b n } is bounded, then lim ( a n b n ) = 0. 

n—*oo n —>oo 


Proof: Since {b„} is bounded, there is a positive number M such that \b n \ < M and hence, |o n | |6„| < \a n \ M for 
all n > 1. Let e > 0 be given. Since lim a n = 0, there is an integer N such that a n — 0 < if n > N. Then 

| a„b n — 0| = |a„6 n | = |on| | bn | < |o„| M = | a„ — 0| M < • M = e for all n > N. Since e was arbitrary, 

lim (anbn) = 0. 

n—>oo 

91. (a) First we show that a > a\ > b\ > b. 

a\ — b\ = — \fab = | — 2\fab + bj = | (^/a — \fb ^ > 0 [since a > b] => ai > bi. Also 

a — oi = a — |(a + b) = ^(a — b) >0 and b — bi = b — \fab = \fb[^Jb — ^/a^j < 0, so a > a\ > 6i > b. In the same 

way we can show that ai > a ,2 > bi > bi and so the given assertion is true for n= 1. Suppose it is true for n = k, that is, 

a k > Ofe+i > b k + i > b k . Then 
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Ofe+2 — bk+2 = |(<Zfc+i + bk+i) — \J afe+i6fe+i = | (ak+i — 2\Jak+ibk+i + 6fc+i^ = ^ ^^/afc+i — \/bk +> 0, 

Ofe+i — flfc+2 = flfe+i — 5 (afc+i + bfc+i) = ^ (flfc+i — &fc+i) > 0, and 

bk+i — bk+2 = bk +1 — \J 'Ofc+i&fc+i = v / 5fc7i (\/frfc+i — ^/flfc+i ^ < 0 =>■ Ofc+i > afc+2 > &fc+2 > &fc+i, 

so the assertion is true for n = k + 1. Thus, it is true for all n by mathematical induction. 

(b) From part (a) we have a > a u > a n +i > b n + 1 > b n > b, which shows that both sequences, {a n } and {6 n }, are 
monotonic and bounded. So they are both convergent by the Monotonic Sequence Theorem. 

a + /3 


(c) Let lim a n = a and lim b n = /?. Then lim a n +i = lim — + — 

n—>oo n—* oo n—>oo n —»oo 2 


2a = a + f5 ^ a = (3. 

93. (a) Suppose {p n } converges top. Thenp„ + i = 

p 2 + ap = bp => p(p + a — b) = 0 

. O 

bp n \a J 


bp n 


(b) p„+i = 


a+ Pn 1 + ?IL 

a 


a + p 

> p = 0orp = 6 — a 

Pn 


lim p n+ 1 = 


b lim p n 

n —K30 

a + lim p n 


P = 


bp 

a+p 


< ~ ) Pn since 1 + —>1. 


(c) By part (b), pi < - p 0 ,P2 < - Pi < 


so lim p n < lim - ) • po = 0 since b < a. 

n —►oo n —>oo V CL 


P 0 ,P 3 < 


P2 < 


po, etc. In general, p u < 


Po, 


By (7), lim r n = 0 if — 1 < r < 1. Here r = - € (0,1) 

n—* oo CL 


(d) Let a < b. We first show, by induction, that if po < b — a, then p n < b — a and p n +i > p„. 

c n i b P° po(b — a — po) . c 

For n = 0, we have pi — po = - Po = —--- > 0 since po < b — a. So pi > po. 

a + po a + po 

Now we suppose the assertion is true for n = k, that is, pk < b — a and Pfc+i > Pk • Then 


b- a- pfc+i = 6 - o - 


bpk _ a(b - a) + bp k - ap k - bp k _ a(b- a- p k ) 


a + p k 


a + pk 


a + pk 


> 0 because p k < b — a. So 


^ . * j bp k+ 1 Pfc+i(6 — a — Pfc+i) _ . . 

Pfc+i < b — a. Andpfc +2 — Pk+i =-Pk+i =- 1 > 0 since pfc+i < b — a. Therefore, 

a + pfc+i a + pfc+i 

Pfc+2 > Pfc+i • Thus, the assertion is true for n = k + 1. It is therefore true for all n by mathematical induction. 

A similar proof by induction shows that if po > b — a, then p n > b — a and {p n } is decreasing. 

In either case the sequence {pn} is bounded and monotonic, so it is convergent by the Monotonic Sequence Theorem. 
It then follows from part (a) that lim p n = b — a. 


11.2 Series 


1. (a) A sequence is an ordered list of numbers whereas a series is the sum of a list of numbers. 


(b) A series is convergent if the sequence of partial sums is a convergent sequence. A series is divergent if it is not convergent. 
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OO 

3. J2 a„ = lim s n = lim [2 - 3(0.8)"] = lim 2-3 lim (0.8)" = 2 - 3(0) = 2 

„ i n —»oc n—>oo n—*00 n —►00 


00 1 1 1 1 

5. For J2 = — o • si = ai = -r = 1, S 2 = si + 02 = 1 + -q = 1.125, S 3 = S 2 + a 3 ~ 1.1620. 

n 6 n 6 l d 2 J 

S 4 = s 3 + 04 1.1777, S 5 = S 4 + as ss 1.1857, S 6 = S 5 + ae » 1.1903, S 7 = S 6 + «7 ~ 1.1932, and 

ss = S 7 + as ~ 1.1952. It appears that the series is convergent. 


00 -r? r) 1 9 

7. For V - - —=, a n = - -7=. si = 01 = -7= = 0.5, S 2 = si + 02 = 0.5 H - -=. ~ 1.3284, 

„=1 1 + %/n 1 + ^n 1 + vT 1 + ^2 

S 3 = S 2 + a 3 ss 2.4265, S 4 = S 3 + 04 » 3.7598, S 5 = S 4 + as « 5.3049, S 6 = S 5 + 06 ~ 7.0443, 

S 7 = S 6 + 07 « 8.9644, ss = s 7 + as ~ 11.0540. It appears that the series is divergent. 



TI-86 Note: To graph {a,,} and {s n }, set your calculator to Param mode and DrawDot mode. (DrawDot is under 
GRAPH, MORE, FORMT (F3).) Nowunder E (t) = make the assignments: xtl=t, ytl=12/ (-5) ~t, xt2=t, 
yt2 = sum seq (ytl, t, 1, t, 1 ) . (sum and seq are under LIST, OPS (F5), MORE.) Under WIND use 
1,10,1,0,10,1,-3,1,1 to obtain a graph similar to the one above. Then use TRACE (F4) to see the values. 
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n 

Sn 

i 

0.29289 

2 

0.42265 

3 

0.50000 

4 

0.55279 

5 

0.59175 

6 

0.62204 

7 

0.64645 

8 

0.66667 

9 

0.68377 

10 

0.69849 



From the graph and the table, it seems that the series converges. 

£ /J___1 ^ ( 1 1 . / 1 1 A 


/ i i y / 1 _i_\ /j._i_ 

=i V ^ V n + 1 / \ \/l \/2 / \ \/2 \/3 

1 


H-h 


1 _ 1 
\/fc \//c + 1 


- / 1 1 

80 E -7= 


=1 VVn \Ai + 1 / fc—>oo \ \/k + 1 


= lim 1 - 


2n 2 

15. (a) lim a n = lim --- = so the sequence {a n } is convergent by ( 11 . 1 . 1 ). 

n >oo n—>oo 3 72 +13 

oo 

(b) Since lim a n = I 7 ^ 0, the senes is divergent by the Test for Divergence. 

n^oo n=1 

17. 3 — 4 + ^ ^ ■ is a geometric series with ratio r = — |. Since |r| = | > 1, the series diverges. 

19. 10 — 2 + 0.4 — 0.08 + • • • is a geometric series with ratio — 4L = — |. Since |r| = < 1, the series converges to 

a _ 10 10 _ 50 _ 25 

1 -r~ 1 - (-1/5) “ 6/5 ~ 6 “ 3 ' 

OO 

21. Y 6(0.9 ) n_1 is a geometric series with first term a = 6 and ratio r = 0.9. Since |r| = 0.9 < 1, the series converges to 

n =1 

-5- = —®— = — = 60. 

1 — r 1-0.9 0.1 


OO /_^ 

23. Y -—- = — Y ( — 7 ) • The latter series is geometric with a = 1 and ratio r = — |. Since |r| = | < 1, it 

n =1 


converges to - - ——— = |. Thus, the given series converges to (|) (|) = 

1 — (—3/4) 


25. Y. 


7T n 1 “ /7T\ ri . 


'o 3"+! 3 


0°^ /7T\ n . ... . 7 r . 

( — ) is a geometric series with ratio r = —. Since |r| > 1, the series diverges. 
1=0 ^ 3 / 3 


11111 °° l l 00 l 

27. - + - + - + — + — H-- Y — = - Y —. This is a constant multiple of the divergent harmonic series, so 

3 o 9 12 15 rYi on 3 3+1 n 

it diverges. 


00 n — 1 72 — 11 

29 - E — — diverges by the Test for Divergence since lim o„ = lim —-- = — ^ 0. 


3n — 1 
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31. Converges. 


1 + 2 


1 2 " 


3" „?i i 3" + 3" ' ^ 


+ 


[sum of two convergent geometric series] 


1/3 2/3 15 

1 — 1/31 — 2/3 2 2 


33. £ = 2 + \/2 + \/2 + \/2 + • • • diverges by the Test for Divergence since 

n =1 

lim a n = lim \/2 = lim 2 1 / 71 = 2° = 1 / 0. 


n—>oo n —>oo 


35. £ l n 


n 2 + 1 


i \ 2 n 2 + 1 


diverges by the Test for Divergence since 


lim o„ = lim In. 

n—► oo n—>oo \ H - 1 


n 2 + 1 


= In ( lim 


n 2 + 1 


—►oo 2n 2 + 1 


= In | / 0. 


37. £ (f) fc is a geometric series with ratio r = ^ ~ 1.047. It diverges because |r| > 1. 


39. £ arctan n diverges by the Test for Divergence since lim a n = lim arctan n = -| / 0. 


n —>oo n—>oo 


n=1 n =1 


41. ( - ) is a geometric series with first term a = — and ratio r = Since |r| = — < 1, the series converges 


to —^—r = — l/ 6 , ■ - = —-—■ By Example 7, £ , —— = 1. Thus, by Theorem 8(ii), 

1—1/e 1 — 1/e e e —1 n= in(n + l) 


£ ( —+ 1 


i \e n n(n + 1) 


OO 1 OO 1 

= V-1- V - =- 

n=i e" „=i n(n + 1) e - 1 


1 , 1 e- 1 

+ 1 = -7 + ' 


e — 1 e — 1 e — 1 


43. Using partial fractions, the partial sums of the series £ —--- are 


Sn = £ 


= E 


71=2 n 2 — 1 

1 1 


Thus, £ 


=2 (i-l)(i + l) i5 Vi- 1 * + l 


, , - , ,1 1\ /l 1, 

= l-TT + ^-T +U-T +••• + 


2 4 / V 3 5 


This sum is a telescoping series and s n = 1 + i-_ i_ 

2 n — 1 n 


+ 


n — 3 n—lj \n — 2 n 


1 


= lim s n = lim ( 1 H- 


2 n — 1 n 


oo Q n O n / 1 

45. For the series £ , s„ = £ ... . = £ ( - 

n=i n(n + 3 ) S *(* + 3) +i V ? 


[using partial fractions]. The latter sum is 


i i + 3 

( X _ l) + (I “ §) + (I “ I) + (l _ \) H h (t= 3 _ «) + (+h “ TTl) + ~ +h) + ( 

= 1 + I + |- 7 TI-+T 2 -TT 3 [telescoping series] 

ThUS ’ Si ^OT+3) = s " = n 1 ™ V 1 + 3 + I - 1TTT - 7TT2 - T^a) = 1 + I + I = T- C “ges 


I _ 1 

71 71+3 
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OO / \ 

47. For the series (e 1 ^ — e 1 /( n + 1 ) 

n=l ' ' 

Sn = E (e 1 / 1 - e 1 /(*+ 1 )) = (e i _ e 1 / 2 ) + (e 1 / 2 - e 1 / 3 ) + • • ■ + (e 1 /" - e 1 '^) = e - e 1 ^ 1 ’ 

[telescoping series] 

Thus, E (e 1 * 71 — = lim s„ = lim (e — e 1 ^" +1 4 = e — e° = e — 1. Converges 

n —\ V / n—»oo n—*-oo \ / 

49. (a) Many people would guess that x < 1, but note that x consists of an infinite number of 9s. 

9 9 9 9 00 9 

(b) x = 0.99999 ... = — + ^ + 1() 0()() + • • • = E which is a geometric series with ai = 0.9 and 

„ , .0.9 0.9 , 

r = 0 . 1 . its sum is --— = — = 1 , that is, x = 1 . 

1 — 0.1 0.9 

(c) The number 1 has two decimal representations, 1.00000 ... and 0.99999 .... 

(d) Except for 0, all rational numbers that have a terminating decimal representation can be written in more than one way. For 
example, 0.5 can be written as 0.49999 ... as well as 0.50000 .... 

c„o 88 . .... 8 j 1 T a 8/10 8 

51. 0.8 = — + —77 + • • • is a geometric series with a = — and r = —.it converges to --= -— , 

10 10° 10 10 1 —r 1 — 1/10 9 

516 516 516 516 . .... 516 , 1 T 

53. 2.516 = 2 + —r + ——r H-. Now —7 + ——r H-is a geometric series with a = —7 and r = -— 7 . It converges to 

10 ° 10 ° 10 ° 10 ° 10 ° 10 ° 

a 516/10 3 516/10 3 516 ^ „ 516 2514 838 

- =-■— 7 —- =- - —- =-. Thus, 2.516 = 2 H-=-=-. 

1 — r 1 - 1/10 3 999/10 3 999 999 999 333 

_ 42 42 42 42 42 1 

55. 1.5342 = 1.53 + Yo 1 + 10® -* NoW 10 1 + iq 6 - is a g eometric series with a = mdr = ^q 2 • 


It converges to 


a 42/10 4 42/10 4 42 

1 - r ~ 1 - 1/10 2 ~ 99/10 2 9900' 


, ro 42 153 42 15,147 42 15,189 5063 

US ’ ' ' + 9900 ~ 100 + 9900 ~ 9900 + 9900 ~ 9900 ° r 3300' 

OO oo 

57. E ( — 5) n x n = E (-5*)"' is a geometric series with r = -5x, so the series converges |r| < 1 


|—5x| <1 |x| < 4, that is, —4 < x < 4- In that case, the sum of the series is 


a _ — 5x _ — 5x 

1 — r 1 — (— 5x) 1 + 5x' 


°° (x - 2)™ °° 


59- E ^ 

71=0 ^ 


x — 2 

is a geometric series with r = —-—, so the series converges <=> |r| < 1 <=> 


x _2 x _2 

—-— < 1 — 1 < —-— <1 — 3 < x — 2 < 3 — 1 < x < 5. In that case, the sum of the series is 

a _ 1 _ 1 _ 3 

1 — r . x — 2 3 — (x — 2) 5 — x' 

3 3 

oo 2 n o° / 2 \ n 2 2 

61. E — — E ( — is a geometric series with r = — , so the series converges <=> Irl < 1 <=>■ — <1 

n=0 X n n=0 \X J X X 


2 < Ixl 4=> x>2orx< —2. In that case, the sum of the series is 


1 — r 1 — 2 /x x — 2 
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63. ^2 e nx = (e x )" i s a geometric series with r = e x , so the series converges 44 |r| < 1 44 le^l < 1 44 

n=0 n=0 

1 

— 1 < e x < 1 44 0 < e x < 1 44 x < 0. In that case, the sum of the series is 


1 — r 1 — e x 


65. After defining /, We use convert (f, parf rac ) ; in Maple, Apart in Mathematica, or Expand Rational and 


Simplify in Derive to find that the general term is 


3rT + 3n + 1 _ 1 1 

(n 2 + n ) 3 n 3 (n + l ) 3 


n / 1 

= VI-- 


s n = E 


k=i\k 3 (fc + 1) 3 


— I 1 — I + + ’ ' ' + 1 ~J 


2 3 / I 2 3 3 3 


. So the nth partial sum is 


= 1 - 


(n + 1) ; 


(n + l ) 3 


The series converges to lim s n = 1. This can be confinned by directly computing the sum using 

n—>oo 

sum (f, n=l. . infinity) ; (in Maple), Sum [ f, {n, 1, Infinity} ] (in Mathematica), or Calculus Sum 
(from 1 to oo) and Simplify (in Derive). 


67. For n = 1, ai = 0 since si = 0. For n > 1, 

_ _ n — 1 (n — 1 ) — 1 _ (n — l)n — (n + l)(n — 2) _ 2 

a ” S " s " _1 77 , —(— 1 (n — 1 ) + 1 (n + l)n n(n + 1 ) 


Also, a n = lim s n 

n=i 


lim 

n —^oo 


1 - l/n 
1 + l/n 


= 1 . 


69. (a) The quantity of the drug in the body after the first tablet is 150 mg. After the second tablet, there is 150 mg plus 5% 
of the first 150- mg tablet, that is, [150 + 150(0.05)] mg. After the third tablet, the quantity is 
[150 + 150(0.05) + 150(0.05) 2 ] = 157.875 mg. After n tablets, the quantity (in mg) is 

150 + 150(0.05) H- 1 - 150(0.05) n_1 . We can use Formula 3 to write this as 15211— ^ = 2222 (i — 0.05 n ). 

(b) The number of milligrams remaining in the body in the long run is lim [^222 (1 — 0.05 n )] = 2222 (1 — 0) « 157.895, 
only 0.02 mg more than the amount after 3 tablets. 


71. (a) The first step in the chain occurs when the local government spends D dollars. The people who receive it spend a 
fraction c of those D dollars, that is, Dc dollars. Those who receive the Dc dollars spend a fraction c of it, that is, 
Dc 2 dollars. Continuing in this way, we see that the total spending after n transactions is 

S n = D + Dc + Dc 2 + ■ ■ ■ + Dc n ~ 1 = D< 'l ~ by (3). 

1 — c 


(b) lim S n = lim 1^1-^22 

n —hoo n —hoo 1 — C 

D r . 

= — I since c + s 
s 

If c = 0.8, then s = 1 — c = 


= lim (1 - c n ) = 

1 — C n—>o o 

= 1] = kD [since k = 
0.2 and the multiplier is k - 



1 /s 


since 0 < c < 1 


= 5. 


lim c n = 0 


73. y) (1 + c) n is a geometric series with a = (1 + c) 2 and r = (1 + c) 1 , so the series converges when 

n=2 

|(1 + c) _1 | < 1 |l + c|>l 4^ l + c>lorl + c<—1 44 c > 0 or c <—2. We calculate the sum of the 
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series and set it equal to 2 : — ^ - T =2 44 

l-a+c )- 1 


l + c 


= 2-2 


l + c 


44 1 = 2(1 +c) 2 - 2(1 + c) 44 


2c 2 + 2c — 1 = 0 44 c = 2± '^ 2 — ± 4^1 —1. However, the negative root is inadmissible because —2 < ——1 < 0. 


So c = 


_ y/3- 1 


75. e Sn = e 1+ 2 + 3+ •+n = e 1 e 1/2 e 1/3 • • • e 1/n > (1 + 1) (l + \) (l + f) • • • (l + i) [e x > 1 + x ] 

2 3 4 77 + 1 

= 123"' —= " + 1 

Thus, e Sn >77+1 and lim e 3n = oo. Since {s„} is increasing, lim s n = oo, implying that the harmonic series is 

n —>oo n —>oo 

divergent. 

77. Let d„ be the diameter of C n . We draw lines from the centers of the (7; to 
the center of D (or C), and using the Pythagorean Theorem, we can write 

l 2 + (l_i rfl ) 2 = (l + i dl ) 2 ^ 

1 = (l + §di) 2 — (l — §di) 2 = 2di [difference of squares] =4- di = 1. 

Similarly, 

1 = (1 + ±d 2 ) 2 - (1 - di - ±d 2 ) 2 = 2 d 2 + 2d!-di- did 2 
= (2 — di)(di + d 2 ) 44 

1 



d 2 — 


d 


2-di 

(i-EILi *) 


1 = ( 9 ’ 1 = (! + f^) 2 ~ (1 ~ di ~ tfa ~ ¥z) 2 ^ d 3 = 


2 -di 
2 


[1 — (g?i + 

2 — (di + c? 2 ) 


, and in general, 


d n +i = 1 v . If we actually calculate cfe and d$ from the formulas above, we find that they are i = —and 

z / 1 Ui O z • O 

— = —— respectively, so we suspect that in general, d n = . —To prove this, we use induction: Assume that for all 

12 3 • 4 71(71 + 1) 


111 n In 

k < n, dk = 777 -Tv = 7 — 7 --. Then V d, = 1-- =-- 

k(k + 1) k k +1 77+1 77+1 


[telescoping sum]. Substituting this into our 


formula for d„ + i, we get d n +i = 


1 - 


77+1 


(77 + 1) 


1 


2 - 


77+1 


n + 2 (n + l)(n + 2) 
77+I 


, and the induction is complete. 


Now, we observe that the partial sums EEi di of the diameters of the circles approach 1 as n —> 00 ; that is, 


E = E , , ,N 

n =1 n=1 «(?7 + 1) 


= 1 , which is what we wanted to prove. 


79. The series 1 — 1 + 1 — 1 + 1 — 1 + • • • diverges (geometric series with r = —1) so we cannot say that 
0 = 1 — 1 + 1 — 1 + 1 — 1 + --. 


81. ca„ = 1 ™ EE i cai = lim cEEl ai — c EEl ai = cEEl which exists by hypothesis. 
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83. Suppose on the contrary that XX°™ + b n ) converges. Then XX + bn) and X are convergent series. So by 

Theorem 8 (iii), X) [(a™ + b n ) — aj would also be convergent. But X) [(«n + b n ) — a n \ = J2b n , a contradiction, since 
x; bn is given to be divergent. 

85. The partial sums {s„} form an increasing sequence, since s n — s„~ 1 = a n > 0 for all n. Also, the sequence {s„} is bounded 
since s n < 1000 for all n. So by the Monotonic Sequence Theorem, the sequence of partial sums converges, that is, the series 
J2a n is convergent. 


1 1410 IIIIOIVCII ^2 J 2^ 


87. (a) At the first step, only 

(!,§), which have a total length of 2 • ( 4 ) 2 . At the third step, we remove 2 2 intervals, each of length (|) 3 . In general, 
at the nth step we remove 2 n_1 intervals, each of length for a length of 2 n_1 • ( 4 ) n = §(§)" X Thus, the total 


1(1)” 1 = i y 2 % = 1 [geometric series with a = 4 and r = |]. Notice that at 


OO 

length of all removed intervals is X § ( 

n =1 

the nth step, the leftmost interval that is removed is((|) n ,(|) n ),so we never remove 0, and 0 is in the C antor set. Also, 
the rightmost interval removed is (l — (|) n , 1 — (|)"), so 1 is never removed. Some other numbers in the Cantor set 

nrp 1 2 1 2 1 nnH i 
are 3 > 3 ’ 9 ’ 9 > 9 ' ana 9 • 

removed at the first step is 4 ; at the second step, 8 • ( 4 ) 2 ; at the third step, (8) 2 • ( 4 )X In general, the area 


(b) The area 

removed at the nth step is ( 8) ri_1 ( 4 ) n = | (§)" X so the total area of all removed squares 


is 


E-(- 

„=i 9 V 9 


l-l 


V9 

1 - 8/9 


°° 77 

89. (a) For X , , 

n=i (n + 1)! 


Si 


1 _ 1 _ 1 , _ __ 

T - 2 ~~ 2’ S2 ~ 2 + 1-2-3 _ 6 


2 _ 5 _ 5 3 _ 23 

“ 6 ’ S3 “ 6 + 1 ■ 2 ■ 3 • 4 24’ 


23 4 119 , . IJI (n + 1)! — 1 

S 4 = — + -—-—-—i—- = ——. The denominators are (n+ 1)!, so a guess would be s n = - 5 —7 - -rv .— • 

24 1 • 2 • 3 • 4 - 5 120 (n+1)! 

(b) For n = 1 , si = X = \ so the formula holds for n = 1. Assume Sk = ^^ . Then 

_ (fe + 1)! — 1 fc + 1 _ (fc + 1)! — 1 k + 1 _ (fc + 2)!- (fc + 2) + fe + 1 

Sk+1 ~ (fc + 1)! + (fc + 2)!~ (fc + 1)! + (fc + l)!(fc + 2) “ (fc + 2)! 

(k + 2)! — 1 

(fc + 2 )! 

Thus, the formula is true for n = k + 1. So by induction, the guess is correct. 


, , y y (n+ 1 )! - 1 

(c) lim Sn = lim — - - — = lim 

n —>00 n—»oo ( 77 - + 1): n—>oo 


l - 


(n + 1)! 


OO 

= 1 and so X 


n 


=i (n+1)! 


= 1 . 
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11.3 The Integral Test and Estimates of Sums 


l f 2 l 

1. The picture shows that a 2 = —rr < / —rr dx, 

2 13 /1 x 1 - 3 


°3 = tttt < / —tt an d so °n. so V — 1 - 5 - < / — dx. The 

3 1 ' 3 J 2 * 1,3 n =2 n 1 ' 3 J 1 x 1 - 3 

integral converges by (7.8.2) with p = 1.3 > 1, so the series converges. 



0 12 3 4 


3. The function /(x) = 1/ V / x = x is continuous, positive, and decreasing on [1, 00 ), so the Integral Test applies. 
X -1 / 5 dx = lim f*x _ 1 /, 5 dx= lim [|x 4//5 l = lim — j) = 00 , so J2 1/V™ diverges. 

1 t >00 J1 t—>oo L 4 J1 t —>00 V / n=1 

5. The function f(x) = j -— is continuous, positive, and decreasing on [1,oo), so the Integral Test applies. 

\2x + 1 ) 


■ dx = lim 


■ dx = lim — 


1 1 


( 1 1 \ 1 
= llm ~ 777T, , TTo + — = — 


J 1 ( 2 x + l ) 3 t-oo ji ( 2 x + l ) 3 «-oo L 4(2x + l) 2 J 1 t-oo V 4(2i+l ) 2 36 J 36’ 

OO ^ 

Since this improper integral is convergent, the series ^ —-—— is also convergent by the Integral Test. 

n =1 ( 2 TI + 1 ) 

X 

7. The function /(x) = 2 ^ is continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 

r°° x f* x M 2 1 * 1 2 

/ —r-- dx = lim / - dx = lim - ln(x 2 + 1) = - lim lln(7 2 + 1) — ln2l = oo. Since this improper 

./1 X 2 + 1 t-.oo7i x 2 + 1 t—»oo [2 'Jj 2 t^oo 1 \ / l 


integral is divergent, the series - -- is also divergent by the Integral Test. 

n =l n + 1 

OO ^ 

9. ^2 —— is a p-series with p = y/2 > 1, so it converges by (1). 

n =1 

1111 00 1 

11. 1 + - + — + — + —— H-- V —=■. This is a p-series with p = 3 > 1, so it converges by (1). 

8 27 64 125 n 6 

1111 oo ^ 1 

13 . 1 + _ + _ + _ + _ + ... = ^ The function f(x) = — is 

continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 


Ji 2x- 

diverges. 


1 r* i t oo 1 

- dx = lim / - dx = lim [i In | 2 x — 111 . = b lim (ln(27 — 1 ) — 0 ) = oo, so the series Y) - 

— 1 t .oo J i 2x — 1 t—oo 12 IJ1 2 oo' 2n— 1 


„ r “ y^ + 4 - , 4 ~ 1 , ~ 4 ~ 1 . . . a ^ , 

15. )T - 5 — = E —o- + — = E -772 + E -o- E -77T 1S a convergent p-senes with p = 5 > 1. 

„=i n 2 „=i\n 2 n 2 / „=i n 3/2 “i n 2 ^b 3 / 2 

OO ^ oo ^ 

V —^ = 4 V) —^ is a constant multiple of a convergent p-series with p = 2 > 1, so it converges. The sum of two 

n=l " 2 „ i " 2 

convergent series is convergent, so the original series is convergent. 
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17. The function f(x) = 2 — — is continuous, positive, and decreasing on [1, oo), so we can apply the Integral Test. 


■ dx = lim 


lim 

1 -1 x 

— tan — 

t 

i lim 

tan 1 ( 

'i) 

— tan 1 f 

t —>oo 

2 2 

1 

2 t —»oo 


V 2 / 

\ 2 /J 


1 

7T 1 / 



-tan 1 [ 


2 

2 \ 

v 2 ;j 


Therefore, the series Y] -- converges. 

n=i n 2 + 4 


°° lri ft °° lri 77 lri 1 lri qf 

19. V —— = V —— since —— = 0. The function /(x) = — 5 - is continuous and positive on [2, 00 ). 

n=l n 3 n =2 n 3 1 x 3 

x 3 (l/x) — (lnx)(3x 2 ) x 2 —3x 2 lnx 1 —31nx 


f'(x) = 


(x 3 


4 <0 +> 1 — 3 In x < 0 +> lnx >3 +>■ 


> e 1 / 3 « 1.4, so / is decreasing on [2, 00 ), and the Integral Test applies. 


r^fdx= hm r^dx^hm 

lnx 1 

t 

= lim 

- (2 Inf + 1 ) + - 

y 2 ar t >oo y 2 t^oo 

" 2 X 2 ~~ ix 2 

1 t — >-oo 

4t 2 v ; 4_ 


(**) 1 ^ In n 

= -, so the senes > —= 

4 n —2 n 3 


converges. 


(*): u = lnx, dv = x 3 dx =>■ du = (1 /x) dx, v = — |x , so 


/ 


lnx 


/-* 


dx = —\x In a: — / —( 1 /x) dx = — \x lnx + | x 6 dx = —\x lnx — ^x + C. 




(**): lim 

t —>oo 


- 21n ,' a +1 1 --+■» 4 - 0 . 

4£^ / t—>00 St t—>0 O £2 


1 1 H - In a? 

21 . f(x) = —-is continuous and positive on [ 2 , oo), and also decreasing since /' (x) =-=- ; -^ < 0 for x > 2 , so we can 

xlnx x 2 (lnx ) 2 


use the Integral Test. 


1 OO ^ 

—:- dx — lim [ln(lnx )] 2 = lim [ln(lnf) — ln(ln 2 )] = oo, so the series JZ —] -diverges. 

X in X t * oo t ► oo n _2 tl in Tl 


23. The function /(x) = e^^/x 2 is continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 

[g(x) = e 1 ^ is decreasing and dividing by x 2 doesn’t change that fact.] 

/■” r* e 1 /® r i / 1 4 , °° e 1/n 

/ f(x) dx = lim / —— dx = lim —e /x = — lim (e ' ' — e) = —(1 — e) = e — 1, so the series Y' —=- 
J 1 t—>oo J 1 X 2 t—>oo L Jl i—>oo n 2 

converges. 

25. The function f(x) = ^—- = 4r — — H-—r [by partial fractions] is continuous, positive and decreasing on [1, oo), 

x 2 + x 3 x 2 x x +1 

so the Integral Test applies. 


/(x) dx = lim 


1 1 


-h 


t-»oo J 1 \X 2 X X + 1 


dx = lim 

t —>oo 


-lnx + ln(x + 1 ) 

x 


= lim 

t —>oo 


-i +ln^_! + l-ln 2 


= 0 + 0 + 1 — In 2 


The integral converges, so the series Y] -=- » converges. 

„ i " 2 + " ' 
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27. The function f(x) 


COS 7 TX 



is neither positive nor decreasing on [1, oo), so the hypotheses of the Integral Test are not 


OO 

satisfied for the series E 

n=1 


cos irn 



29. We have already shown (in Exercise 21) that when p = 1 the series E —7 - 

n=2 n(lnn)P 


diverges, so assume that p 7 ^ 1 . 


1 p In oc 

f(x) = — 7 - -r is continuous and positive on [ 2 , 00 ), and f'(x) = -- . < 0 if x > e~ p , so that / is eventually 

x ( In 3 .]^ ir(lnir)^ 


decreasing and we can use the Integral Test. 


— 7 --— dx = lim 

a;(lna;)P t-> 00 


(lnx ) 1 


1 — p 


[for p 7/7 1 ] = lim 

t—>00 


(In ty- p (In 2 ) 


i-p 


1 — p 1 — p 


This limit exists whenever 1 — p < 0 4=> p > 1, so the series converges forp > 1. 

31 . Clearly the series cannot converge if p > because then lim n(l + n 2 ) p 7^ 0. So assume p < ■—i. Then 

z n — >00 z 

f{x) = x(l + x 2 ) p is continuous, positive, and eventually decreasing on [1, 00 ), and we can use the Integral Test. 

'1 (1 + x 2 ) p+1 Y 1 


x(l + x 2 ) p dx = lim 

t—>00 


lim [(1 + t 2 ) p+1 - 2 P+1 ] 


2 p + 1 Jj 2 (p+ 1 ) t—>oc 

This limit exists and is finite 4=> p + 1 < 0 4=> p < — 1, so the series converges whenever p < — 1. 

33. Since this is a p-series with p = x, £(*) is defined when x > 1. Unless specified otherwise, the domain of a function / is the 
set of real numbers x such that the expression for f(x) makes sense and defines a real number. So, in the case of a series, it’s 
the set of real numbers x such that the series is convergent. 

, 4 


(b) E 


“81 “1 

/ 7T 4 \ 

9 TV 4 

E = 81 E 

n= 1 n= 1 

= 81 \90y 

~ To" 

1 1 1 

°° 1 

7T 4 

“ 3 s + i 1 + 5 1 + ' 

■"= E TT 

k= 3 K 

~ 90 


7T 4 17 

90 16 


1 2 

37. (a) fix') — — 77 is positive and continuous and fix) =- 5 - is negative for x > 0, and so the Integral Test applies. 

x z x A 

00 1 111 1 

~ 510 = u + E + ^ + "' + 10 5 ~ L549768 - 


Rio < / dx = lim 


= lim (-- + —)= —, so the error is at most 0 . 1 . 
t -»00 V t 10/ 10 


(b) sio + / — dx < s < sio + / — dx =>■ «io + jj < s < sio + ^ => 

J11 x J 10 x 

1.549768 + 0.090909 = 1.640677 < s < 1.549768 + 0.1 = 1.649768, so we get s « 1.64522 (the average of 1.640677 
and 1.649768) with error < 0.005 (the maximum of 1.649768 — 1.64522 and 1.64522 — 1.640677, rounded up). 
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(c) The estimate in part (b) is s « 1.64522 with error < 0.005. The exact value given in Exercise 34 is 7 r 2 /6 ~ 1.644934. 
The difference is less than 0.0003. 


(d) R„ < f -It dx = —. So R„ < 0.001 if — < — +> n > 1000. 

/ x z 71 n lllllll 


n 1000 


39. /(*) = 1/(2* + l ) 6 is continuous, positive, and decreasing on [1, oo), so the Integral Test applies. Using (3), 


R n < / (2a:+l) 6 dx = lim 


t-oo [ 10 ( 2 * +l) 5 ]^ 10 ( 2 n+l ) 5 


To be correct to five decimal places, we want 


10(2n + l ) 5 ~ i ^6 ^ (2n + l ) 5 > 20,000 +> n> ± (</20,000 - l) « 3.12, so use n = 4. 

*4 = £ =h + h + b + b™ °- 001446 * °- 00145 - 


41. Y. 


= i ooi is a convergent p-series with p = 1.001 > 1. Using (2), we get 


R n < x 1001 dx = lim — 


t ►oo —0.001 


-o.ooi i* r | i * / i 

——— =-1000 lim — =-1000 -— 


t —> oo x 0,001 


We want R n < 0.000 000 005 +> < 5 x 10 ’ 9 +> n 0 001 > r 1 °°° n +> 

n 0 001 5 x 10 ~ 9 

n > (2 x lO 11 ) 1000 = 2 1000 x lO 11 ’ 000 « 1.07 x 10 301 x lO 11 - 000 = 1.07 x 10 11 ' 301 . 

43. (a) From the figure, a? + <23 + ■ ■ ■ + a n < /(*) dx, so with >'■ 

,,..1111 i r 1 , 

/(*) = “’ 2 + 3 + 4 + '" + ~~ I ~ dx = lnn - 


n , x 


0.001 / rjO.OOl ' 


Thus, s„ = l + i + i + i-| -1- — < 1 + In n. 

2 3 4 n ~ 

(b) By part (a), s 10 6 < 1 + In 10 6 « 14.82 < 15 and 


a? \ ^3 a* a. 


2 3 4- • • n 


s i 0 9 < 1 + In 10 9 « 21.72 < 22. 

45. b lnn = (e lni, ) lnl1 = ( e lnTl ) lnb _ n in6 _ __L_ jjjjg j s a p-series, which converges for all b such that — In 6 > 1 4+ 

In 6 < — 1 +> b < e _1 4+ b < 1/e [with b > 0 ]. 

11.4 The Comparison Tests 


1. (a) We cannot say anything about Y *»• If a n > b n for all n and Y bn is convergent, then Y ®n could be convergent or 
divergent. (See the note after Example 2.) 

(b) If < b n for all n, then Y a n is convergent. [This is part (i) of the Comparison Test.] 


n n 


- < —-r = —-r < —^ for all n > 1 , so Y - 7 converges by comparison with Y] —, which converges 

2 n A + 1 2 n A 2 n 2 n z 2 n A + 1 n z 


because it is a p-series withp = 2 > 1 . 
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Tl 1 71 1 'fi -(- \ oo | 

5. ——— > -— = —= for all n > 1, so ^ ——— diverges by comparison with ^ which diverges because it is a 

nvn nvn v n n=i nvn n=i vn 


p-series with p = | < 1 . 


9" 


9" 


3 + 10" 10" 


< = ( — ) for all n > 1 . (xj)" is a convergent geometric series (|? - | = yf < l), so 


oo Q n 


^3 + 10 " 


converges by the Comparison Test. 

In k 1 j]^ oo 

9. —— > — for all k > 3 [since In k > 1 for k > 3], so -diverges by comparison with , which diverges because it 

k k k=3 k k=3 & 

oo 

is a p-series with p = 1 < 1 (the harmonic series). Thus, V' -diverges since a finite number of terns doesn’t affect the 

k= 1 k 


11 . 


convergence or divergence of a series 


, Vfe ft 1/3 1 f „, . . ^ 

< -7t? = = TT7T for a11 k > ^ so E 


Vfc 3 + 4fc + 3 VF ft 3 / 2 fc 7 /e 


OO ^ 

, , , _ converges by comparison with Y] — 7777 , 

fc=i Vfc 3 + 4fc + 3 B P fc =ifc 7 / 6 ’ 


which converges because it is a p-series with p = | > 1 . 

.. arctann 7t/2 _ „ ^ “ arctann , . ?r “ 1 

13. -—— < —— tor all n > 1, so > -—— converges by comparison with — ) ——, which converges because it is a 

n 1 - 2 n+ 2 „=i n+ 2 2 ,(=i n 1 - 2 

constant times a p-series withp = 1.2 > 1 . 


\ri+1 


15. 


4 • 4" 


3" - 2 


> = 4 ( — ) foralln> 1. ^2 41 - ) =4^1-1 is a divergent geometric series (|r| = | > l), 

IT — 1 V •’ 


=i \3 


/\n+1 


-diverges by the Comparison Test. 

n=i 3 n — 2 


17. Use the Limit Comparison Test with a n = ■■ and b n 

yn 2 + 1 


1 

n 


Qj Tl 1 °° J 

lim -r— ■ = lim ■ = lim — — = 1 > 0. Since the harmonic series V — diverges, so does 

" *°° K t^oo v / ?7 ++l n^oo ^1 + (1/n 2 ) n=l U 


OO I 

V . 

n —1 Vn 2 + 1 


19. Use the Limit Comparison Test with a n 


1 + 4" 
1 + 3" 


and b n 


4" 

3"' 


lim ^ = lim 

71 —>oo bn 71 —>oo 


1 + 4" 
1 + 3" 

4 n 

3" 


1 + 4" 3" 1 + 4" 3" / 1 A 1 

lim -- — = iim --- = lim- 1 - 1 - — 

7i—^oo 1 3 n 4 n 7i—>oo 4 n 1 -T 3 71 7i—^oo \ v 4 n y 1 

3" ~ 


1 > 0 


Since the geometric series bn 


= (I)" diverges, so does J2 


1 + 4" 
1 + 3" 


Alternatively, use the Comparison Test with 


1+4" ^ 1 + 4" 4" 

1 + 3" > 3" + 3" > 2(3") 


1 

2 



or use the Test for Divergence. 
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21. Use the Limit Comparison Test with a n 


V n + 2 A , _ 1 

2 n 2 + n + 1 31 n ~ n 3 / 2 ' 


lim ^ = lim 

n—*oo O n n — >0 ° 


n 3 / 2 \/n + 2 
2 n 2 + n + 1 


= lim 

n —>oo 


(n 3 ^ 2 \/n + 2 )/(n 3 / 2 \/n) 
( 2 n 2 + n + l)/n 2 


l im V 1 + 2 /» 

n —»oo 2 + 1 /n + 1 /n 2 


yr 

2 



00 1 00 _|_ "2 

Since Y _ is a convergent o-series fp = I > ll, the series Y -—r also converges. 

n=i n+ 2 T +1 2n 2 + n + 1 


5 _|_ 2n 1 

23. Use the Limit Comparison Test with a n = 7 --Y-tt and b n — 

(1 + n 2 ) 2 n 3 

.. a n n 3 (5 + 2n) 5?r 3 + 2n 4 1/n 4 

lim -— = hm - 7 +--- 7 -+ = lim —-- • , ' „ = lim 


^ +2 


->00 b n n—>oo (1 + n 2 ) 2 n—>00 (1 + n 2 ) 2 l/(n 2 ) 2 n—>00 ^y 

■ r o in , “ 5 + 2n , 

p-senes I p = 3 > 11 , the series > -- 777 also converges. 

n = 1 (1 + n 2 ) 2 


= 2 > 0. Since Y —7 is a convergent 


25. 


Vn 4 +1 -Yn 4 n 2 

n 3 + n 2 n 2 (n+l) n 2 (n+l) 


1 

n + 1 


OO 

for all n > 1, so Y 

n=l 


\/?X 4 + 1 

n 3 + n 2 


diverges by comparison with 


OO | OO j 

Y - = Y which diverges because it is a p-series with p = 1 < 1. 

n=1 ^ + 1 n=2 ^ 


27. Use the Limit Comparison Test with a n = ( 1 H— I e n and b n = e n : lim —^ = lim ( 1 H— ) = 1 > 0. Since 


Y e n = Y — is a convergent geometric series [\r\ = \ < l], the series Y (1 H— ) e n also converges 


a=l e 


1 I oo I 

29. Clearly n! = n(n — 1 )(n — 2) • • • (3)(2) > 2 • 2 • 2 . 2 • 2 = 2 n_1 , so — < _ 1 . ^ _ 1 is a convergent geometric 

n. 2 n n =i 


series [|r| 


1 

2 


oo 2. 

< ll, so V — converges by the Comparison Test. 

J n=i n\ 


31. Use the Limit Comparison Test with a n = sin( — ) and b n = —. Then Y a n and Y bn are series with positive terms and 


t a n sin(l/n) .. sin# ^ , 

lim -— = lim — 1 = lim —-— = 1 > 0. Since > b n is the divergent harmonic senes, 

n —>oo b n n—yoo 1/71 0—>0 V n~l 

oo 

Y sin (1/n) also diverges. [Note that we could also use THospital’s Rule to evaluate the limit: 


,. sin(l/ x) h cos(l/a;) • (- 1 /at 2 ) 1 n n 

lim —++— 1 = lim - , „ -- = hm cos — = cosO = 1 . 


1/x 


-1/x 2 


x —^oo x 


10 i 

33. Y 


1 + 1 + 1 + 


i Vn 4 +1 V2 Yl7 V82 


, « 1.24856. Now . < L = -L, so the error is 

V10.001 s/n 4 + 1 v^ 4 


i?io < 2 To < 


■ dx = lim 


= L“ i-i + ^) = ^ = 0 - L 
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35. £ 5- 


2 i 2 o 2 o 

cos 1 cos 2 cos o 


+' 


5 2 + 5 3 


H-h 


cos 2 10 
”5^ 


0.07393. Now 


cos n 1 

—-- < —, so the error is 

5 n _ 5 n 


flio < Tio < / — dx = lim / 5 x dx = lim 


5~ x 

In 5 


.. , 5“* 5“ 10 

= lim + 


t —>oo \ In 5 In 5 


5 10 In 5 


< 6.4 x 10" 8 . 


dn 9 00 9 CO ^ 

37. Since —< ——- for each n, and since ——- is a convergent geometric series (|r| — ^ < l), 0.di<fe<fe ... = ^2 —^ 

1U 1U 71=1 -L'-' 71=1 J-'-' 

will always converge by the Comparison Test. 

39. Since Y a n converges, lim a„ = 0, so there exists N such that | a„ — 0| < 1 for all n > N =>■ 0 < a n < 1 for 

all n > N =>■ 0 < o 2 < o„. Since Y a ,, converges, so does Y a n by the Comparison Test. 

41. (a) Since lim = oo, there is an integer N such that > 1 whenever n > N. (Take M = 1 in Definition 11.1.5.) 

n *°° bn b n 

Then a n > b n whenever n > N and since Y bn is divergent, Y is also divergent by the Comparison Test. 

(b) (i) If a„ = —and i, n = — f or n > 2, then lim p = lim -= lim ^— = lim —— = lim x — oo, 

In n n n —>oo b n n—>oo In n x—>oo mx x—>oo i/x x—>oo 

OO J 

so by part (a), V - -is divergent. 

n=2 In n 

(ii) If a„ = and b„ = —, then Y b n is the divergent harmonic series and lim ^p = lim Inn = lim lnx = oo, 

77, 71 7 i=l n —*oo bn n —>oo x —>oo 

oo 

so Y a n diverges by part (a). 

71=1 

43. lim na n = lim -^p , so we apply the Limit Comparison Test with b n = —. Since lim na n > 0 we know that either both 

71—>00 71—>00 1/77, 77, Tl—>oo 

OO J 

series converge or both series diverge, and we also know that Y — diverges [p-series with p = 1], Therefore, Y a n must be 

n=i n 

divergent. 

45. Yes. Since Y a n is a convergent series with positive terms, lim a n = 0 by Theorem 11.2.6, and Ybn = Y sin(a„) is a 


series with positive terms (for large enough n). We have lim — = lim s ^ n ( an ) = 1 > 0 by Theorem 2.4.2. Thus, Y bn 


n—>o o CL n n—>oo & n 


is also convergent by the Limit Comparison Test. 


11.5 Alternating Series 

1. (a) An alternating series is a series whose tenns are alternately positive and negative. 

OO OO 

(b) An alternating series Y a n = Y (—l)" _1 6 n , where b n = |a n |, converges if 0 < b n + i < b n for all n and lim b n = 0. 

71=1 71=1 n—>oo 

(This is the Alternating Series Test.) 

(c) The error involved in using the partial sum s n as an approximation to the total sum s is the remainder R„ = s — s„ and the 
size of the error is smaller than 6„+i; that is, |J? n | < b„+i. (This is the Alternating Series Estimation Theorem.) 
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„ 2 4 6 8 10 °° 2n 2n 2 2 

3. - —— H-= E (-1) —— 7 - Now lim b„ = lim —— = lim = - # 0. Since 

5 6 7 8 9 n—l 71 + 4 n—»oo n —>oo 71 + 4 n—>oo 1 -f- 4/n. 1 


lim On 7^ 0 (in fact the limit does not exist), the series diverges by the Test for Divergence. 

n —>oo 

oo oo I oo 1 

5. E a n = E (— l)" -1 - = E ( — l) ,l_1 b n - Now b n = - > 0, {&„} is decreasing, and lim b n = 0, so the 

n — l n — l 2 n + 1 n=l 2 n + 1 ri^oo 

series converges by the Alternating Series Test. 

OO oo _ loo Q _ 1 /r7 S 

7. E = E ( _1 ) n 7 ,—TT = X) (-!)"&«• Now lim b n = lim = - # 0. Since lim <Zn 7^ 0 

n _l n=l 2 77- + 1 n _i n —>00 n—>oc Z L / Tl Z n—>oo 

(in fact the limit does not exist), the series diverges by the Test for Divergence. 

OOOOOO ^ 

9- E = E (~l) n e -n = E (—1 ) n b n . Now b n = — >0, {5 n } is decreasing, and lim b n = 0, so the series converges 

n — l n — l n — l e n 

by the Alternating Series Test. 


11 . bn = 


n 3 + 4 
„2 \' 


> 0 for n > 1 . {bn} is decreasing for n > 2 since 


(a: 3 + 4)(2x) — x 2 (3x 2 ) _ x(2x 3 + 8 — 3x 3 ) _ x{8 — x 3 ) 


x 3 + 4, 

lim 6„ = lim 

n —*oo n —>00 


[x 3 + 4) 2 
1/n 


(x 3 +4) 2 (x 3 +4) 2 


< 0 for x > 2. Also, 


1 + 4/r 


= 0. Thus, the series E ( — 1) 


n+1 


n 3 + 4 


converges by the Alternating Series Test. 


13. lim bn — lim e 2 ^ = e° = 1, so lim (—1)” 1 e 2,/n does not exist. Thus, the series E ( — 1)" J e 2,/ 71 diverges by the 

n—>00 n —>oo n—>oo n=l 

Test for Divergence. 

sin(n+i)7r (—1)” 1 

15. a„ = —^-^7— = -r -—. Now b n = --— > 0 for n > 0, {6 n } is decreasing, and lim b n = 0, so the series 


1 + yjn- 1 + yjn' 


1 + yjn. 


“ sin(n + iW 

E --- f =-— converges by the Alternating Series Test. 

n—0 1 + \Jn 


17. 


E (-l) n sin( - ). b„=sin( —) > 0 for n > 2 and sin( — ) > sin( —-— Land lim sin( — ) = sin 0 = 0, so the 
n—i Vn/ V71/ \nJ \n+ly n-»oo \nJ 


series converges by the Alternating Series Test. 


• n .. n n .. (~l) n n n 

, , „ — > n =4- lim — r =00 =>■ lim - 

n! 1-2. n n^oo n\ 


.. n n- n 

19. — = 


. does not exist. So the series E (— l) n —r diverges 

n—*oo n! AA n\ 


by the Test for Divergence. 

21 . 1 


f 


1 

- 


{ V 



!M 


V 


J 


The graph gives us an estimate for the sum of the series 

00 f_Q O')'* 

1 0 f—0.55. 

n=l n\ 


(0-8 r 

8 ! 


: 0.000 004, so 


-1 
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E 


(- 0 . 8 )" 


n=i n! 


n — 1 Til 


« -0.8 + 0.32 - 0.0853 + 0.01706 - 0.002 731 + 0.000 364 - 0.000 042 « -0.5507 
Adding bg to S7 does not change the fourth decimal place of S7, so the sum of the series, correct to four decimal places, 
is -0.5507. 


OO /_j\TO+l 

23. The series V) -4—satisfies (i) of the Alternating Series Test because , 

„=i n 6 6 (n + 1) 6 


< -7 and (ii) lim -E = 0, so the 

n° n — to ° n° 


series is convergent. Now 65 = -E = 0.000064 > 0.00005 and bg = -E « 0.00002 < 0.00005, so by the Alternating Series 

5° 6“ 

Estimation Theorem, n = 5. (That is, since the 6th term is less than the desired error, we need to add the first 5 terns to get the 
sum to the desired accuracy.) 


00 (_i) n 1 

25. The series V) —- - satisfies (i) of the Alternating Series Test because ——-_,, - , „ 

10" n! 6 10” +1 (n + 1)! 10 ,l n! 


1 1 
< . and (11) lim 7777—7 = 0 , 


n —’co 10" n! 


so the series is convergent. Now 63 = 


1 


0.000 167 > 0.000 005 and b 4 = 


= 0.000 004 < 0.000 005, so by 


10 3 3! ' ' 10 4 4! 

the Alternating Series Estimation Theorem, n = 4 (since the series starts with n = 0, not n = 1). (That is, since the 5th tern 
is less than the desired error, we need to add the first 4 terns to get the sum to the desired accuracy.) 


27. 64 = h = 1 


8! 40,320 


0.000 025, so 


y, (-I)" 
„=i (2 n)\ 


S3 — -y i — _I 4 . 1 _E 

n Ei (2n)! 2 24 720 


-0.459 722 


Adding 64 to S 3 does not change the fourth decimal place of S3, so by the Alternating Series Estimation Theorem, the sum of 
the series, correct to four decimal places, is —0.4597. 


7 

29. 67 = = 0.000 004 9, so 


E 


(— 1 r-v 


«6 = e 


(-1)" 


= — —— + 
in inn 1 


16 -|-?5-36 —= 0 0 6 7 6 14 

1 innnnn 1 nnn rtnn ^ 4 4 


10 100 1 1000 10,000 1 100,000 1,000,000 


Adding 67 to S6 does not change the fourth decimal place of S6, so by the Alternating Series Estimation Theorem, the sum of 
the series, correct to four decimal places, is 0.0676. 


(-ir 


1 


1 


31. V) -——- = 1 — 4 + 4 — -7 + '" + -4t — 777 + 7-7 — 777 + • • •. The 50th partial sum of this series is an 

^=1 n 2 3 4 49 50 51 52 


underestimate, since 


(-ir 


= S50 +(z-r — tttI + Ittj — z-tIH -, and the terns in parentheses are all positive. 


51 52 


53 54 


The result can be seen geometrically in Figure 1. 


33. Clearly b„ = 


is decreasing and eventually positive and lim b n = 0 for any p. So the series converges (by the 


n + p 

Alternating Series Test) for any p for which every b„ is defined, that is, n + p 7^ 0 for n > 1, or p is not a negative integer. 
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35. J2b2n = 1 /(2tx ) 2 clearly converges (by comparison with the p-series forp = 2). So suppose that (—l) n 1 b„ 

converges. Then by Theorem 11.2.8(h), so does ^ [(— l) n ~ 1 b n + b n ] = 2(l + | | + • • •) = 2 ! ; —-. But tliis 

diverges by comparison with the harmonic series, a contradiction. Therefore, ^2 (—l) n l b„ must diverge. The Alternating 
Series Test does not apply since {bn} is not decreasing. 

11.6 Absolute Convergence and the Ratio and Root Tests 


1. (a) Since lim 

n —>oo a n 


= 8 > 1, part (b) of the Ratio Test tells us that the series a„ is divergent. 


(b) Since lim - 

n—>oo a n 


= 0.8 < 1, part (a) of the Ratio Test tells us that the series a n is absolutely convergent (and 


therefore convergent). 


(c) Since lim - 

n —*oo a n 


= 1, the Ratio Test fails and the series "}2 might converge or it might diverge. 


3. lim 


n+1 5" 1 n +1 1 r 1 + 1/n 1, . 1 , 

= llm ■ — = hm - • — = - lim -= -(1) = - < 1, 


1 n + 1 1 


n—*o o Cl n n—>oo 5 n ”*~l 71 n—>oo 5 71 5 n—>o o 15 5 


so the series V — is 

z —' Kn. 


absolutely convergent by the Ratio Test. 


5. b n = - -- > 0 for n > 0, { b n } is decreasing for n > 0, and lim b„ = 0, so T' - - - converges by the Alternating 

5n + 1 n—*oo n=Q 5n + 1 


Series Test. To determine absolute convergence, choose a„ = — to get 

n 

lim = lim - 7 -^r— = lim = 5 > 0, so V) 7 — -—- diverges by the Limit Comparison Test with the 

n —>00 On n— >00 1 j (5n +1) TJ— >00 n n =i on + 1 

00 (—i) n 

harmonic series. Thus, the series V) ---—is conditionally convergent. 

n—o 5 n + 1 


7. lim = lim 

k —»oo dfc k —>00 


(fc + D(l ) fc+1 
Hl) k 


= lim — + - ( \ \ lim (l + 7 ) = 1 ( 1 ) = § < 1 , so the series 

fc —>00 k V 3 / 3 k —>00 V k ) 3 3 


f; k( |) is absolutely convergent by the Ratio Test. Since the terns of this series are positive, absolute convergence is the 

n=1 

same as convergence. 


9 . lim = li m 


n—>oo a n n ~ 


(1.1)" +1 n 4 


°°L(n+l) 4 (1-1)” J "- > °°(n+l) 


= lim 


= ( 1 . 1 ) lim 


-— T = ( 1 - 1 ) lim --— 

1 1\4 V > „ /lil. 


(n + 1) 


n —*00 (1 + 1 /n) 4 


= ( 1 . 1 )( 1 ) = 1 . 1 > 1 , 

00 ( 1 . 1 )" 

so the series J} (—1) -—-— diverges by the Ratio Test. 

n =1 n 


e 1/n _ e 


7i° r \ 7i' 


11. Since 0 < — 3 - < — = el — I and — is a convergent p-series [p = 3 > 1], ~~~ converges, and so 


oc (_ 1 )n e l/n 

^— J - l T) 3 

71 = 1 11 


is absolutely convergent. 
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13. lim 

&n+1 

= lim 

n —>oo 

Q>n 

n—»oo 


10 ,1+1 (n + 1) 4 2,1+1 


(n + 2) 4 2n + 3 10" 


= lim 


10 n + 1 


= - < 1, so the series E 


10 " 


i (n + 1)4 2 " +1 


*00^42 n + 2 / 

is absolutely convergent by the Ratio Test. Since the terns of this series are positive, absolute convergence is the same as 
convergence. 


15. 


(—l) n arctann 


rr/2 


7t/2 7T 


< — Y’ so since E —T = 77 E ~o converges (p = 2 > 1), the given series E 


(—1)" arctann 


converges absolutely by the Comparison Test. 


17. E 


00 (_!)" 

Inn 


converges by the Alternating Series Test since lim --= 0 and < - -> is decreasing. Now In n < n, so 

- ■— Inn — 


In n 


1 1 00 1 00 x 

- > —.and since E — is the divergent (partial) harmonic series, E -diverges by the Comparison Test. Thus, 

In n n n=2 n n=2 m n 

00 (—11" 

E E —— is conditionally convergent. 
n=2 Inn 

I COS iTITT /3l I 1 00 1 00 COs(t27T/3) 

19. 1 ; n < — and E — 7 converges (use the Ratio Test), so the series E -j- - converges absolutely by the 


n' n=1 n! 


Comparison Test. 


21. lim 

n—>oo 

y/|aZJ ; 

Root Test. 

23. lim 

n—>oo 

VW : 

oo / 

1\ 

E 

! + - 

n=l \ 

n ) 

25. lim 

Un+l 

n—>oo 

tin 


n 2 +1 1 + 1/n 2 1 . “ 

= lim -- J, „ = - < 1, so the series 2^ 


n—>oo 2n 2 + 1 n—>oo 2 + 1/n 2 2 


f n 2 + 1 
ri I 2n 2 + 1 


is absolutely convergent by the 


23. lim \/\a n \ = lim \ (l + — = lim (l + — ^ =e>l [by Equation 7.4.9 (or 7.4*.9)], so the series 

n —-oo n —.oo y \ Tl J n—>oo y Tl J 


= lim 

n —>oo 


(n + l) lo °100" +1 


(n+1)! n 100 100" 

= 0- 1 = 0 < 1 


= lim 


100 /n + 1V 


n —.oo nil \ n 


= lim 


100 


*oo n + 1 


1 + - 
n 


so the series E 


. °° n 100 100" . 


i n 


is absolutely convergent by the Ratio Test. 


27. Use the Ratio Test with the series 

1-3 1-3-5 1-3-5-7 , , \n— i 1 ' 3 • 5 . (2n - 1) ” n „-! 1-3-5 . (2n - 1) 

3! 5! 7! ^ ’ (2n — 1)! ’ (2n-l)! 


lim 

n—>oo 


&n+1 

= lim 

n—>oo 

(-1)" • 1 • 3 • 5.(2n - l)[2(n + 1) - 1] 

(2n — 1)! 

&n 

[2(n + 1) — 1]! 

(-1)"- 1 -1-3-5.(2n — 1) 


= lim 

n —>oo 


(—l)(2n + l)(2n — 1)! 


(2n + l)(2n)(2n — 1)! 


= lim — = 0 < 1, 

n — *oo 2 n 


so the given series is absolutely convergent and therefore convergent. 
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29. £ hAlh 


(2n) ~ (2 • 1) • (2 • 2) • (2 • 3) ■ 
^ ^! 


(o . t)) 00 2 n r?* 00 

—-- = —r- = X! 2", which diverges by the Test for 


Divergence since lim 2™ = oo. 

n—too 


31 . By the recursive definition, lim 

n—too 


0>n +1 
Ojn 


lim 

n—too 


5n + 1 
4 n + 3 


5 

4 


> 1, so the series diverges by the Ratio Test. 


°° h n fnc ri'jr °° h n ( 

33. The series V — - — V (—l) n — where b n > 0 forn > 1 and lim b n = 

r7=i n n n^oo 2 


lim 

&n+l 

= lim 

n—>oo 

&n 

n —>oo 


n=l 
n+lLn+1 


(—l)" +1 fe; 


n +1 (—1)^6” 

absolutely convergent by the Ratio Test. 


, n 1.,. 1 , £2, 6I!cos?X7r . 

= lim b„ -= -111 = - < 1, so the series > —-is 

ti —>oo n+1 2 w 2 n 


35. (a) lim 

n —hoo 

(b) lim 

n—>oo 

(c) lim 

n —>oo 

(d) lim 


l/(n + l) a 


1/n 3 

(n + 1) 2 


= lim 


= lim 


71^00 ( n _|_ l) 3 71^00 (1 _)_ l/nf 


= 1. Inconclusive 


n+1 


2 n + 1 n 

(-3) n 


= lim 

n too 2 71 


= lim - + — 

n—»oo \ 2 2n 


=-. Conclusive (convergent) 


Vn +1 (— 3)" _1 


= 3 lim 


= 3 lim 


OO V n+1 n—too V 1 + 1/n 


Vn + 1 1 + ti 2 


1 + (n + l) 2 


= lim 

\ll + 1 ■ 1 ^ n + 1 2 

n—too 

V n 1/n 2 + (1 + 1/n) 


= 3. Conclusive (divergent) 


= 1. Inconclusive 


37. (a) lim 


ttn+1 




= lim 

x n+1 n\ 

= lim 

X 

(n+1)! x n 

n+1 

n—too 

n —too 


= 1*1 lim 


700 n + 1 


= |*| ■ 0 = 0 < 1, so by the Ratio Test the 


series V converges for all x. 

n=o n\ 


(b) Since the series of part (a) always converges, we must have lim —r = 0 by Theorem 11.2.6. 

n—too 71! 


39. (a) s 5 


5 


E 


i 

n 2 n 


1111 1 

2 + 8 + 24 + 64 + 160 


661 

960 


0.68854. Now the ratios 


o n +i n2” n r 

r, j = - = o- -t——— = —-— form an increasing sequence, since 

a„ (n + l)2 n+1 2(n + 1) 


n + 1 n (n + l) 2 — n(n + 2) 

2(n + 2) ~ 2(n + 1) “ 2(n + l)(n + 2) 


- -T-. --r- > 0. So by Exercise 34(b), the error 

2(n + l)(n + 2) 


in using S5 is R 5 < 


cie 

1 — lim r n 

n —>00 


1 /( 6 - 2 6 ) 
1 - 1/2 


1 

192 


0.00521. 


(b) The error in using s n as an approximation to the sum is R„ = 


&n -\-1 


l-i (n + l)2 n+1 


We want R n < 0.00005 <S> 


(n+ l)2 r 


< 0.00005 4=> (n + 1)2" > 20,000. To find such an n we can use trial and error or a graph. We calculate 

11 1 


(11 + l)2 n = 24,576, so su = V ——- « 0.693109 is within 0.00005 of the actual sum. 

n=i n2 n 
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41. (i) Following the hint, we get that \a n \ < r n for n > N, and so since the geometric series r" converges [0 < r < 1], 

the series Y^=n l°n| converges as well by the Comparison Test, and hence so does l a "l> so a « is absolutely 

convergent. 

(ii) If lim T/|a n | = L > 1, then there is an integer N such that > 1 for all n > N, so \a n \ > 1 for n > N. Thus, 

n —K30 

lim a„ 7^ 0, so Y^L i a « diverges by the Test for Divergence. 

n —>oo ' J " " 

oo ^ oo J 

(iii) Consider V — [diverges] and V — [converges]. For each sum, lim ?/[crJ = 1, so the Root Test is inconclusive. 

n = i n n= i n? 

43. (a) Since Y a n is absolutely convergent, and since |I < \a n \ and \aY < \a n \ (because at and a~ each equal 

either o n or 0), we conclude by the Comparison Test that both Y a t and Y a n must be absolutely convergent. 

Or: Use Theorem 11.2.8. 

(b) We will show by contradiction that both Y o,t and Y o-n must diverge. For suppose that Y a n converged. Then so 

would X)( a n - fan) by Theorem 11.2.8. But]T(a,t - fa„) = Y [f ( a n + |a„|) - |a„] = \ Y |a n |, which 

diverges because Y a n is only conditionally convergent. Fience, Y °n can’t converge. Similarly, neither can Yl a n ■ 


45. Suppose that Y a '> i s conditionally convergent. 

(a) Y2 a 2 an is divergent: Suppose Y n2 ®n converges. Then lim n 2 a n = 0 by Theorem 6 in Section 11.2, so there is an 

integer N > 0 such that n > N =>■ n 2 |a„| < 1. For n > N, we have \a n \ < , so Y l a "l converges by 

n n>N 

comparison with the convergent p-series Y In other words, Y 8 » converges absolutely, contradicting the 

n>N H 

assumption that Y a™ is conditionally convergent. This contradiction shows that Y n 2 a n diverges. 

Remark : The same argument shows that Y n p a n diverges for any p > 1. 

OO (_l') n 

(b) Y , -is conditionally convergent. It converges by the Alternating Series Test, but does not converge absolutely 

„=2 n In n ‘ ' ‘ ’ 


by the Integral Test, since the function f(x) = —j—- is continuous, positive, and decreasing on [2, oo) and 


—:- = lim / —— = I 

ilni £—>oo / 9 xmx t 


r < 

lim In (In x) 

:—»oo L J ^ 


= oo . Setting a n = v ; for n > 2, we find that 


E na n = E i —~ converges by the Alternating Series Test. 

n—2 n—2 Inti 


_ oo 1 

It is easy to find conditionally convergent series V a„ such that Y na n diverges. Two examples are V --and 

n= i n 

oo ( _l) n ~^ 

Y - —7=—, both of which converge by the Alternating Series Test and fail to converge absolutely because Y \ a n\ is a 
n=i v ft¬ 
p-series with p < 1. In both cases, Y na n diverges by the Test for Divergence. 
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11.7 Strategy for Testing Series 


1 1 / \ \ oo / 00 1 

1- n + 3 „ < ^ = ( g J for all n > 1. E ( jj) is a convergent geometric series [|r| = | < l],so E ~ + 3 „ 


converges by the Comparison Test. 


Tl Tl 71 

3. lim \a n \ = lim -- = 1, so lim a„ = lim (—l) n -- does not exist. Thus, the series E ( — l) n -diverges by 

n — mco n — >00 71 2 n — >00 n — >00 71 2 n=l 71 2 


the Test for Divergence. 


5. lim 

&n+l 

= lim 

n —hdo 

(In 

n —>oo 


(n + l ) 2 2” (-5)" 


(_5y l+1 n 2 2 ,I_1 


= lim r 2 

n —>00 071 


2 (n + l ) 2 2 / l \ 2 2 .,, 2 , 

= - hm 1 H— = -(1) = - < 1, so the series 


n ) 


00 n 2 2 n- 

^1 Hf 


■ converges by the Ratio Test. 


7. Let /(*) = - - - . Then / is positive, continuous, and decreasing on [2, 00), so we can apply the Integral Test. 

x V In x 


Since 


ci/lna; 


dx 


u = In x, 
du — dx/a 


= j u 1 ^ 2 du = 2u 1 ^ 2 + C = 2 V\nx + C, we find 


dx f dx r /- 1 * / — -\ 

/ -- - = lim / -- - = lim 2vlnx = lim ( 2 vlnt — 2 vln2 ) = 00. Since the integral diverges, the 

J2 xVlnx ‘-“i2 xvln.x t_> °° L J2 t^oo V 7 


given series E 


n =2 n V in n 


diverges. 


00 00 

9. E & 2 e -,c = E —• Using the Ratio Test, we get 

fe=l k= 1 e 


lim 

Ofe+l 

= lim 

k — »00 

&k 

k —»oo 


(fc + 1) 2 e fe 


gfc+l 


= lim 


k —>oo 

V k J e _ 


= l 2 ■ - = - < 1, so the series converges. 

e e 


1 1 \ 00 1 <x> /^' 

11. E ( —+ -5 — ) == —3 + EZ t) • The ® rst ser i es converges since it is a p-series with p = 3 > 1 and the second 


1 V ?7 3 3 r 


=1 V3 


series converges since it is geometric with |r| = 4 < 1. The sum of two convergent series is convergent. 


lim 

rin+i 

= lim 

3 n+1 (?i + l) 2 n! 

n —>00 

&n 

n—>oo 

(77+1)! 3"?7 2 


= lim 


3(n +1 ) 2 


= 3 lim 


77 + 1 


ti —>00 (n + 1 ) 77 2 ti —*oo n 


= 0 < 1, so the series E 


3’V 


converges by the Ratio Test. 

2 fe-i 3 fe+i 2 fc 2 -1 3 fc 3 1 3/2-3 xfe 


15. ak = 


k k 


k k 


=1 n\ 


= — —— . By the Root Test, lim \ [ — ) = lim — = 0 < 1, so the series 

2 \ k J k — *oo I/ V k ) k 


^k—l^k+l 


3/6 


Y ( t I converges. It follows from Theorem 8(i) in Section 11.2 that the given series, Y - Zk -— Y ~ ( T ) > 

k=i \kJ k=i k k =i 2 \ 


also converges. 
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17. lim 

n —>oo 


ttn +1 


1 • 3 • 5 • • • 

■ • • (2n — l)(2n + 1) 2-5-8--' 

• • (3n - 1) 

Cln 

— lim 

71— ► OO 

2 • 5 • 8 • • • 

• (3n- l)(3n + 2) 1-3-5--' 

• • (2n - 1 ) 


= lim 


2 n + 1 


n—*oo 3 71 + 2 


2+1 /n 2 ^ 

= lim -—— — — < 1 , 

n—>oo 3 + 2 /n 3 

, . “1-3-5 .(2n - 1) , , „ . ^ 

so the senes 2^ -—-— - -j— - -i- converges by the Ratio Test. 

n=i • 5 • o. [on — lj 


.. T . /•/ \ In# rr,, h, \ 2 — lnx _ , . _ 2 Inn. , . _ 2 

19. Let j[x) = —j=. Then j [x) = , < 0 when mx > 2 or x > e , so —= is decreasing tor n > e . 

Vx ' vn 

t~. .. TT . , .. Inn .. 1 In .. 2 _ , ™ , lN „lnn . , 

By 1 Hospital s Rule, lim —= = lim --+-r- = lim —= = 0, so the senes 2^ (—1) — 1 = converges by the 

n— * 0 ° Vn n ^°°l/(2 Vn) ™vn n =1 Vn 

Alternating Series Test. 

00 

21 . lim \a n \ = lim |(—l) n cos(l/n 2 )| = lim |cos(l/n 2 )| = cos 0 = 1 , so the series Y (— 1 )" cos(l/n 2 ) diverges by the 

71 —>00 71—>00 71—>00 71=1 

Test for Divergence. 

23. Using the Limit Comparison Test with a 

V'V 

tan(l /n) _ tan(l/x) _h .. sec 2 (l/x) • (—l/* 2 ) 


(1 

= tan — 
\n 


and b n = —, we have 
n 


lim -— = lim 

71—^00 bn 71 >oo 1/n 


l/x 


= lim 

x—*oo 


— l/x 2 


= lim sec 2 (l/x) = l 2 = 1 > 0. Since 


Y b n is the divergent harmonic series, Y a «is also divergent. 

71 = 1 71=1 


25. Use the Ratio Test, lim 

71—>00 


n?i-t-i 

= lim 

(n+ 1 )! e ” 2 

CL n 

71—>00 

et^+i ) 2 n! 


(n + l)n! • e n n +1 ^ n! 

= lim - o ,, ,. , = lim — = 0 < 1 , so > —o 

71—>00 gTl^ + 2 n + l 71—>oo e 2? l + l n=l C 71 


converges. 


27. 


f°° Inx , 

In a; 1 

/ — ^rdx = lim 


J 2 a ; 2 t^oo 

X X 


h °° In n 

[using integration by parts] = 1. So Y —converges by the Integral Test, and since 

n =l " 


k In k kink In k , . “ k In k , , . „ 

< ,, = -jTT, the given senes 2 ^ —-— converges by the Comparison Test. 


(fc+ 1) 3 k 3 k 2 


k =1 (k + 1 ) 


00 00 I 00 j 

29. Y a n = Y (—l) n - : — = Y (— 1 )" b n . Now b n = - 1 — > 0 , {&,, } is decreasing, and lim b n = 0 , so the series 

,jSi £=1 coshn n=i coshn n^oo 

converges by the Alternating Series Test. 

1 


2 2 00 1 00 ] 

Or: Write —-— =- < — and Y — is a convergent geometric series, so Y —-— is convergent by the 

coshn e n + e~ n e n n=1 e n n=1 coshn 


00 [ 

Comparison Test. So Y ( — l) n — 1 — is absolutely convergent and therefore convergent. 
— 2 COSh H 


31. lim Ofe = lim 


b K r,- , ,fci (5/4) fc 


k^oo k^oo3 k +4 k 


= [divide by 4 k ] lim 


fc^oo (3/4) fc + 1 


= 00 since lim ( - ) =0 and lim ( - ) = 00 . 


k — >00 \ 4 


Thus, Y , ,, 

it 1 3 fe + 4 k 


diverges by the Test for Divergence. 
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= lim 


33. lim = lim ——- , - ^ . lW - r ,, , , , >n - 

n-> oo v n->oo [(n + 1) / 7 lJ lim (1 + 1/n) e 

converges by the Root Test. 


1 . . °2, / n 

= - < 1, so the series > , -- 

n=l \ n + 1 


35. a n = , , = -— so let b n = — and use the Limit Comparison Test. lim ^ = lim }. = 1 > 0 

n i+i/n n -n 1 / n n 71^00 b n n 1 /" 


[see Exercise 3.4.61], so the series JZ i+i/ n diverges by comparison with the divergent harmonic series. 


.i n 


oo 

37. lim \Z\a n \ = lim (2 1 /" — 1) = 1 — 1 = 0 < 1, so the series JZ ( v^2 — l)" converges by the Root Test. 

n —>oo n —>oo n=l ' / 

11.8 Power Series 

1. A power series is a series of the form ZZZLo c n x n = Co + cix + C2X 2 + C3X 3 + • • •, where x is a variable and the c„’s are 
constants called the coefficients of the series. 

More generally, a series of the form ^“ =0 c„(x — a) n = Co + ci (x — a) + C 2 (x — a ) 2 + • • • is called a power series in 
(x — a) or a power series centered at a or a power series about a, where a is a constant. 

3. If a n = (—1 ) n nx n , then 

(—l) n+1 (n + l)x” +11 


lim 

&71+1 

= lim 

71—MOO 

&n 

71—>00 


(—1 ) n nx n 


= lim 

n —►00 


, . n n + 1 
(- 1 )— —x 


= lim 

f 1 + —|*| 

71—MOO 

LV n ) \ 


= |x|. By the Ratio Test, the 


series (—1 ) n nx n converges when |x| < 1, so the radius of convergence R = 1. Now we’ll check the endpoints, that is, 

71=1 

OO OO 

x = ±1. Both series ^Z (— l)"n(±l) n = JZ (Tl) 71 ™ diverge by the Test for Divergence since lim |(q=l) ,l n| = 00 . Thus, 

71=1 71=1 n—*oo 


the interval of convergence is 7 = (—1,1). 


5. lfa n = 


x 


2 n- 1 


, then lim 


&71 + 1 

= lim 

&n 

71—>00 


r” +1 2 n - 1 


2 n +1 x n 


= lim j |a;|'j = lim f ^ \x\ ] = |x|. By 

—*00 y 2 n A 1 7 77^00 ^2 + 1 /n 1 u 1 1 J 


^ X . , 1 

the Ratio Test, the series JZ 77- — 7 converges when |x| < 1, so R = 1. When x = 1, the series ^Z 77 - 7 diverges by 

77-1 2 n — 1 n= i 2 n — 1 

00 1 1 1 1 00 1 

comparison with Y' — since- > — and - Y' — diverges since it is a constant multiple of the harmonic series. 

2 n 2 n — 1 2 n 2 n 

00 f—l) n 

When x = — 1, the series ^Z --— converges by the Alternating Series Test. Thus, the interval of convergence is [—1,1). 

77—i 1 


X n 

7. If cin = —r, then lim 

&71 + 1 

= lim 

Tl\ 71—>00 

O'71 

71—>00 


r n+1 n! 


(n + 1)! x n 
So, by the Ratio Test, R = 00 and 7 = (— 00 , 00 ). 


= lim 

71—>00 


n + 1 


= Id lim 


*00 n + 1 


= |d • 0 = 0 < 1 for all real x. 


tiL* 1 

9. If a,7 = (—1)” —-—, then 
\ / 2?! 5 


lim 

&71 + 1 

= lim 

71—>00 

&n 

71—>00 


(n + l) 2 x n+1 2 n 


277 + i 


= lim 

x(n + l) 2 

= lim 

Id / 1\ 2 

— 1 + - 

71—>00 

2 n 2 

71—>00 

[2 V 


= ^(l) 2 = lW-Bythe 
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oo i y\^ d cc ^ 

Ratio Test, the series JZ (— l) n —— converges when | |x| < 1 44 |x| < 2, so the radius of convergence is R = 2. 

77=1 2 " 


77 2 (±2f 


When x = ±2, both series JZ (—1) 

77 — 1 2 


= JZ (=Fl)"n 2 diverge by the Test for Divergence since 


lirn | (tI)" n 2 1 = oo. Thus, the interval of convergence is I = (—2, 2). 


f—5\" r “ 

11. If a„ = V . *en 


lim 

&n+l 

= lim 

71—>00 

&n 

71—>00 


(-3) n+1 x" 


(n+1) 3 / 2 (—3) n x n 

= 3 |*| (1) = 3|x| 


= lim 

n —too 


—3x 


.3/2 


n + 1 


= 3 |x| lim 

n—»oo 


1 + 1/r 


3/2 


— (— 3 ) r ^ 

By the Ratio Test, the series V -—*=■ x n converges when 3 Id < 1 Id < 4, so i? = 4. When x — 4, the series 

=i nyn 13 05 05 


oo / J \ n oo ^ 

JZ V s/ ., converges by the Alternating Series Test. When x = — |, the series JZ 3/2 is a convergent p-series 

n=l ^ n=l^ 

(p = | > l). Thus, the interval of convergence is |. 


13. If a,7 = (—l) n T~1 - . then lim 

V ’ 4 n In 71 n^oo 


&71+1 


x n+1 4 n In n 


i= lim 

71 —too 

477 +! l n ( n -|_ J) x n 


x In n x „ 

V- lim —-— = t—t • 1 

4 J7 7oo ln(n + 1) 4 


\x\ kr 

[by l’Hospital’s Rule] = By the Ratio Test, the series converges when — <1 44 |x| < 4, so R = 4. When 


x = -4, £ (-1)’ 

n =2 


x n °° [(—1)(—4)]" ~ 1 c . , ^ f ^ 0 1 ^ 1 J ^ 1 ■ „ 

-— - = > ——-— - — = > , -. Since m n < n lor n> 2, - > — and > — is the 

4 n In n 2 4 n In n ^ 2 In n In n n ,f^ 2 n 


OO ^ 

divergent harmonic series (without the n = 1 term), V t-is divergent by the Comparison Test. When x = 4, 

77=2 hr n 

OO 7£ n OO j 

Y' (—1)"-—r-= V (—1)"--, which converges by the Alternating Series Test. Thus, I = (—4,41. 

77—2 4 n In n 77=2 In n 


15. If a n = k———, then lim 

7l 2 + 1 n—too 


&71+I 


(x - 2) n+1 

71 2 + 1 

O'TL 

— urn 

71—>00 

( n + l) 2 + 1 

(x - 2)" 


= |x — 2| lim 


n 2 + 1 
oo (n + l) 2 + 1 


= |x — 2|. By the 


oo ( x _2) n 

Ratio Test, the series JZ ~— 2 —Hj— converges when \x — 2| < 1 [f? = 1] 44 — 1 < x — 2 < 1 44 l<x<3. When 

77=0 n + 1 

OO 2 OO ^ 

x = 1, the series JZ ( — l) n —5 -t converges by the Alternating Series Test; when x = 3, the series JZ — 5--converges by 

77=0 n +1 ,1=0 71. +1 


1 


comparison with the p-series JZ ~o [i 3 = 2 > 1]. Thus, the interval of convergence is I = [1, 3], 


17. If a, 7 = 3 + , then lim 

Yn n ^°° 


&71 + 1 


3 ri+1 (x + 4) n+1 

Vn. 

0-71 

— lim 

71—>00 

n/ti + 1 

3 n (x + 4)" 


v T) 

= 3 \x + 4 lim = 3 lx + 41. 

Vn+1 


00 3 n (x T 4) n 

By the Ratio Test, the series JZ ~— ~j= ' converges when 3 |x + 4| < 1 44 |x + 4| < | [«= I] ^ 

n= 1 v n 
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— | < x + 4 < | 44 —-y < x < — -y. When x = — y, the series ^Z (~l) n ~j= converges by the Alternating Series 

n=l vn 

OO ^ 

Test; when x = — y, the series JZ ~~j= diverges [p = | < l]. Thus, the interval of convergence is 7 = [— y, — y). 

71=1 vn 

(x — 2) n _ \x — 21 

19. If a„ = --, then lim i/|a„| = lim --- = 0, so the series converges for all x (by the Root Test). 

Tl n n —>oo n—> oo fl 

R = oo and I = (—oo, oo). 

Tl 

21 . a n — — (x — a) n , where b > 0. 
b n 

(n + l)\x-a\ n+1 b r 


lim 

n—>oo 


& 71+1 


dn 


= lim 

n —>oo 


b n+1 


= lim I 1 + — ' ' X “ a| Ix - a| 


n\x — a\ n ii—*oo \ n) b 


By the Ratio Test, the series converges when ■ 


<1 44 \x — a\ <b [so 77 = 6] 44 —b < x — a < b 44 

U 

a — b < x < a + b. When \x — a\ = b, lim |a n | = lim n = oo, so the series diverges. Thus, I = (a — b, a + b). 

n —»oo n—>oo 

(n + 1)! (2x — l) n+1 


23. If a n = n! (2x — l) n , then lim 

<3-71+1 

= lim 

71—► OO 

<3 71 

71—>00 


n!( 2x — l)’ 1 

for all x ^ Since the series diverges for all x ^ R = 0 and I = { ^ }. 


= lim (n -T 1) \2x — 1| —+ oo as n —> oo 


25. If a„ = , then 


lim 

&71+1 

= lim 

71—MOO 

0>n 

71—>00 


(5x - 4) 


71+1 


(n+1 ) 3 (5x — 4) r 

= |5x-4| • 1 = |5x-4j 


) 3 / -I \ 3 

= lim 5x — 41 ( --— 

n—ioo 1 ^1 + 1/n , 


(5x — 4)" 

By the Ratio Test, ^Z -3-converges when j5x — 4| < 1 44 \x — || < | 44 — | < x — | < | 44 




| < x < 1, so 7? = When x = 1, the series JZ — is a convergent p-series (p = 3 > 1). When x = |, the series 


-i=i n 1 


OO (—1)" 

JZ -y— converges by the Alternating Series Test. Thus, the interval of convergence is 7 = [|, l]. 

71=1 33 


27. If a n = 


1-3-5. (2n — 1) 


, then 


lim 

<3n+l 

= lim 

71—>00 

<3 71 

71—MOO 


71+1 


1-3-5.(2n - 1) 


1-3-5 . (2n — l)(2n + 1) 


= lim 


n —-oo 2 n + 1 


= 0 < 1. Thus, by 


the Ratio Test, the series ^Z 


il-3-5.(2n - 1) 


converges for all real x and we have 77 = oo and 7 = (—oo, oo). 


29. (a) We are given that the power series ZZZLo C" 1 ” is convergent for x = 4. So by Theorem 3, it must converge for at least 
—4 < x < 4. In particular, it converges when x = —2; that is, JZZLo c n(— 2) n is convergent. 
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(b) It does not follow that 4) n is necessarily convergent. [See the comments after Theorem 3 about convergence at 

the endpoint of an interval. An example is c n = (—1)”/(n4").] 


31. If a n = \rx n , then 
(fcn)! 


lim 

n —>oo 


&n+l 


lim [(n + !)!] fc (kn)\ = ^ _ (» + 1)* _ 

n^oo (n\) k [k(n + 1)]! n^oo (kn + k)(kn + k — 1) • • • (kn + 2)(kn + 1) 


li m [ ( n + 1 ) (» + !) (» + l) 

n^oo (kn + 1) (kn + 2) (kn + k) 


lim 

n + l 

lim 

n+l 

■ ■ ■ lim 

n+l 

n —►oo 

kn + 1 

n —>oo 

fcn + 2 

n —►oo 

fcn + fc 


= T M < 1 +> 


|a;| < k k for convergence, and the radius of convergence is R = k k . 


33. No. If a power series is centered at a, its interval of convergence is symmetric about a. If a power series has an infinite radius 
of convergence, then its interval of convergence must be (—oo, oo), not [0, oo). 


35. (a) If a n 


(~l) n x 2n+1 
—---- then 

n\(n + 1)! 2 2n+1 


lim 

&n-\- 1 

= lim 

n—>oo 

&n 

n —>00 


2n+3 


n!(n + l)!2 2n+1 


| (n + l)!(n + 2)! 2 2n + 3 * 2n + 1 

So Ji (x) converges for all x and its domain is (—oo, oo). 


fx\ 2 1 

V 2 / „^o (n+l)(n + 2) 


0 for all x. 


(b), (c) The initial terns of Ji (x) up to n = 5 are Oq = —, 


5 7 

Ul = 16’ 02 = 384’ 03 = _ 1^432 


, 04 = 


1,474,560’ 


„ii 


and 05 = — - 


-. The partial sums seem to 


176,947,200 

approximate Ji(x) well near the origin, but as |x| increases, 


we need to take a large number of terns to get a good 
approximation. 



-2 5 1 s 3 s 5 


37. S 2 n -1 = 1 + 2* + x 2 + 2x 3 + x 4 + 2x 5 H-h x 2n ~ 2 + 2x 2n 1 

= 1(1 + 2x) + x 2 (l + 2x ) + x 4 (l + 2x) + ■ ■ ■ + x 2n ~ 2 (l + 2x) = (1 + 2x)(l + x 2 + x 4 + ■ ■ ■ + x 2n ~ 2 ) 
1 — r 2 " I -I- 2r 

= (l + 2x)-— [by(11.2.3) with r = x 2 ] —>-+ as n —> oo by(12.2.4)], when 1*1 <1. 

1 — x 2 1 — x 2 

1 [ 2x 1 | 2x 

Also S 2 n = S 2 n-i + x 2n —> - tt since x 2n —■> 0 for 1*1 < 1. Therefore, s„ —> --since S 2 n and S2n-i both 

1 — x 2 1 — x 2 


,1 + 2 * 

approach --- 


as n 


oo. Thus, the interval of convergence is (—1,1) and /(*) 


1 + 2 * 

1 — * 2 ' 
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39. We use the Root Test on the series X c n x n . We need lim ^/\cnX n \ = |rc| lim i/jc/j = c |x| <1 for convergence, or 
|x| < 1/c, so R = 1/c. 

41. For 2 < x < 3, X c n x n diverges and X d n x n converges. By Exercise 11.2.69, X( c ™ + dn) x n diverges. Since both series 
converge for |a;| < 2, the radius of convergence of X( c ™ + d n ) x n is 2. 


11.9 Representations of Functions as Power Series 


1. If f{x) = X c nX n has radius of convergence 10, then f'{x) = X Tic„x n 1 also has radius of convergence 10 by 

n=0 n= 1 


Theorem 2. 


3. Our goal is to write the function in the form-, and then use Equation (1) to represent the function as a sum of a power 

1 — r 

I 1 oo oo 

series. f(x) = - -- = ----- = Y (— x) n = Y (—l) n x n with \—x\ <1 \x\ < 1, so R = 1 and I = (—1,1). 

1 X 1 — (— X) n=0 n =0 


5. f{x) = 


2 2/1 


2 oo /x\ n 00 1 X 

X ( — ) or, equivalently, 2 X — XT *”• The series converges when — <1, 
i = o v3/ n=0 3 n+1 3 


3 - x 3 \ 1 — x/3 J 3 /=! 
that is, when |a;| < 3, so R = 3 and I = (—3,3) 


7- f(x) = 


X x\ 

1 

x\ 

i 

9 + x 2 ~ 9 

1 + ( x/3) 2 

- 9 

U-{-(*/3) 2 } 


/v. OO 

= - X 

o ^ 




rp OO rp‘^ n oo 2n+1 

= -Y = y (-i) n -- 

Q ' Q n V > Qn+1 

& n =0 & n =0 a 


The geometric series X 

n=0 


_ ( X ) converges when I — ^ j 


< 1 +=> < 1 +=+ |rc| < 9 +=> \x\ < 3, so 


R = 3 and I = (—3,3). 


9- /(*) = T3 £ = (1 + *)(t 4-) =(l + a: ) X *" = X x n + X x n+1 = l+ X x™+ X *" = 1 + 2 X 

X \ -L X J n=0 n =0 n =0 n=1 n=1 n =1 


The series converges when |*| < 1, so R = 1 and I = (—1,1). 


A second approach: f(x) = j’ X = — ^ = —1 + 2^ —^— ) =-1 + 2 X i" = 1 + 2 X x n . 


1 — x 1 — x 


1 — x 


A third approach: 


f{x) = = (1 + - ) = (1 + *)(! +x + x 2 +x 3 H-) 


= (1 + x + x 2 + x 3 H- ) + {x + x 2 + x 3 + x 4 -\ -) = 1 + 2x + 2x 2 + 2x 3 H-= 1 + 2 X x n . 

71=1 
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11 fM 3 3 A I B 

x 2 -x-2 (x — 2)(* + 1) x-2 x+1 


3 = A(x + 1) + B{x — 2). Let x = 2 to get A = 1 and 


x = — 1 to get B = —1. Thus 


x 2 -x-2 x-2 x + 1 —2 VI— (z/ 2 ) 


(rriU)-T 3 TU 5-5 S(f)’-£,(-)■ 


= £ - 


i(-i) n = £ (-i)" 

71=0 


We represented / as the sum of two geometric series; the first converges for x € (—2, 2) and the second converges for (—1,1). 
Thus, the sum converges for *£(—1,1) = I. 


13. (a) /(*) = 


d ( -1 


(1 + *) dx\l + x) dx |_„=o 


= —— £ (— l) n x n [from Exercise 3] 


= £ (—1 ) n+ nx n [from Theorem 2(i)] = (—l) n (n + l)x n with R = 1. 

71 = 1 71=0 

In the last step, note that we decreased the initial value of the summation variable n by 1, and then increased each 
occurrence of n in the term by 1 [also note that (—l) n+2 = (—1)”]. 


(b) /(*) = 


1 d \ 1 


(1 + *) 3 2 dx[(l + x y\ 2 dx \_+^o 


£ (—1 ) n (n + l)x n [from part (a)] 


= -| £(-l) ,l (n + l)nx"- 1 = | £ (—l)"(n + 2)(n + l)x n with R=l. 

71=1 71=0 

1 I oo 

(c) = (1 + X )3 = * 2 ' ( 1 + x )3 = * 2 • 2 £( _1 ) Tl ( rl + 2 )( n + !)*" [ from P art (b)] 

1 OO 

= £ £(-!)>+ 2)(n+l)*"+ 2 

Z 71=0 

To write the power series with x n rather than x n+2 , we will decrease each occurrence of n in the tern by 2 and increase 

1 OO 

the initial value of the summation variable by 2. This gives us — £ (—1 )™(n)(n — 1)*™ with R = 1. 

2 „-o 


15. f(x) = ln(5 — *) = 


dx _ If dx _ 1 / [“ / * y 

5^-x 5 J 1 — x/5 ~5 J 


OO / rp \ 71 1 OO 

£ (f) dx = C- -J2 

71=0 ^ O / J O 77=0 


™"+l oo 

_ _ q _ yo ^ 

5"(?x + l) n=1 n5 n 


Putting * = 0, we get (7 = ^5. The series converges for |*/5| < 1 -1=> |*| < 5, so R = 5. 

1 | oo 

17. We know that -— = ---- = ^ (—4*)™. Differentiating, we get 

1 4x 1 ( 4x) 7i=o 

_ A oo oo 

7T-T-TT = £ (—4) n n* n_1 = £ (—4)™ +1 (n + 1)*", so 

71=1 71=0 

rp _ rp _ A _ rp OO OO 

= (TT^£ = X • (TTW = X S ( - 4r+1(n + 1)x " = £ 0 ( - ir4 " (n + 1)x ” +1 


for — 4*| <1 -*=>• |*| < so R = 
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19. By Example 5, 


2 = I] (n + l)x n . Thus, 


/(*) = 


(1 x)~ 7i—o 

1 + x 


I rp OO OO 

--+ = E (n + 1)*" + E (n + l)* ?l+1 

n=0 n=0 


(1 — x) 2 (1 — x) 2 (1 — x) 2 


= E ( n + 1)*™ + X! t^x" [make the starting values equal] 

n =0 n =1 

OO OO OO 

= 1 + E K n + 1) + n]x” = 1 + E (2 n + l)x n = E (2 n + l)x n with R = 1. 

n=l n=l n=0 


21 - '<*> = ?fi6 = 5 (rr^e)) = a £ [-BJ = 35 S'- 1 '” if ie.« 


2n+l 


The series converges when | —a? 2 /161 < 1 4^ x 2 < 16 44- \x\ < 4, so R = 4. The partial sums are si = 

X ' 3 X^ X ^ 

S 2 = Si-S 3 = «2 H-j, S 4 = S 3 - j, S 5 = S 4 H-=■,.... Note that si corresponds to the first term of the infinite 

16“ lG' 3 16 4 16 b 

sum, regardless of the value of the summation variable and the value of the exponent. 



23. 


As n increases, s n (x) approximates / better on the interval of convergence, which is (—4,4). 

«■> - K^) - ‘" (i+ ^ / ifi+/ tH -I + / 

/ |(1 


dx 

1 — x 


£(-!)"*"+ E 

n =0 n=0 


dx = / [(1 — a: + x 2 — a; 3 + a; 4 — •••) + (1 + a; + a; 2 + x 3 + x 4 + •••)] d* 


/ /* oo oo 0 /y» 2 n+l 

(2 + 2x 2 + 2x 4 + • • •) dx = / E 2x 2n dx = C + E TT - T 

J 77=0 71=0 2n + 1 

o° 2r 2n+1 

But /(0) = In y = 0, so C = 0 and we have /(#) = —--— with R = 1. If x = ±1, then /(#) = ±2 


o 2n + 1 


n=o 2n + 1 


which both diverge by the Limit Comparison Test with b n = — • 

n 
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2 x 2 x 3 2x 5 

The partial sums are si = —, S 2 = si H——, S 3 = S 2 H——, 
1 3 5 

As n increases, s„(x) approximates / better 011 the interval of 
convergence, which is (—1,1). 



f 1 OO 

25 ' 7378 =*• t-Ts =tJ 2 (t 8 r= Et 1 

16 n=0 n=0 


8n+l 


t 


00 -j-8n-\-2 


■ dt — c + y 


The series for 


converges 


J ~ ' „tb 8n + 2- 1 - i 8 

when It 8 1 < 1 4=> |f| < 1, so R = 1 for that series and also the series for t/(l — t 8 ). By Theorem 2, the series for 

r t 


1 -t 8 


dt also has R = 1. 


r n+2 

27. From Example 6, ln(l + x) = J2 (—l) n_1 — for |x| < 1, so x 2 ln(l + x) = J2 (—1)" _1 -and 

n=1 n n =1 n 


‘ 00 „n+3 

x 2 ln(l + x)dx = C + 


. R = 1 for the series for ln(l + x), so R = 1 for the series representing 


x 2 ln(l + x) as well. By Theorem 2, the series for J x 2 ln(l + x) dx also has R = 1. 

* rh - nr,by -- 

/ I f 00 00 „5n+l 

~ c+ Ttas ’ 


/ = 


'0 1 + x 5 


dx = 


x 6 x 11 

X -Y + ~1 T 


( 0 . 2) 6 ( 0 . 2) 11 

= 0.2 — —-h v ' ; -■ ■ •. The series is alternating, so if we use 

6 11 


the first two terms, the error is at most (0.2) 11 /!! ~ 1-9 x 10 9 . So I « 0.2 — (0.2)®/6 « 0.199 989 to six decimal places. 


31. We substitute 3x for x in Example 7, and find that 


r 00 o2n+l 2n+2 

x arctan(3x) dx = I x £ (-1)" V', 7 dx = / £ (-1)" * * 

J n= 0 Zn Tl J n =0 Zn -h 1 


*- C + £. ( “ 1) " ( 2 » + l)( 2 „ + 3 ) 


So 


2 - 0.1 

/ x arctan(3x) dx = 

Jo 


3x 3 3 3 x 5 3 5 x 7 3 7 x 9 


+ ■ 


+ ■ 


1-3 3-5 5-7 7-9 

1 9 243 2187 

+ ■ 


0 


The series is alternating, so if we use three terns, the error is at most 


10 3 5 x 10 5 35 x 10 7 63 x 10 9 

2187 




63 x 10 9 


3.5 x 10" 8 . So 


/o *- ctan(3 ^- W ~ 5x105 ' 35X10 7 


9 243 

+ —— tttt ~ 0.000 983 to six decimal places. 
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r 3 r 5 7 fn o-|3 /q o\5 /q o'! 7 

33. By Example 7, arctanx = x - F F + • • • , so arctan0.2 = 0.2 - + • 

3 5 7 3 5 7 

( 0 . 2) 7 

The series is alternating, so if we use three terns, the error is at most -——— « 0.000 002. 

iO.2) 3 fO 2l 5 

Thus, to five decimal places, arctan 0.2 « 0.2-1- —- « 0.197 40. 

3 5 


__ . T / \ ^ (-l) n x 2n Tl , . °° (—l) n 2nx 2n ~ 1 , T „. . °° (—l)"2n(2n-l)x 2 " -2 

35 . (a) J 0 (x) = E L, ,Mx) = E o 2 „v„n 2 -• and J o ( x ) = E - o 2 „/„n 2 -' so 


Fo 2 2,i (n!) 2 


2 2 "( n !) 2 


2 2 n (? i !) 2 


2 T // ( , 7/ , . 2 T / x ^ (—l) n 2n{2n — l)x 2 " °° (~l) n 2 nx 2n °° (-l)”x 2n+2 

x Jo (x) + xJ 0 (x) + x Jo(x) = E --+ £ 2 2ll (n!) 2 + „? 0 2 2 ^(n!) 2 

_ ~ (-1) 71 2n(2rz - l)x 2 " ~ (-l)"2nx 2 " ~ (-l)""^ 2 " 

Fl 2 2n (n!) 2 + ,Fi 2 2 "(n!) 2 + „=i2 2 "- 2 [(n-1)!] 2 

_ ~ (—l) n 2n(2n — l)x 2n ™ (-l) n 2 nx 2n ™ (-l) n (-l)~ 1 2 2 ii 2 x 2n 

_ Fl 2 2n (n!) 2 + ,Fi 2 2 "(n!) 2 + “i 2 2 ~(n!) 2 


= E(-ir 

71= 1 


2n(2n — 1) + 2 n — 2 2 n 2 1 2 n 

2 2n (?x!) 2 J * 


= E(-ir 

n=l 


4n 2 — 2 n + 2 n — 4n 2 

2 2 n ( n !) 2 


x 2rl = 0 


/•! r 1 r °° i-l')’ 1 r 2n 

(h) L j ^ dx =j 0 


f 1 ( x 2 x 4 x 6 \ 

dX = L ( 1 ^T + 64 - 2304 + --- ) dX 


x 3 x 5 x 7 

X 3 • 4 + 5 • 64 7 - 2304 + ' 


= 1 - — + — --— 

12 320 16,128 


Since 16 4 , g « 0.000062, it follows from The Alternating Series Estimation Theorem that, correct to three decimal places, 
fo M x ) dx « 1 ^ T 2 + 3 I 0 ~ °' 920 - 

OO rp n OO ^ — 1 OO „n —1 OO sy n 

37 . (a) /(x) = E =* /'(*)= E^^=E 7 ^w=E^=/(*) 

n=0 tt. n—1 7i—l V 77 n=0 tt. 

(b) By Theorem 9.4.2, the only solution to the differential equation df(x)/dx = f(x) is /(x) = Ke x , but /(0) = 1, so 
K = 1 and /(x) = e x . 

Or: We could solve the equation df{x)/dx = /(x) as a separable differential equation. 


39. If a,i = then by the Ratio Test, lim 


= lim 


OO | (n + l) 2 x 


— =|x| lim 


oo V n + 1 


= Ixl < 1 for 


OO r r . n OO 


convergence, so R = 1. When x = ±1, ~2 w ^ich is a convergent p-series (p = 2 > 1), so the interval of 


r,.= 1 n 45 „. = i n- 


convergence for / is [—1,1], By Theorem 2, the radii of convergence of f and f" are both 1, so we need only check the 


OO OO ^ OO Tl 

endpoints, /(x) = ^ f'( x ) = ^2 — = ~~ — 7 ? and this series diverges for x = 1 (harmonic series) 

71 = 1 U 71 = 1 U 71=0 71 + 1 
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oo T^X^ ^ 

and converges for x = — 1 (Alternating Series Test), so the interval of convergence is [—1,1). f" (pc) = diverges 

n=1 n + 1 
Th 

at both 1 and —1 (Test for Divergence) since lim -— = 1 7 0, so its interval of convergence is (—1,1). 

> 0 o n + 1 


41 . By Example 7, tan 1 x = 


OO 


£(-!) 

71=0 


x 2n+1 
2n + 1 


for | rc| < 1. In particular, for x 



have — = tan 
6 



OO 


e (-ir 

71=0 


(l/73) 2n+1 
2 n + 1 


OO 


£ (-i) n 

71=0 


/iy 1 1 

( 3 ) 752n+l’ 


_ 6 _ y (- 1)’ 1 
^3 n 7o (2n + 1)3" 


OO 

273 E 


71=0 


(- 1 )" 

(2 n + 1)3" ' 


11.10 Taylor and Maclaurin Series 


/ W («) / (8) (5) 


1. Using Theorem 5 with E b n {x — 5) n , b n = --so t>s = 

71=0 

3. Since / (n) (0) = (n + 1)!, Equation 7 gives the Maclaurin series 


8 ! 


00 f(")f0) 00 In+ 1)1 00 

E - ^-x n = E -j— —x n = E ( n + !)*"• Applying the Ratio Test with a„ = (n + l)x n gives us 

n —0 tr. n—0 tT.. n=0 


lim 

On+1 

= lim 

(n + 2)x n+1 

71 —>00 

On 

71—>00 

(n + l)x" 


radius of convergence R = 1. 


n 

/ W (*) 

/ (n) (0) 

0 

(I-*)' 2 

1 

1 

2(1 — x) -3 

2 

2 

6(1 — x)“ 4 

6 

3 

24(1 -x)~ 5 

24 

4 

120(1 -x)“ 6 

120 


n 

&\x) 

/ (n) ( 0) 

0 

sin 7tx 

0 

1 

TV COS TVX 

TT 

2 

—it 2 sin TTX 

0 

3 

—TT 3 COS TTX 

-tt 3 

4 

t r 4 sin ttx 

0 

5 

TT 5 COS TTX 

7T 5 


n _ l_ 2 

= |x| lim ——- = \x\ • 1 = \x\. For convergence, we must have |a?| < 1, so the 

7i * oo n + 1 


a-.)-, m +no)*++ A®** + AM,*+• ■ • 

= 1 + 2x + § x 2 + fx 3 + x 4 + ■ ■ ■ 

OO 

= 1 + 2* + 3x 2 + 4x 3 + 5x 4 H-= E ( n + l)x n 

71=0 


lim 

71—>00 


On + 1 

— lim 

(n + 2)x n+1 

An 

71—>00 

(n + l)x" 


lim 7TTT = 1*1 0) = 1*1 < 1 

n—*oo 71 + 1 


for convergence, so R = 1. 


sin«=/(o, + r ( o), + m^ + q2),. 


4! 


5! 


= 0 + 7TX + 0 — - —X 4 + 0 + —ar + 


3! 


5! 


J3, _5 J! 

7T q 7T c 7T 7 

= 7ra -+* +^r* -+* +' 


= £ (-i) 


2ti+1 


2n+l 


=o (2n. + 1)! 


lim 

71 —>00 


0*71+1 


^2,1+3 3-277+3 

(2n + l)! 

2 2 

lim ^ ^ 

On 

— nm 

71—»OC 

(2n + 3)! 

^-2ti+1 7^271+1 

7i—>oo (2n + 3)(2n -f 2) 


= 0 < 1 for all x, so R = oo. 
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n 

f (n \x) 

f (n \ 0) 

0 

2 X 

1 

1 

2 x (ln2) 

In 2 

2 

2* (In 2) 2 

(ln2) 2 

3 

2 x (ln 2) 3 

(ln2) 3 

4 

2 x (\n2) 4 

(ln2) 4 


2 X 


- /<">(0) x „ ~ (In 2)" 

n=0 n=0 


&n+l 

= lim 

n —>oo 

(In 2) n+1 x” +1 

n\ 

&n 

(n + 1)! 

(h\2) n x n 


= lim -—^ = 0 < 1 for all x,soR = oo. 

Ti—>oo n + 1 


11 . 


n 

/ W 0r) 

f (n) ( o) 

0 

sinh x 

0 

1 

coshx 

1 

2 

sinh x 

0 

3 

coshx 

1 

4 

sinhx 

0 


/ (n) (0) = 


0 if n is even 
1 if n is odd 


so sinh x = E 


,,271+1 


2n+l 


Use the Ratio Test to find R. If a„ = 


(2n + l)! 


=o (2n. + 1)! 


, then 


lim 

n —»oo 


&n+l 

= lim 

n—>oo 

x 2n + 3 

(2n+ 1)! 

&n 

{2n + 3)! 

q.2n-\-l 


= x ■ lim 


n —>oo (2n + 3)(2n + 2) 


= 0 < 1 for all x, so R = oo. 


n 

f (n \x) 

/ (n) (!) 

0 

x 4 — 3x 2 + 1 

-1 

1 

4x 3 — 6x 

-2 

2 

12x 2 - 6 

6 

3 

24x 

24 

4 

24 

24 

5 

0 

0 

6 

0 

0 


f( n \x) = 0 for n > 5, so / has a finite series expansion about a = 1. 


/(*) = x 4 — 3x 2 + 1 


4 


E 

n=0 


/ (n) (i) 

n\ 


(x-ir 


= -qT ( x - 1 ) 0 + -jT ( x “ 1 ) 1 + § (* “ : ) 2 

+ f ( *- 1)3 + ^(*- 1)4 

= -1 - 2(x - 1) + 3(z - l) 2 + 4(x - l) 3 + (x - l) 4 


A finite series converges for all x, so R = oo. 


n 

f in) (x) 

/ (n) (2) 

0 

In® 

In 2 

1 

1/x 

1/2 

2 

—1/x 2 

—1/2 2 

3 

2/x 3 

CO 

CM 

CM 

4 

—6/x 4 

—6/2 4 

5 

24/x 5 

24/2 5 


f(x) =lnx= E P(*-2) n 

n=0 

-ET^- 2 ) 0+ l!V^- 2 ) 1+ E^ 2 ^ 3^^- 2 ) 3 

+ 4!^ (X “ 2)4 + 5^ ~ 2)5 + " ' 

=in2+E i (-ir +i ^^ ( x-2r 


= i n2 + E(-ir +i —(*- 2 r 

n =1 
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&71 + 1 


(—l) n+2 (x — 2)” +1 n2“ 


(—l)(x — 2)n 

&n 

— uni 

n —>oo 

(n + 1) 2 n+1 (-l) n + 1 (x - 2) n 

— urn 

n —>oo 

(n + 1)2 


x — 2\ 

- < 1 for convergence, so \x — 2| < 2 and R = 2. 


lim 

n —>oo 


n + 1 


|s~2| 

2 


n 

/ (n) (x) 

/ (n) ( 3) 

0 

e 2x 

e 6 

1 

2e 2x 

2e 6 

2 

2 2 e 2x 

4e 6 

3 

2 3 e 2x 

8e 6 

4 

2 4 e 2x 

16e 6 


oo f(n)/o\ 

/(*)= e 2x = E “Ti (z - 3)" 


-o m 


= ^(*-3)° + ^-(x-3) 1 + ^-(x-3) 2 

+ ( x — 3)3 + (* — 3)4 + ■ 


= E 

n=0 


2 n e° 


(x - 3 f 


lim 

&n+l 

= lim 

n —>oo 


n —»oo 


2" +1 e 6 (x — 3) 11+1 
(n + 1 )! 


n! 

2 n e 6 (x - 3) n 


lim -— = 0 < 1 for all x, so R = oo. 

n —»oo Tl + 1 


19. 


n 

f (n \x) 

/ (n) M 

0 

cos# 

-i 

1 

— sin# 

0 

2 

— cos# 

i 

3 

sin# 

0 

4 

cos# 

-l 


/ (fc) w 


/(x) = cosx=E 

fc =0 


(s- 


= _1 + - Tr) 2 _ (x - 7r) 4 + (* - 7r) 6 


= E (-i) 

n=0 


2! 4! 

(x - n) 2n 


6 ! 


n+1 


(2n)! 


lim 

n —>oo 


&n-\- 1 

= lim 

n—>oo 

' \x — 7r| 2n+2 

(2n)! 


(2n + 2)! 

|x — 7r| 2n . 


= lim 


n —>oo (2n + 2)(2n + 1) 


= 0 < 1 for all x,soR = oo. 


21. If /(x) = sin7rx, then f( n+1 ^ (x) = ±7r n+1 sin7rx or ±-K n+1 cos nx. In each case, | f( n+1 ^ (x) < 7r n+1 , so by Formula 9 

_n+i I T |n+1 

with a = 0 and M = n n+1 , |f?„(x)| < -—- |x| n+ = — . . Thus, |-R,,(x)| —► 0 as n —► oo by Equation 10. 

\Xl —p 1). (7X R 1). 

So lim R n (x) = 0 and, by Theorem 8, the series in Exercise 7 represents sin7rx for all x. 

n —>oo 


23. If /(x) = sinhx, then for all n, f^ n+1 \x) = coshx or sinhx. Since |sinhx| < |coshx| = coshx for all x, we have 
I f( n+1 ' 1 (x) I < cosh x for all n. If d is any positive number and \x\ < d, then I f( n+1 ^ (x) I < cosh x < cosh d, so by 


Fonnula 9 with a = 0 and M = coshd, we have |f?„(x)| < 


coshd , |n+1 


x\ n+1 . It follows that \R n (x)\ —» 0 as n —► oo for 


(n + 1)! 

|x| < d (by Equation 10). But d was an arbitrary positive number. So by Theorem 8, the series represents sinh x for all x. 
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25. [i + (-*)] 1 / 4 = £ (-*)" = i + \{-x) + ^p-{-xf + ^ y ^\ -xf + ■ 

= 1 _ 1 f (—l) n ~ 1 (—1)” • [3 • 7.(4ra-5)] 

4 4~-?r! 


, 1 ^3-7.(4n — 5) 

= 1 — —X — > ---;- -X 

4 4" • n! 


and I— *1 <1 44 Iasi < 1, so R = 1. 


(2 + x) 3 [2(1 + as/2)] 2 


8V + 2) = 8„?o^ nJUJ - The 


binomial coefficient is 


l-3\ = (—3)(—4)(—5).(~3 — n + 1) = (-3)(-4)(-5).[-(n + 2)] 

In/ n\ n\ 

(-l) n • 2 • 3 ■ 4 • 5.(n + l)(n + 2) (-l)”(ra + l)(n + 2) 

“ 2 • n! “ 2 

( ~ ir(n t 1)(n + 12) g = E ( ~ 1),1(n 1 V*" + 2)X " far |g| < 1 44 Ixl < 2, so H = 2. 


Thus,- 5- = - E 

(2 + x) 3 8 n = 0 


29. sin a; = 


oo _2n+l oo / 7rT .'j2 , n.+l oo __2n+l 

£ ( - ir (srn)T =* 


oo oo (0'r‘\ n oo O n ^v. n oo 1 oo O n oo O n -I- 1 

31 ■ e * = E =* e 2 *=E^=E^,so/(x) = e* + e 2 *=E^ n +E^ n =E^*", 

71=0 n=0 n=0 n=0 n=0 n=0 


R = oo. 


OO rp ZTl 

3. cosx = E ( — 1)” TTTTTf ^ cos (i x2 ) 
n=o 


oo oo ^4n 

- “<^) = S ( - ir <dr = S ( - ir ^W’” 


oo 

/(x) = xcos(ix 2 ) = E o (-l) n 2^2n)J R = °°' 

35. We must write the binomial in the form (1+ expression), so we’ll factor out a 4. 


x _ x _ x _ x / x 2 \ _ x ^2, /— / x 2 ^ ™ 

/4 + x 2 ~~ ^4(1 + x 2 /4) ~~ 2 1 x 2 / 4 ~ 2 V + 4 J ”2„= 0 1 nl^ 


= i ! + H)t + 


i ^ 2 , H)(-i) (* 2 Y , (-§)(-§)(-§) 


T j + 


_ £ i £ V / Itn jlEE.(2^ 1 ) 2n 

2 2 ^ J 2 n • 4 n • n! 


x |S, 1-3-5.(2n _1) 2 «+i d x 

~ ’ n\ 2 3n + 1 X 4 


and — < 1 < 1 <^> \x\ < 2, so R = 2. 

4 2 11 


37. sin 2 x4(l-co S 2x) = i[l-| o ^g^ 


_ 1 T _ ^ (—l)"(2x) 2n l _ “ (—l) 11+1 2 2n ~ 1 x 2n 

2 |_ „=i (2n)! J „=! (2n)! 


R = oo 
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, Q (is) ^ a: 

39. cos. , E(-l) (Sj, =» 

, , 2s £2, (-1)" (* 2 ) 2 " °° (-l) n X 4n 

/(*)= cos(x} =£o =£o hiyr- 

= 1 - -x 4 + —x 8 - —X 12 + . . . 

The series for cos x converges for all x, so the same is true of the series for 
/(x), that is, R = oo. Notice that, as n increases, T n (x) becomes a better 
approximation to /(x). 



T 0 = T l = T 2 = T, 


T s = T q = T m = T u 


T t = T 5 = T 6 = T 7 


OO r r n OO ( _ T\ n OO r r Tl 

41. e * = £ so e"* = £ = V (-1)" so 

/=h n! n! „= n n! 


/(x) = xe _3: = ^(-l)"-x n+1 

n=0 

= x - x 2 + §x 3 - |x 4 + ^JX 5 - j^X 6 + • • 


= £(-ir 


(n — 1 )! 


The series for e x converges for all x, so the same is true of the series 
for /(x); that is, R = oo. From the graphs of / and the first few Taylor 



r 4 T 5 t. 


polynomials, we see that T n (x) provides a closer fit to /(x) near 0 as n increases. 


43 - 50 = 50 ( 1 ^) = £ radiansandcosa: = S 0 { ~ iy 


Jzny. = 1 ~¥ + ¥ ~ ¥ + '"’ so 


7 r (7r/36) 2 (7 t/36) 4 (7t/36) 6 (7t/36) 2 (7t/36) 4 

cos — = 1 — v 7 2! ’ + v ^ ’ - v ; H-. Now 1 - v 7 2! ' « 0.99619 and adding v ^ ; 

does not affect the fifth decimal place, so cos 5° « 0.99619 by the Alternating Series Estimation Theorem. 


2.4 x 10 ~ 6 


45. (a) l/\/l - x 2 = [l + (~a: 2 )] 1/2 = 1 + (- 5 ) (-x 2 ) + 
_ “ 1-3-5.(2n - 1) _ 3 „ 

'2-^ On „! X 


(-111-1)7 , HK-IK-H 7 ^3 




x + - 


(b) sin 1 x = 


1 dx = c + x+ J2 1 ' 3 / 5 '"V (2n 1) ^ 2n+1 

H - x 2 „=i (2n + 1)2" • n\ 


= x + £ 1 o 5 Vio (2n 1 - ^ 2n+1 since 0 = sin_1 0 = C. 
“1 (2n + 1)2" • n! 


(16) °° , X 

"■ “** - SA 1 ' (Sir = 

00 „6n+l 

xcos(x 3 ) = £ (-ir-ToZv 

n=0 


cos(x 3 )= £(-i)"«r= £(-!)" 

n=0 J. n=0 


x cos(x 3 ) dx = C + £ (—1) 


o V ; (6n + 2)(2n)! 


, with /? = 00 . 


00 oo 2n 

49. cos. -4 cos.-l= 


cos x - 1 = °° x 2n 
x ’ (2 n)! 


‘ COS X - 1 ^ X n 

—— dx = C + ^-l) W ith R = oo. 
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oo _ 271+1 oo ^2n+4 

51. arctan x = E (—1)+-- for |x| < 1, so x 3 arctan x = E (—l) n -——r for |x| < 1 and 


+o ' 2n +1 


=o 2n + 1 


2n+5 


x arctanx dx = C + E+l)" (2n + 1)(2n + 5) • — 2 


. Since | < 1, we have 


r-l/2 


3 , 1/2 2,1+5 ( 1 / 2) 5 1/2 7 1/2 9 ( 1 / 2) 11 

x 3 arctan x dx = V (-1)” v 77 -— = V ' - ’ + y ’ - + ’ H-. Now 

+0 ’ (2n + l)(2n + 5) 1-5 3-7 5-9 7-11 


(l/2r (1/2 V (i/2) 9 (1/2) 11 

K ' J + v / / « 0.0059 and subtracting v 7 « 6.3 x 10~ 6 does not affect the fourth decimal place. 


1-5 3-7 5-9 

r 1 / 2 


7-11 


so f 0 ' x 3 arctan xdx ~ 0.0059 by the Alternating Series Estimation Theorem. 


53. y/T+& = (1 + z 4 ) 1/2 = £ ( 1/2 

71=0 \ ^ 


| (x 4 ) n , so f \/l + x 4 dx = C + E I ^ I-r- and hence, since 0.4 < 1, 

J J „=o y n J An + 1 


we have 

/ = 




(!) ( Q ’ 4) 1 | I (°- 4 ) 5 | § H ) ( 0 - 4) 9 , |(-§)(- f ) ( 0- 4 ) 13 ! ( 0 - 4) 17 , 


0! 


1! 5 


2 ! 


3! 


13 


4! 


17 


(0.4) 5 (0-4) 9 (0.4) 13 5(0.4) 17 

-i r\ i-r rv -i r-rr> 


10 


72 


208 


2176 


(0 4) 9 (0 41 s 

Now v iJ « 3.6 x 10 -6 < 5 x 10 -6 , so by the Alternating Series Estimation Theorem, I « 0.4 + v („ « 0.40102 


72 


10 


(correct to five decimal places). 


„ x-ln(lH-x) ,. x - (x - §x 2 + |x 3 - f x 4 + \x 5 -) \ x 2 - |x 3 + \x A - |x 5 + • 

55. lim --- = lim -4- i. --2- = hm --4-+-2- 


= lim(| - |x + ix 2 - ix 3 + ---) = | 


since power series are continuous functions. 


sinx-x+^x 3 (x - ^x 3 + ^x b - jjX 7 -\ -) - x + \x 3 

57. lim - - - -— = lim -— -—---- - 2 — 


x —>0 

X x S _ i-T,.. 
= lim ^-E_L_ 

x—>0 X s 


1™ 1 5! 7! + 9! 


1 1 
5! - 120 


since power series are continuous functions. 

2 4 6 2 4 

2 X X X X X 

59. From Equation 11, we have e~ x =1 —— -E — — -/••• and we know that cos x = 1 — — — from 

Equation 16. Therefore, e~ x cosx = (l — x 2 + |x 4 — • • •) (l — |x 2 + ^x 4 — •••). Writing only the terms with 


degree < 4, we get e 21 cosx = 1 — lx 2 + ix 4 — x 2 + |x 4 + §x 4 H-= 1 — |x 2 + ||x 4 + ■ 
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61. 


X (15) 


■ _ 1. /-r*3 I 1 _ , 

^ 120 X 


x - ± x 3 + J-x 5 

X gX T 120 x 


1 + + oln# 4 + • 


X - 


l x 3 + - ■ 

T io n X 


± x 3 - —X 5 + • 
6 120 ' 

±X 3 - —x 5 4- • 
6 X 36 X ' 


+ . 


360 

7 

360 




From the long division above, -= 1 + \x 2 + ^a; 4 H-• 

00 x 4n 00 (—x 4 ) n 4 

63. E(- 1 ) n 7T= E ^-=c-*,by(ll). 

65. E(-l) n_1 ^- = E(-l)"- 1 ^^ =lnfl + | N ) [from Table 1] = In | 
„=i n5 n n V 5 / 5 

5X /| 2 «+ 1 /o„ i 1 M Co„ I ill sm 4 ^2>by(15). 


re =o 4 2n+1 (2n + 1)! ,“ 0 (2n + 1)! 


n 9 27 81 3 1 3 2 3 3 3 4 _ „ _ „ , , , /11X 

69 ' 3+ 2! + ¥ + 4[ + "' _ T! + 2[ + 3! + 4! + "' _ ^^' _ ^ 7J ~ 1 ~ e -lby(U). 


y 

n= 1 tt! n =0 


3” 

n! 


( ' n p^^ (cl) 

71. Ifp is an nth-degree polynomial, then ( x ) = 0 for i > n, so its Taylor series at a is p(x ) = —T —~ ( x — a Y 


Put x — a = 1, so that x = a + 1. Then p(a + 1) = 


p (<) (a) 


This is true for any a, so replace a by x: p(x + 1) = JZ 


p^\x) 


73. Assume that \f"(x)\ < M, so f"{x) < M for a < x < a + d. Now f* f"(t) dt < f* M dt =$■ 

f"(x) - f"{a) < M(x - a ) =>■ f"(x) < /"(a) + M(x- a). Thus, /"(f) dt < f* [/"(a) + M(t - a)] dt 

f(x) - f(a) < f"(a)(x - a) + \M(x - a) 2 =4> f(x) < f(a) + f"(a)(x - a) + \M(x - a) 2 =>■ 

XT /'(0 dt < XT [/'(a) + /"(«)X - a) + |M(f - a) 2 ] df =>■ 

/(*) - /(«) < f{a)(x - a) + |/"(a)(x - a) 2 + |M(i - a) 3 . So 
f(x) - f(a) - f(a)(x - a) - \ f"(a)(x - a) 2 < \M(x - a) 3 . But 

Ri(x) = f(x) — T 2 (x) = f{x) — f(a) — f'(a)(x — a) — \f"{a)(x — a) 2 , so i? 2 (x) < \M(x — a) 3 . 

A similar argument using f"'(x) > —M shows that i? 2 (x) > —\M(x — a) 3 . So \R. 2 {x 2 )\ < \M\x — a| 3 . 
Although we have assumed that x > a, a similar calculation shows that this inequality is also true if x < a. 
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75. (a) g(x) 



9'(x) 


oo 


E 



SO 


{l+x)g'(x) = (l + x) Yl\ k \nx n 1 

n=l \ ^ 


oo / U\ oo / U\ 

= £ n*"- 1 + E nz" 

n=l ^ / n=l ^ > 


„ , fc \ . ,, _ °° k ' 

= E , t (« + 1 * + E i ra " 

„=o v n + 1 / „=0 n , 


Replace n with n + 1 
in the first series 


= E(» i + | g 

?i=0 { n + 1 )! n= 0 

“ (n + l)fc(fc - l)(fc - 2) • • • (k - n + 1) r . . , „ 

= £,- Z - (,, + !)! - >-\(k-n)+nU 


( n ) 


k(k — l)(k — 2) • • • (fc — n + 1) 


fe g fc(fc - l)(fc - 2) • • • (fc - n + 1) 



fcg(x) 


Th„ S ,»>) = Mg. 

(b) ft(a;) = (1 + *) _fe £?(a:) =>■ 

ft'(aj) = — k(l + x)~ k ~ 1 g(x) + (1 + x)~ k g\x) [Product Rule] 

= — fc(l + x)~ k ~ 1 g{x) 4- (1 + x)~ k [from part (a)] 

= —k{ 1 + x)~ k ~ 1 g{x ) + fc(l + x)~ k ~ 1 g(x ) = 0 

(c) From part (b) we see that h(x) must be constant for x € (—1,1), so h(x) = h( 0) = 1 for x € (—1,1). 
Thus, h(x) = ! = (! + x)~ k g(x) <=> g{x) = (1 + x) k for x € (—1,1). 


11.11 Applications of Taylor Polynomials 


n 

f (n) (x) 

/ (n) (0) 

T n (x) 

0 

cos# 

1 

1 

1 

— sin# 


1 

2 

— cos a: 

-1 

i-!* 2 

3 

sin# 


i^i* 2 

4 

cosx 

1 

1 ^ I* 2 + 

5 

— sin# 


1 ^ |x 2 + ±x 4 

6 

— cos# 

-1 
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To = Ti 
1 
1 
1 


t 2 = t 3 

E? 

II 

Pi 

t 6 

0.6916 

0.7074 

0.7071 

-0.2337 

0.0200 

-0.0009 

-3.9348 

0.1239 

-1.2114 


(c) As n increases, T n ( x ) is a good approximation to f(x) on a larger and larger interval. 

2 


n 


/W( 2 ) 

0 

1/x 

1 

2 

1 

-1/x 2 

1 

4 

2 

2/x 3 

1 

4 

3 

—6 /x 4 

3 

8 


T 3 (x)= E &l(x-2r 

n =0 

= I - v. {x - 2) + I (x - 2)2 - | (x - 2)3 

= ±-±0r-2) + f(x-2) 2 -^(x-2) 3 



j n \ x ) r/2) 


0 cos a; 

1 — sin a; 

2 — cos x 

3 sin x 


t 3 (x) = E 


J \ ■ • / - / 

77,! 






n 

f (n \x) 

/M(l) 

0 

lnx 

0 

1 

1/x 

1 

2 

-1/x 2 

-1 

3 

2/x 3 

2 


3 f (n) fi) 

Ts(*) = E 

= 0 + Ji {x - 1) + —^(x - l) 2 + |(x - 1) 

= (*-!)- - l ) 2 + §(* - l ) 3 
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11 . You may be able to simply find the Taylor polynomials for 

f(x) = cot x using your CAS. We will list the values of f^ (n/4) 
for n = 0 to n = 5. 




For n = 2 to n = 5, T n (x) is the polynomial consisting of all the terns up to and including the (a; — j)" term. 



(a) f(x) = Vx « T 2 {x) = 2 + i(as - 4) - ^jp(. x - 4) 2 

= 2+^x-4)-^(x-4) 2 

(b) \R 2 {x)\ < \x — 4j 3 , where \f"'(x)\ < M. Now 4 < x < 4.2 =>• 

\x — 4\ < 0.2 =>■ \x — 4J 3 < 0.008. Since f"(x) is decreasing 
on [4,4.2], we can take M = |/'"(4)| = |4 _5/,:2 = 2 § 6 ,so 

\R2(x)\ < ^^(0.008) = = 0.000015625. 

D OlZ 

From the graph of \R 2 (x)\ = \\Jx — T 2 (x)\, it seems that the 
error is less than 1.52 x 10~ 5 on [4,4.2], 
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(a) f(x) = x 2/3 « T 3 (x) = 1 + §(x - 1) - ^(x - l) 2 + H^~(x - l) 3 

= l + f(x-l)-f(x-l) 2 + £(x-l) 3 

(b) 17?3 (cc)| < ^ \x — 1| 4 , where j /^(x)| < M. Now 0.8 < x < 1.2 =>■ 
\x — 1| < 0.2 =>■ \x — 1| 4 < 0.0016. Since |/^ 4) (x)| is decreasing 
on [0.8,1.2], we can take M= |/ (4) (0.8)| = |f (0.8)~ 10/3 , so 

56 /q g\ —10/3 

\R3{x)\ < 8lK ' J -(0.0016) « 0.000 096 97. 

From the graph of |i? 3 (x)| = lx 2 / 3 — T 3 (x)j, it seems that the 
error is less than 0.000 053 3 on [0.8,1.2], 



(b) |-R 2 (x)| < ^-|x| 3 , where |/^(x)| < M. Now—0.2 < x < 0.2 =>■ x| < 0.2 =>■ |x| 3 < (0.2) 3 . 

/ (3) (x) is an odd function and it is increasing on [0,0.2] since sec x and tan x are increasing on [0,0.2], 
so | / (3) (x)| < / (3) (0.2) « 1.085158 892. Thus, |i7 2 (x)| < — ^ ! °' 2 ^ (0.2) 3 « 0.001447. 



From the graph of |-R 2 (x)| = |sec x — T 2 (x)|, it seems that the 
error is less than 0.000 339 on [—0.2,0.2]. 









530 □ CHAPTER 11 INFINITE SEQUENCES AND SERIES 


(c) 0.00008 

I 2 I 

From the graph of | R 3 (®) \ = \e x — T 3 (®) , it appears that the 
error is less than 0.000 051 on [0, 0.1]. 

0.1 



21 . 


n 

/ (n} (®) 

f (n H 0 ) 

0 

®sin® 

0 

1 

sin x + x cos ® 

0 

2 

2 cos x — x sin ® 

2 

3 

—3 sin® — ® cos ® 

0 

4 

—4 cos x + x sin ® 

-4 

5 

5 sin x + ® cos ® 




(a) f(x) = ®sin® « T 4 (®) = ^j(® - 0) 2 + -^(® - 0) 4 = x 2 - i x 4 

(b) |-R..i(®)| < |®| 5 , where j / (5 - l (x)| < M. Now — 1 < x < 1 =>■ 

|®| < 1, and a graph of (®) shows that | /®(®)| < 5 for — 1 < x < 1. 

Thus, we can take M = 5 and get |i? 4 (re)| < — ■ l 5 = — = 0.0416. 


From the graph of | (as) | = | at sin® — T 4 {x)\, it seems that the 
error is less than 0.0082 on [—1,1], 


23. From Exercise 5, cos x = — (x — ^-) + |(® — f) 3 + Rs(x), where |f? 3 (®)| < \x — 11 4 with 


j/ < - 4 - > (at) j = |cos®| < M = 1. Now® = 80° = (90° — 10°) = (f — ff) = ^ radians, so the error is 
|-R3(lf)| < n(fl ) 4 ~ 0.000039, which means our estimate would not be accurate to five decimal places. However, 
T3 = T4, so we can use | i?4 () | < ilo(lk) 5 ~ 0.000001. Therefore, to five decimal places, 


cos80° «-(-£) +I (-£) 3 « 0.17365. 


25. All derivatives of e x are e x , so |f?. n (®)| < 


(n + 1)! 


]" +1 , where 0 < ® < 0.1. Letting x = 0.1, 


Rn{ 0.1) < 


(n + 1)! 


(O.l)" 4 " < 0.00001, and by trial and error we find that n = 3 satisfies this inequality since 


f ?3 (0.1) < 0.0000046. Thus, by adding the four terms of the Maclaurin series for e x corresponding to n = 0, 1, 2, and 3, 
we can estimate e 0 ' 1 to within 0.00001. (In fact, this sum is 1.10516 and e 0 ' 1 « 1.10517.) 
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. 1 3 1 5 

27. srni = x — —x + —x — 

3! 5! 


. By the Alternating Series 
Estimation Theorem, the error in the approximation 

< 0.01 44 


0.9 


1 3 . , , 1 5 

sm a; = x - -x is less than —x 

3! 5! 


|* 5 1 < 120(0.01) 4* |a;| < (1.2 ) 1/5 « 1.037. The curves 

y = x — |* 3 and y = sin* — 0.01 intersect at * « 1.043, so 
the graph confirms our estimate. Since both the sine function 



1.2 


1.2 


and the given approximation are odd functions, we need to check the estimate only for * > 0. Thus, the desired range of 
values for * is —1.037 < * < 1.037. 

* 3 * 3 x ? 

29. arctan * = * — -|— -2— )-•••. By the Alternating Series 

3 5 7 

Estimation Theorem, the error is less than I — y* 7 | < 0.05 44 
|* 7 | < 0.35 44 |*| < (0.35 ) 1/7 « 0.8607. The curves 

y = x — |* 3 + |* 5 and y = arctan* + 0.05 intersect at 
x « 0.9245, so the graph confinns our estimate. Since both the 
arctangent function and the given approximation are odd functions, 
we need to check the estimate only for * > 0. Thus, the desired 
range of values for * is —0.86 < * < 0.86. 

31. Let s(t) be the position function of the car, and for convenience set s(0) = 0. The velocity of the car is v(t) = s'(t) and the 
acceleration is a(t) = s"(t), so the second degree Taylor polynomial is 72 (f) = s(0) + v(0)t + 1 2 = 20 1 + t 2 . We 

estimate the distance traveled during the next second to be s(l) « 72 ( 1 ) = 20 + 1 = 21 m. The function 72 (f) would not be 
accurate over a full minute, since the car could not possibly maintain an acceleration of 2 m/s 2 for that long (if it did, its final 
speed would be 140 m/s « 313 mi/h!). 



33. E = 


D 2 (D + d ) 2 D 2 D 2 (l + d/D) 2 D 2 

We use the Binomial Series to expand (1 + d/D)~ 2 : 


1-1 + 


D 


D 2 
_ <7 


, „ . 2-3 ( d\ 2 2-3-4/d \ 3 

D J 2! \ Dj 3! \DJ + ' 


Q 

D 2 


21 D 


■*>l) H-n 


when D is much larger than d; that is, when P is far away from the dipole. 


35. (a) If the water is deep, then 2nd/L is large, and we know that tanh * —» 1 as * —» oo. So we can approximate 
tanh(27rd/L) « 1 , and so v 2 w gL/(2n) 44 v « \JgL/(2n). 
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(b) From the table, the first term in the Maclaurin series of 

tanh x is x, so if the water is shallow, we can approximate 

, 2nd 2nd , 2 2nd ,—, 

tanh —— ss ——, and so v « — ■ —— -O- v « \/gd. 

Lj 27t jL- 


n 

f (n) (x) 

f (n) ( 0 ) 

0 

tanh x 

0 

1 

sech 2 x 

1 

2 

—2 sech 2 x tanh x 

0 

3 

2 sech 2 x (3 tanh 2 * — 1) 

-2 


(c) Since tanh * is an odd function, its Maclaurin series is alternating, so the error in the approximation 

, 2nd 2nd . , , „ , J . |/'"(0)| f2nd\ 3 1/2vrd\ 3 

tanh —— « —j— is less than the first neglected term, which is J ^ I —j— j = — I —— I . 

1 f \ ^ JL f X \ ^ ^ 

If L > 10 d, then - ( —— ] < - I 2n ■ — ] = so the error in the approximation v 2 = gd is less 
3 \ L J 3\ 10/ 375 

than — ■ —— « 0.0132gL. 

27T 375 


37. (a) L is the length of the arc subtended by the angle 9, so L = R6 =£■ 

9 = L/R. Now sec 9 = (R + C)/R => R sec 9 = R + C 
C = Rsec9 — R = Rsec(L/R) — R. 

(b) First we’ll find a Taylor polynomial Ta{x) for f(x) = sec x at x = 0. 


n 

f (n \x) 

/ W ( 0 ) 

0 

sec* 

1 

1 

sec * tan * 

0 

2 

sec*( 2 tan 2 * + 1 ) 

1 

3 

sec * tan *(6 tan 2 * + 5) 

0 

4 

sec *(24 tan 4 * + 28 tan 2 * + 5) 

5 


Thus, f(x) = sec* « Ti(x) = 1 + ^{x — 0 ) 2 + ji(x — 0 ) 4 = 1 + |* 2 + ^* 4 . By part (a), 

c “ R|1 + iii) + 2j(sJ \- R - R+ l R -i + l R -w- R -£< + m^ 


(c) Taking L = 100 km and R = 6370 km, the fonnula in part (a) says that 

C = Rsec(L/R) -R = 6370 sec(100/6370) - 6370 « 0.785 009 965 44km. 


L 2 5L 4 

The fonnula in part (b) says that C ~ —— + 


100 2 


+ 


5 • 100 4 


2 R 24 R 3 2-6370 24 - 6370 3 

The difference between these two results is only 0.000 000 008 08 km, or 0.000 008 08 m! 


0.785 009 95736 km. 



39. Using /(*) = T n (x) + R n (x) with n = 1 and x = r, we have f(r) = Ti(r) + Ri(r), where Ti is the first-degree Taylor 
polynomial of / at a. Because a = x n , f{r ) = f(x n ) + f'(x„)(r — x n ) + Ri(r). But r is a root of /, so f(r) = 0 
and we have 0 = f(x n ) + f(x n )(r — x n ) + Ri(r). Taking the first two tenns to the left side gives us 
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f(x n )(x n - r) - f(x n ) 


Ri(r). Dividing by /'(*„), we get x n — r — 


f(Xn) 

f(x„) 


Ri(r) 

f(Xn) 


By the fonmila for Newton’s 


method, the left side of the preceding equation is x n +i — r, so \x n+ \ — r| 


Ri(r) 

/'(*«) 


Taylor’s Inequality gives us 


I f"(r) I 

|iii(r)| < TT-A—- | r — x„\ . Combining this inequality with the facts \f"{x)\ < M and \f'{x)\ > K gives us 

l l M | 1 2 

\x n +i - r\ < — \x„ - r | . 


11 Review 


CONCEPT CHECK 


1. (a) See Definition 11.1.1. 

(b) See Definition 11.2.2. 

(c) The terms of the sequence {a„} approach 3 as n becomes large. 

(d) By adding sufficiently many terns of the series, we can make the partial sums as close to 3 as we like. 

2. (a) See the definition on page 721. 

(b) A sequence is monotonic if it is either increasing or decreasing. 

(c) By Theorem 11.1.12, every bounded, monotonic sequence is convergent. 

3. (a) See (4) in Section 11.2. 

oo ^ 

(b) The p-series JZ — is convergent if p > 1. 

n= 1 ttT 

4. If JZ = 3, then lim a n = 0 and lim s n = 3. 

n—>oo n —>oo 

5. (a) Test for Divergence: If lim a„ does not exist or if lim a n f 0, then the series 5Z^i a « i s divergent. 

(b) Integral Test: Suppose / is a continuous, positive, decreasing function on [1, oo) and let o„ = /(n). Then the series 
£“ = i a n is convergent if and only if the improper integral f f(x) dx is convergent. In other words: 

(i) If /j 00 f(x) dx is convergent, then JZZli i s convergent. 

(ii) If /j 00 f(x) dx is divergent, then JZS^Li is divergent. 

(c) Comparison Test: Suppose that JZ On and JZ bn are series with positive terns. 

(i) If ^Z b n is convergent and a n < b„ for all n, then JZ ®n is also convergent. 

(ii) If ^Z b n is divergent and o„ > b n for all n, then ^Z a n is also divergent. 

(d) Limit Comparison Test: Suppose that JZ °n and JZ bn are series with positive terns. If lim ( a n /b n ) = c, where c is a 
finite number and c > 0, then either both series converge or both diverge. 

(e) Alternating Series Test: If the alternating series 5Z^=i(~ ^) nl b n = bi — 62 + £>3 — 64 + 65 — be + • • • [6 n > 0] 
satisfies (i) 6 n +i < b n for all n and (ii) lim 6„ = 0, then the series is convergent. 
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(f) Ratio Test: 

CLn+l °° 

(i) If lim —— = L < 1, then the series ^ a„ is absolutely convergent (and therefore convergent). 

n >00 CLfi n=l 


(ii) If lim 11+1 = L > 1 or lim n+1 = 00, then the series is divergent. 

n—>00 a„ n—>oo a n rl= \ 


(iii) If lim n+1 = 1, the Ratio Test is inconclusive; that is, no conclusion can be drawn about the convergence or 

n—>oo a n 


divergence of ^ o„. 


(g) Root Test: 

(i) If lim a/|oJ = L < 1, then the series , a„ is absolutely convergent (and therefore convergent). 

n — >00 v 

(ii) If lim tV|a n | = L > 1 or lim iy|o„| = 00, then the series a n is divergent. 

n —>00 n— >00 J " 

(iii) If lim tV|a n | = 1, the Root Test is inconclusive. 

n — >00 


6. (a) A series is called absolutely convergent if the series of absolute values ^ \a n \ is convergent. 

(b) If a series ^2 a n is absolutely convergent, then it is convergent. 

(c) A series is called conditionally convergent if it is convergent but not absolutely convergent. 


7. (a) Use (3) in Section 11.3. 

(b) See Example 5 in Section 11.4. 

(c) By adding terns until you reach the desired accuracy given by the Alternating Series Estimation Theorem. 

OO 

8 . (a) J2 c n(x- a) n 

n= 0 

00 

(b) Given the power series °n( x ~ °)”> ti le radius of convergence is: 

n= 0 

(i) 0 if the series converges only when x = a 

(ii) 00 if the series converges for all x, or 

(iii) a positive number R such that the series converges if \x — o| < R and diverges if \x — a| > R. 

(c) The interval of convergence of a power series is the interval that consists of all values of x for which the series converges. 
Corresponding to the cases in part (b), the interval of convergence is: (i) the single point {a}, (ii) all real numbers, that is, 
the real number line (—00, 00), or (iii) an interval with endpoints a — R and a + R which can contain neither, either, or 
both of the endpoints. In this case, we must test the series for convergence at each endpoint to determine the interval of 
convergence. 

9. (a), (b) See Theorem 11.9.2. 

10. (a)T„(®)= E L -^ 1 (x-ay 

i =0 l - 



n 
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oo f(n)( 0 ) 

(c) : - r 2 x " t a = 0 in part (b)] 

n=o n. 

(d) See Theorem 11.10.8. 

(e) See Taylor’s Inequality (11.10.9). 

11. (a)-(f) See Table 1 on page 786. 

12. See the binomial series (11.10.17) for the expansion. The radius of convergence for the binomial series is 1. 

TRUE-FALSE QUIZ 

1. False. See Note 2 after Theorem 11.2.6. 

3. True. If lim a n = L, then asd-* oo, 2n + 1 —> oo, so a 2 «+i —* L. 

n—>oo 

5. False. For example, take c n = (—l) rl /(?i6"). 

7. False, since lim = li m - 1 —- . — = li m —--^ = li m ---^ = 1. 

n^oo a n n^oo (n + l) 3 1 oo (n, 1) ^ l/n 6 (1 + 1 /Uf 

9. False. See the note after Example 2 in Section 11.4. 

11. True. See (9) in Section 11.1. 

f'"( n) l 

13. True. By Theorem 11.10.5 the coefficient of x 3 is = _ => /"'(0) = 2. 

Or: Use Theorem 11.9.2 to differentiate / three times. 

15. False. For example, let a„ = b n = (—1)". Then {a n } and {&„ } are divergent, but a n b n = 1, so {a„b„} is convergent. 

17. True by Theorem 11.6.3. [J](—1)" a n is absolutely convergent and hence convergent.] 

o° no 

19. True. 0.99999... = 0.9 + O.g(O.l) 1 + 0.9(0.1) 2 + 0.9(0.1) 3 + ■ • • = J2 (O.gJLO.l) 11 ^ 1 = ' = 1 by the formula 

ra=1 1 ^ 0-1 

for the sum of a geometric series [5 = ai/(l — r)] with ratio r satisfying |r| < 1. 

21. True. A finite number of terns doesn’t affect convergence or divergence of a series. 

EXERCISES 


1 . 


f 2 + n 3 
\ 1 + 2n 3 


.. 2 + n 3 

converges since lim -— -r 

6 n—.oo 1 + 2n 3 


lim 

n —>00 


2/n 3 + 1 
1/n 3 + 2 


1 

2 ' 


3. lim a n = lim -- = lim ——-- = cxd, so the sequence diverges. 

n — >oo n—>o o 1 -J- fl^ n—►oo 1 fl* ~h 1 
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5. laj = 


n 2 + 1 


< —-- < —, so I an I —> 0 as n —> oo. Thus, lim a„ = 0. The sequence ia„} is convergent. 

n 2 + 1 n n .—*oo 


7. < 1 H- > is convergent. Let y = 1 H— . Then 


lim lny = lim Ax ln(l + 3/x) = lim ln ^,t. 3 ^ = lim 1 + ^ V * 2 


1/(4*) 


= lim 


12 


oo —l/(4a: 2 ) x —>oo 1 + 3/a; 


= 12,so 


x —>oo n—>oo 


lim y = lim ( 1 H— ) = e 


9. We use induction, hypothesizing that a n - 1 < a n < 2. Note first that 1 < 02 = § (1 + 4) = | < 2, so the hypothesis holds 
for n = 2. Now assume that a,k -1 < a,k < 2. Then a,k = |(afc_i + 4) < 4( afc + 4) < 1 (2 + 4) = 2. So at < a,k +1 < 2, 
and the induction is complete. To find the limit of the sequence, we note that L = lim a n = lim a n + 1 
L = |(L + 4) => L = 2. 


n —>00 n —>00 


Tl 71 1 00 00 | 

11. —-- < — = —, so 3 converges by the Comparison Test with the convergent p-series )T) — [p = 2 > 1], 

77 | 1 77 71 / n= ^ 71 / | 1 jj—^ 71 / 


13. lim 

dn-\-1 

= lim 

n —>00 

&n 

71—>00 


(n + l) 3 5^ 

n 3 


5" +1 


ll OO yjO 

= lim ( 1 + — ) • — = —< 1, so Y) — converges by the Ratio Test. 

~ n) 5 5 „.i5" 


15. Let f[x) = 


■ Vina; 


Then / is continuous, positive, and decreasing on [2, 00 ), so the Integral Test applies. 


I f(x)dx = lim / - dx \u = \nx,du = - dx\ = lim / 

J 2 2 a; Vina: 1 x 2 *-><*> J in 


= lim 

t 


Vina: 

im /2 \/lnt — 2 Vln 2 ) = 00 , 

—>00 V 


u 1 ^ 2 du = lim 

t —>00 


2 Vu 


In t 
In 2 


so the series Y 


: Vlnn 


diverges. 


17. |a,J — 


cos 3 n 


1 + ( 1 . 2 )” 


< 


1 + ( 1 . 2 )™ ( 1 . 2 )" 


< = ( - ) , so |a n | converges by comparison with the convergent geometric 


series Y (f)" [r = § < l]. It follows that Y o n converges (by Theorem 3 in Section 11.6). 

71=1 71 = 1 

1-3-5 .(2n — l)(2n + 1) 5 n n! 


19. lim 

n —>00 


&n+l 


dn 


= lim 

n —f 00 


5 n+1 (n + 1)! 


2n + l 2 

= hm ——— 7 t = - < 1, so the series 


1-3-5.(2 n - 1) n—*oc 5(11 + 1) 5 


converges by the Ratio Test. 

\fn 


21 . b n = 


„ > 0, {&„} is decreasing, and lim b n = 0, so the series Y (—l) n -- 

n +1 71^00 /r'j n +1 


converges by the Alternating 


Series Test. 
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23. Consider the series of absolute values: n ~ X 3 is a /’-series with p = | < 1 and is therefore divergent. But if we apply the 

n=1 

j oo 

Alternating Series Test, we see that 6„ = —= > 0, {6,, } is decreasing, and lim b n = 0, so the series (— l)’ 1-1 n -1 ^ 3 

\/n „=1 


converges. Thus, ^ (— 1)™ 1 n 1 ^ 3 is conditionally convergent. 

n =1 


Ojn-\- 1 


(—l)” +1 (n + 2)3" +1 2 2 ” +1 

_ n + 2 3 _ 1 + (2/n) 3 3 

dn 


2 2,l + 3 (—l) n (n + 1)3” 

n + 1 4 1 + (1/n) 4^4 


< 1 as n —+ oo, so by the Ratio 


Test, ^ ^ ' s absolutely convergent. 

n= 1 ^ 


~ (-3)”- 1 = ~ (-3)"- 1 = - (—3) 71 " 1 = 1 “ (-3)"- 1 = 1 » (_ 3V -1 = 1 ( 1 

' „=i 23” n £ (2 3 )" n £ 8” 8„ti 8” _1 8 n tH 8y< 8 \ 1 — (—3/8) 


1 _8_ _ J_ 
8 ' 11 _ 11 


29. ^2 [tan 1 (n + 1) — tan 1 n] = lim s n 

n =1 n ^°° 


= lim [(tan 1 2 — tan 1 1) + (tan 1 3 — tan 1 2) + • • • + (tan (n + 1) — tan 1 n) 

n —>oo 


lim [tan 1 (n + 1) — tan 1 1] = f — f = 4 


3 4 oo oo / p \ n oo 

31 - i-e+lr-fr + Sr-- ^ = E ££- =e " e since ^ = £ £forallx. 

Z. O. 4. 71=0 71=0 71=0 


„„ , 1/ , 1 / “ x n “ (-x) n 


1 f / x 2 a: 3 a: 4 \ / a: 2 a; 3 x 4 \ 

- + 2! + 3! 4! ') ( 2! + 4! ~'"J 

1 / X 2 X 4 \ 1 2 “ X 2 ” 1 2 x- 

~ 2( 2 + 2 '¥ +2 ' 4! + '"j - 1+ 2 X + £ (2^)! “ 1 + 2* 


°° (-l) n+1 111 1 1 1 1 

' £ n 5 32 + 243 1024 + 3125 7776 + 16,807 32,768 + "'' 

11 °° f-l')" +1 7 f-l')” +1 

SlllCe 68 = 8^ = 32J68 < ° 000031 ’ £ " °- 972L 

oo 1 8 1 1 1 

37. V - « y - « 0.18976224. To estimate the error, note that - < — , so the remainder term is 

2 + 5” „4i 2 + 5” 2 + 5” 5” 


oo 1 oo 1 1/5 9 

#8 = £ o , rn < £ TT = T-77H = 6 - 4 x 1(r 7 [geometric series with a = ^ and r = ±] 

71=9 Z I o 71=9 O L — I/O 
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39. Use the Limit Comparison Test, lim 

n —kx 

Since ^ | a„ | is convergent, so is JZ I 


'n + l'i 


n + 1 


= lim = ii m (i + I ) = i > o. 

n—►oo 71 n—> oo V 71 


, by the Limit Comparison Test. 


41 . lim 

n—>oo 


&71+1 


|* + 2|" +1 n4 n 


n * + 2’ 

|* + 2| 

&n 

— Iim 

71—>00 

(n +1)4 ,J + 1 |* + 2| n 

Iim 

71—>00 

n + 1 4 

4 


-1=> \x + 2| < 4, so R = 4. 


OO I 2) n 

lir + 21 < 4 —4 < a: + 2 < 4 -1=> — 6 < x < 2. If a; = —6, then the series V —-— becomes 

11 n=i n4 n 

OO (_^\ n oo /_2) n 

^2 - — -j— — ^2 -——, the alternating harmonic series, which converges by the Alternating Series Test. When x = 2, the 

n=1 n=l ^ 

00 1 

series becomes the harmonic series ^ , which diverges. Thus, I = [—6,2). 

71=1 ^ 


43. lim 

&71 + 1 

= lim 

71—>00 

CLn 

71—»00 


2 n+1 (x — 3) n+1 V^+~3 


Vn + 4 2 n (x - 3) r 


= 2 |x — 3| lim 


n + 3 
n + 4 


= 2|x-3|<l <S> |*-3|<i, 


so J? = |. |x — 3| < i -*=>■ — i < x — 3 < i -1=> | < a; < For x = the series JZ 


2"(x-3)" 
l \At + 3 


becomes 


][ oo 2 00 (_ \) r ‘ 

JZ ; ^ o = 5Z 1/2 ’ which diverges [p = | < l], but for * = we get ^Z = , which is a convergent 


=o \/n+"3 n= 3 ™ 1/2 

alternating series, so I = [§, |). 


=o Vn + 3 


45. 


n 

/ (n) (*) 

/ (n) (f) 

0 

sinx 

1 

2 

1 

cosx 

V3 

2 

2 

— sinx 

1 

2 

3 

— cosx 

V3 

2 

4 

sinx 

1 

2 


sinx - /(|) + /'(§) (x - f) + - 




7r \ 2 

i) + ^f i|a! -- 1 + 


4 

T7) +•• 






(-SK(*-I)‘ 


+ ' 


°° 1 / 7r \2 ti a/T OO 1 / 

S ( - ir w(*-«) + T£, ( - 1 ) ’ 5ETIil( 1 


7 f \2n+l 

lx -e) 


1 1 oo oo 

47 - TT7 = 7— (ZZ) = £ (-*)" = E (- 1 )"*" for 1*1 < 1 

-*■ “r -*■ V •*'/ 7i=0 7i=0 


A— = e (-ir^ +2 withfi=i. 

1 r x 71 = 0 
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49. [ —-— dx = — ln(4 — x) + C and 
J 4-x 

f 1 , 1 I" 1 , 1 [ °° /x\" , 1 f .22, x” 1“ x" +1 _ „ 

/ 1- dx = - / -j- dx = - J2 (t) dx = - Y ~r~ dx = - J2 -TT + ^• So 

J 4-x 4] l-i/4 4J ^ 0 \4J 4 J n ^ 0 4" 4 ^ 4"(n + 1) 

1 OO /v. n + l OO /v» n +l oo ,v> n 

ln(4 ~ X) = ~4g 0 4^TI) +C = -g 0 4^(n+l) +C = -g 1 ^ +C - PUttinga: = 0 ’ WegetC = In4 

°° 3 ^ 

Thus, /(x) = ln(4 — x) = In 4 — J] . The series converges for |x/4| <1 |x| < 4, so f? = 4. 

71= 1 

Another solution: 

ln(4 — x) = ln[4(l — x/4)] = ln4 + ln(l — x/4) = In 4 + ln[l + (—x/4)] 

OO ( rp /A\ n OO rf. n OO rp n 

= In 4 + V(-l)" + U ' ’ [from Table 1] =ln4+ Y (-l) 2n+1 — = In 4 - V —. 

n=i n „=i n4" „=r n4" 

EH . «(-irx 2ii+i ^ , 4 , »(-ir(x 4 ) 2 " +i -(-irx 8 " +4 f „ it f 

|=o (2n +1)! v ' £o (2n+l)! (2n+l)! 

convergence is 00 . 


53. /(x) = 


1 = _ 1 = ___ = I [l_Lj;') 1 / 4 

/I6^i ^16(1 -x/16) ^16(1- -Lx) 1/4 21 16 ^ 


= 1 [1 , (_!• v_ M 1 (-D(-I) f , (-1) (-!)(-!) / xy , 

2 \ AJ \ 16J 2! I 16/ 3! I 16/ 


= 1 - 1 - 5-9 . (4 n - 3) 1 “ 1 - 5-9 .(4n - 3) 

2 ^ 2 ■ 4" ■ n\ ■ 16" 2 „4i 2 6 "+! n! 


for — — <1 \x\ < 16, so R = 16. 

16 
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(c) |i ?3 (x)| < — |ie — 1| 4 , where |/^ 4) (a;) < M with 
f^\x) = — i|x -7 / 2 . Now 0.9 < x < 1.1 =>■ 

-0.1 < x- 1 < 0.1 => (x — l) 4 < (O.l) 4 , 

15 

and letting x = 0.9 gives M = 16 ^ Q 9 ) 7 / 2 ’ so 

1^)1 - 16(0.9) 7 / 2 4 ! ( °- 1)4 ^ °- 000005 648 

« 0.000 006 = 6 x 10~ 6 

From the graph of | R 3 (x) | = | y/x — T 3 (x) |, it appears that 
the error is less than 5 x 10 ~ 6 on [0.9,1.1], 


oo 2n+l 3 5 7 3 5 7 

_ _ . r-^ / -1 \Tt w it/ it/ . it/ it/ it/ . 

59 SmX = S 0 { - 1} WTTy. = X -3\ + 5! - 7! +---,s° sm *- a : = - ¥ + ^ ^ + • • • and 


1 x x sini-i / 1 x x 

= - - H----H-. Thus, lim--- = hm-1-h • 

3! 5! 7! *-*o x 3 V 6 120 5040 


61- f(x ) = J2 CriX™ => f(~ X ) = E Cn{~x) n = E (-1 ) n C n X n 

n= 0 n= 0 n= 0 

oo oo 

(a) If / is an odd function, then f{—x) = —f{x) =>■ Y1 {—^) n c n x n = —c n x n . The coefficients of any power series 

n=0 n= 0 

are uniquely determined (by Theorem 11.10.5), so (—l) n c n = —c„. 

If n is even, then (—l) n = 1, so c„ = — c n => 2c n = 0 =>• c n = 0. Thus, all even coefficients are 0, that is, 

Co = C 2 = C4 = • • • = 0. 


(b) If / is even, then /(-*) = f(x) => J2 (-1)™ c n x n = J2 c n x n => (-1)" c n = c n 

n =0 n=0 


If n is odd, then (— 1)" = — 1, so — c n = c n =>■ 2c n = 0 =>■ c n = 0. Thus, all odd coefficients are 0, 
that is, ci = C 3 = C 5 = • • • = 0 . 
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1. It would be far too much work to compute 15 derivatives of /. The key idea is to remember that f^ n \ 0) occurs in the 

x 3 x 5 

coefficient of x n in the Maclaurin series of /. We start with the Maclaurin series for sin: sin x = x - r H-:— ■■■ 

3! 5! 

x 9 x 15 . / ( 15 ) ( 0 ) 1 

Then sin(x 3 ) = x 3 -H——-- • •, and so the coefficient of x 15 is -/— = —. Therefore, 

3! 5! 15! 5! 

1 5 ^ 

f <15) ( 0) = — = 6 • 7 • 8 • 9 ■ 10 • 11 • 12 • 13 • 14 ■ 15 = 10,897,286,400. 

. , . t, t, , , „ . , ^ , ,, „ 2 tan 9 1 — tan 2 9 

3. (a) from Formula 14a 111 Appendix D, with x = y = 9, we get tan 29 = -——5-^ , so cot 29 = 


1 — tan 2 9' 


2 tan 6 


2 cot 29 = -— ^ an = cot 9 — tan 9. Replacing 9 by lx, we get 2 cot x = cot lx — tan lx, or 

tan 9 F 6 J 2 6 2 2 

tan lx — cot lx — 2 cot x. 


35 35 35 35 ^ ^ 

(b) From part (a) with- 7 - in place of x, tan — = cot —-2 cot- 7 , so the nth partial sum of V' — tan — is 

v 7 r - \ / 2^-1 1 2 n 2 n 2 n_1 1 ^ 2 n 2 n 

tan(x/2) + tan(x/4) ^ tan(x/ 8 ) ^ ^ tan(x/2 n ) 


[ COt(x/2) cotxl 

+ 

cot(x/4) cot(x/2) 

+ 

cot(x/ 8 ) cot(x/4) 

2 


4 2 


8 4 


+ 


ot(x/ 2 " 


ot(x/ 2 ri 


Now 


2 n 2" _1 
cot(x/ 2 ") _ cos(x/ 2 n ) _ cos(x/ 2 n ) x/ 2 ™ 


+ ■ 


cot(x/ 2 ™) 

= — cot x H- 7-2 -- [telescoping sumj 


i-l = iasn—»oo since x/ 2 n —* 0 
x x 


2 » 2 ™sin(x/ 2 n ) x sin(x/ 2 n ' 

for i^O. Therefore, if x 7 ^ 0 and x 7 ^ fc 7 r where k is any integer, then 

“lx.. .. / j. 

> —— tan — = hm s„ = iim — cot x + — cot — = — cot x H— 

n= l 2 n 2 n n—>oo n —aoo y 2 n ^ n ™ 

If x = 0, then all tenns in the series are 0, so the sum is 0. 

5. (a) At each stage, each side is replaced by four shorter sides, each of length 
| of the side length at the preceding stage. Writing s 0 and to for the 
number of sides and the length of the side of the initial triangle, we 
generate the table at right. In general, we have s n = 3 • 4 n and 
f„=(l) n ,so the length of the perimeter at the nth stage of construction 
is P n = Snln = 3 • 4” • (|)" = 3 • (D". 


so = 3 

t 0 = 1 

si =3-4 

ti = 1/3 

s 2 = 3 • 4 2 

ti = 1/3 2 

s 3 = 3 • 4 3 

4 = 1/3 3 


(b) p n = 


= 4 


. Since f > 1, p n —>■ oo as n —* oo. 


(c) The area of each of the small triangles added at a given stage is one-ninth of the area of the triangle added at the preceding 
stage. Let a be the area of the original triangle. Then the area a„ of each of the small triangles added at stage n is 


541 
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a n = a ■ — = —. Since a small triangle is added to each side at every stage, it follows that the total area A„ added to the 

a 4" -1 

figure at the nth stage is A n = s n -i • a n = 3 • 4 n ■ — = a ■ — -— 7. Then the total area enclosed by the snowflake 

071 2^71 1 

1 4 4 2 4 3 

curve isA = a + A 1 + A 2 + A 3 + -- -= a + a- —I -a-—^+a-—^+a-—=+••■. After the first term, this is a 

3 S - 5 3 5 3 7 

. 4 . a/3 a 9 8a _ . . , ... 

geometric senes with common ratio -, so A = a + 4 = a + — • - = —. But the area ot the original equilateral 


1 _ ± 
1 9 


3 5 


. 1 ., 1 . 7r \/3 , .8 \/3 2 \/3 

triangle with side 1 is a = — ■ 1 ■ sm — = —. So the area enclosed by the snowflake curve is - ■ — = -. 

234 545 


7. (a) Let a = arctan® and b = arctan y. Then, from Fonnula 14b in Appendix D, 

tan a — tan b tan(arctan x) — tan(arctan y) x — y 


tan(a — b) = 


1 + tan a tan b 1 + tan(arctan x) tan(arctan y) 1 + xy 


x — V 

Now arctana: — arctan ?/ = a — b = arctan(tan(a — b)) = arctan tj—— j—-— since —^ < a — b < 


(b) From part (a) we have 


120 _1_ 28.561 

arctan 432 — arctan = arctan — 119 i 20 239 i = arc tan 28-441 

4 ~F no ' 000 


28.561 = arCtan 1 = f 


x “l - y 

(c) Replacing y by —y in the formula of part (a), we get arctan x + arctan y = arctan 7 -. So 


1 - xy 


I + I 


4 arctan 5 = 2(arctan ^ + arctan -|) = 2 arctan —-— ] 5 | = 2 arctan = arctan ^ + arctan 

1 7 * 7 


= arctan - 


A 4_L 

19 ~ 19 


1 - 


5 5 = arctan nt 


Thus, from part (b), we have 4 arctan | — arctan = arctan -jA — arctan = 1 


X 3 rj^ X H 

(d) From Example 7 in Section 11.9 we have arctan x — x -— + —-— + —-— + • 

6 5 7 9 11 


111111 1 

arctan - - - - + 9 T 59 “ 11 • 5 11 


+ • 


This is an alternating series and the size of the tenns decreases to 0, so by the Alternating Series Estimation Theorem, 
the sum lies between S 5 and S 6 , that is, 0.197395560 < arctan | < 0.197395562. 


. . 11 1 1 
(e) From the series 111 part (d) we get arctan —- = —- — o + 


239 239 3-239 s 5 • 239 5 

2.6 x 10- 13 , so by the Alternating Series Estimation Theorem, we have, to nine decimal places, 
arctan ^ ss s 2 « 0.004184076. Thus, 0.004184075 < arctan ^ < 0.004184077. 

(f) From part (c) we have n = 16 arctan \ — 4 arctan so from parts (d) and (e) we have 
16(0.197395560) - 4(0.004184077) < tt < 16(0.197395562) - 4(0.004184075) => 
3.141592652 < tt < 3.141592692. So, to 7 decimal places, tt « 3.1415927. 


The third tenn is less than 
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9. We start with the geometric series x n = -, \x\ < 1, and differentiate: 

71=0 1 


OO A f oo 

E nx"- 1 = x ( E ) = 


dx Vn=o” 
for |a;| < 1. Differentiate again: 

OO 

£ n 2 * 11 " 1 = 


d 


dx \ 1 — x J (1 — *)• 


for 1*1 < 1 


E nx n = *E«i" 1 = 77 _ x 2 

n=l n=l V •*'/ 


2 „n-i _ d x (l-x) 2 -x- 2(1 -*)(-!) * + l ^ ^ „ 2 „n * + * 


d * (1 — *) 2 
2 


(1 - *)4 

\3/o™ i 1 


,, \ 3 =>■ E n 2 * n =. , 3 

( l -*) 3 , i=i ( l -*) 3 


3 ^ n -i _ d 3E + x _ (1 — xy(2x + 1) — ( x 2 + a;)3(l — x) 2 (— 1) _ ar + 4x + 1 


=*(!-«)» 


“ 3 „ * 3 + 4* + * 


(1 — *) 6 (1 — *) 4 

, |*| < 1. The radius of convergence is 1 because that is the radius of convergence for the 


geometric series we started with. If * = ±1, the series is J] n 3 (±l) n , which diverges by the Test For Divergence, so the 
interval of convergence is (—1,1). 


11 . In 1 - 


= In 


n 2 — 1 


= In ( n+1 )( n !) = ln [( n + i)( n _ i)] _ i nn 2 


= ln(n + 1) + ln(n — 1) — 2 In n = ln(n — 1) — In n — In n + ln(n + 1) 

, n — 1 r , , , ,,, , n — 1 , n 

= in-[mix — In(n + 1)J = In-In 


Let Sk = E l n 1-o = E ln -- In 


n — 1 


n + 1 


Sfc = In - - In - + In - - In - H-h In 


k - 1 


n+ 1 

for k >2. Then 
k 


— In ■ 


k+ 1 


l 1 l k 

= in-In --, so 

2 k + 1 


^2 In ( 1-^ ) = lim s k = lim (ln - - ln 


k — >oo k — »oo 


k 


k + 1 


1 


= ln-ln 1 = ln 1 — ln 2 — ln 1 = — ln 2. 

2 


13. (a) 



The .r-intercepts of the curve occur where sin * = 0 4=> * = nn, 

n an integer. So using the formula for disks (and either a CAS or 
40 sin 2 * = | (1 — cos 2*) and Formula 99 to evaluate the integral), 
the volume of the nth bead is 

V„ = 7r fy_ !)„ (e -x / 10 sin*) 2 dx = n ^ e~ x ^ sin 2 * dx 

_ 250-7T ^ — (71—1)7t/ 5 g —717 t/5^ 

(b) The total volume is 

00 00 

7 r/ 0 °° e~ x/5 sin 2 xdx = EK = |fE [ e -(«-i)*/6 _ e -W5] = 250 zl [telescopillg sum] . 

71 = 1 71=1 

OO 

Another method: If the volume in part (a) has been written as V„ = (e 71 ^ 5 — 1), then we recognize ^ V), 

71 = 1 

as a geometric series with a = xf-(l — e _7r,/5 ) and r = . 
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15. If L is the length of a side of the equilateral triangle, then the area is 2 l = |L ■ ^-L = L 2 and so L 2 = -^= A. 

Let r be the radius of one of the circles. When there are n rows of circles, the figure shows that 

L = 73 r + r + (n — 2)(2r) + r + -\/3 r = r(2n — 2 + 2 73), so r = ^ 


2(?7 + T3- 1)' 

-|- \ ) 

The number of circles isl + 2 + -- -+ n = -——-, and so the total area of the circles is 


. 77(77 + 1 ) 9 77(77 + 1 ) 

A n = — ——- 7 T r 2 = —- ix 


2 2 4(n + 73 — l ) 2 

77(77 + 1 ) 4A/t/ 3 n(n + 1 ) txA 


A n 


2 4(n + \/3— l ) 2 (n + 73 — l ) 2 2 \/3 

77(77 + 1 ) 7 t 


^ (n + 73 — l ) 2 2 n/3 

1 + I/77 7 r 


[l + (73 — l) /n ] 2 2 73 2^3 


as n —► oo 



17. As in Section 11.9 we have to integrate the function x x by integrating series. Writing x x = (e lnx ) x = e x nx and using the 

o° (VItitI 71 00 r n (ln 

Maclaurin series for e x , we have x x = (e lnx ) x = e xInx = J2 - r^~ = E —T 2 — ■ As with power series, we can 


integrate this series term-by-term: / x x dx = *22 

Jo n=oJo 


x n {\nx) n , £2, 1 


dx = ^2 — / x n (In x) n dx. We integrate by parts 

n=0 JO 


with u = (lnx) n , dv = x n dx, so du = 


n( Inx)™- 1 7 J x n+1 
- dx and v = 


x n (kix) n dx = lim / x n (lnx) n dx = lim 


t—>o+ 


t-> o+ 


x 


n + 1 

n+1 


71 + 1 


(lnx) 


— lim / 

t^o+ J t n + 1 


n a; n (lna:) ,I ~ 1 dx 


C x n (\nx) n ~ 1 dx 

n + 1 7o 


(where THospital’s Rule was used to help evaluate the first limit). Further integration by parts gives 
J x n (\nx) k dx = -qpy J x n (\nx) k ~ 1 dx and, combining these steps, we get 


x n (\nx) n dx = 


i r 1 


(~l) n n\ 

{n + 1)" Jo 


x n dx = 


(~l) ra n! 

(77 4- 1)" +1 


OO 1 r 1 OO 1 oo t — 1) 

* X dx= E £ / * n (ln.T) n da: = E WJx = E ( J 

n=0 Jg 


= E 


(-ir 


19. By Table 1 in Section 11.10, tan 1 x = ^ (—1) 


=o n\ (n + l ) 7 ^ 1 n=o (n + l ) n+1 n =i n" 

d ^. 2 n+l 


^ v -/ o —7 f° r 1*1 < 1 - I 11 particular, for x = we 
ji—o 271 + 1 v3 


have - = tan 1 — = £ (-1) 


E 


,V3 
(- 1 ) 


(1/V3) 


2n+l 


= E(-i) n U 


2n + 1 n _o \ 3 J 2n + 1 


1 1 


so 


73 „=0 (277 + l ) 3 r 


= 2 ^E J ^L -^^+E ( ir 


.=0 (271. + 1)3" 


(2?7 + 1)3" 


E 


(-i) r 


1 (2n + 1)3" 2 73 


- 1 . 
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•JC X 2 X 8 X 4 

21. Let f(x) denote the left-hand side of the equation 1 + — + — + — + L—H— • = 0. If a: > 0, then f(x) > 1 and there are 

21 4! o! o! 

x 2 x 4 x 6 x 8 

no solutions of the equation. Note that /(—a: 2 ) = 1 — + —— — + — — •• ■ = cos x. The solutions of cos x = 0 for 

21 4! o! 8! 

7T .... / 7f \ 2 

x < 0 are given by x = — — tv k, where k is a positive integer. Thus, the solutions of f(x) = 0 are x = — ^ — — irkj , where 
k is a positive integer. 

23. Call the series S. We group the terms according to the number of digits in their denominators: 

s = (i + i H -bf + |) + (n T-1-^) + (npH-b ok) -i 


Now in the group g n , since we have 9 choices for each of the n digits in the denominator, there are 9" terms. 
Furthermore, each tern in g n is less than 10 [except for the first tern in gi]. So g„ < 9" • 10 i_i = 9(^)” 1 . 

Now 52 9(^j)" is a geometric series with a = 9 and r = yjj < 1. Therefore, by the Comparison Test, 


5= £s™< E9(^) ,l - 1 = T 3f 7 io=90. 


n=1 n=1 


r 3 r e 9 4 7 10 2 5 8 

25. u = 1 + ¥ + ¥ + ¥ + --,u = a; +- + - + w + "., = - + - + 

Use the Ratio Test to show that the series for u, v, and w have positive radii of convergence (oo in each case), so 
Theorem 11.9.2 applies, and hence, we may differentiate each of these series: 

du 3x 2 6x 5 9x 8 x 2 x 5 x 8 

^-^r + "6r + ^r + "'-2! + 5! + w + "'- w 

.. dv x 3 x 6 x 9 , dw x 4 x 7 x 10 

Stmtiariy,-= ! + - + - + - + "•=«,and-=.x+- + - + — +". = u. 

So u' = w, v' = u, and w' = v. Now differentiate the left-hand side of the desired equation: 


— (u 3 + v 3 + w 3 — 3 uvw) = 3 u 2 v! + 3v 2 v' + 3w 2 w' — 3{u'vw + uv'w + uvw') 
= 3 u 2 w + 3v 2 u + 3u! 2 n — 3 (vw 2 + u 2 w + uv 2 ) = 0 


u 3 +v 3 + w 3 ~ 3uvw = C. To find the value of the constant C, we put x = 0 in the last equation and get 
l 3 + 0 3 + 0 3 — 3(1 • 0 • 0) = (7 =>■ C = 1, so u 3 + u 3 +w 3 — 3uvw = 1. 




□ APPENDIXES 

A Numbers, Inequalities, and Absolute Values 


1. |5 — 23| = |—18| = 18 
3. | — 7 r| = tv because n > 0. 

5. | ^5 — 51 = — (\/5 — 5) = 5 — \/5 because \/E — 5 < 0 . 

7. If x < 2, x — 2 < 0, so |x — 2| = — (x — 2) = 2 — x. 

(* + 1 ifx + l >0 f x + 1 ifx >—1 

9. |x + 1| = < = < 

( —(x + 1 ) ifx + l <0 ( — x — 1 ifx <—1 

11. \x 2 + l| = x 2 + 1 [since x 2 + 1 > 0 for all x], 

13. 2x + 7 > 3 2x > —4 x > —2, so x € (—2, oo). 

15. 1 — x < 2 —x <1 x > —1, so x 6 [—1, oo). 

17. 2x + 1 < 5x — 8 4^ 9 < 3x 44 3 < x, so x € (3, oo). 

19. -l<2x-5<7 44 4 < 2x < 12 44 2 < x < 6 , so x € (2, 6 ). 

21. 0<1 — x<l 44 —1 < —x < 0 44 1 > x > 0, so x € (0,1], 

23. 4x < 2x + 1 < 3x + 2. So 4x < 2x + 1 44 2x < 1 44 x < and 

2x + 1 < 3x + 2 44 — 1 < x. Thus, x € [— 1, |). 


-2 

0 


-1 

0 


3 

2 


6 

0 1 


-1 I 
2 


25. (x- l)(x- 2) > 0. 

Case 1: (both factors are positive, so their product is positive) x — 1 > 0 44 x > 1, 
and x — 2 > 0 44 x > 2, so x € (2, oo). 

Case 2: (both factors are negative, so their product is positive) x — 1 < 0 44 x < 1, 

and x — 2 < 0 44 x < 2, so x € (—oo, 1). 

Thus, the solution set is (— oo, 1) U (2, oo). 


27. 2x 2 + x < 1 44 2x 2 + x — 1 < 0 44 (2x - 1) (x + 1) < 0. 

Case 1: 2x — 1 > 0 44 x > |, and x + l<0 44 x < — 1, 

which is an impossible combination. 

Case 2: 2x — 1 < 0 44 x < and x + 1 > 0 44 x > — 1, so x € [—1, |]. _ 1 

-1 i 

Thus, the solution set is [—1, |]. 2 


547 
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29. x 2 + x + 1 > 0 4=> x 2 + x+j + j>0 4=> (x+|) _ ' + |>0. But since 

(x + |) 2 > 0 for every real x, the original inequality will be true for all real x as well. 

Thus, the solution set is (—oo, oo). 

31. x 2 < 3 4=> x 2 - 3 < 0 4=> (x — \/3) (x + \/3) < 0. 

Case 1: x > \/3 and x < — \/3, which is impossible. 

Case 2: x < -\/3 and x > — \/3. 

Thus, the solution set is (— \/3, \/3). 2" - 1 - *2 

~ v 3 0 \J3 

Another method: x 2 < 3 4=> |x| < \/3 — \/3 < x < \/3. 

33. x 3 — x 2 < 0 4=> x 2 (x — 1) < 0. Since x 2 > 0 for all x, the inequality is satisfied when x — 1 < 0 <=> x < 1. 

Thus, the solution set is (—oo, 1], 0 t 

35. x 3 > x 4=> x 3 — x > 0 4=> x(x 2 — l) > 0 4=> x(x — l)(x + 1) > 0. Construct a chart: 


Interval 

X 

x — 1 

X + 1 

x(x — l)(x + 1) 

x < —1 

- 

- 

- 

- 

—1 < x < 0 

- 

- 

+ 

+ 

0 < x < 1 

+ 

- 

+ 

- 

x > 1 

+ 

+ 

+ 

+ 


Since x 3 > x when the last column is positive, the solution set is (—1,0) U (1, oo). ® c ' *" 

37. 1/x < 4. This is clearly true for x < 0. So suppose x > 0. then 1/x < 4 4=> 

1 < 4x 4=> j < x. Thus, the solution set is (— oo, 0) U (j, oo). 0 I 

39. C = §(F- 32) => F = §C + 32. So 50 < F < 95 =>• 50 < f C + 32 < 95 =>• 18 < §(7 < 63 => 

10 < C < 35. So the interval is [10, 35], 

41 . (a) Let T represent the temperature in degrees Celsius and h the height in km. T = 20 when h = 0 and T decreases by 10°C 
for every km (1°C for each 100-m rise). Thus, T = 20 — 10 h when 0 < h < 12. 

(b) From part (a), T = 20 - lOh =>■ 10 h = 20 -T =>• h = 2 - T/10. So 0 < ft <5 => 0 < 2 - T/10 <5 =>■ 

-2 < -T/10 < 3 =» -20 <-T< 30 =» 20 > T > -30 -30 < T < 20. Thus, the range of 

temperatures (in °C) to be expected is [—30, 20], 

43. |2x| = 3 4=> either 2x = 3 or 2x = — 3 4=> x=|orx = —|. 

45. |x + 3| = |2x + 1 4=> either x + 3 = 2x + lorx + 3 = — (2x + 1). In the first case, x = 2, and in the second case, 

x + 3 = —2x — 1 4=> 3x = — 4 4=> x = — |. So the solutions are — | and 2. 


47. By Property 5 of absolute values, |x| < 3 4=> —3 < x < 3, so x € (—3, 3). 




APPENDIX B COORDINATE GEOMETRY AND LINES □ 549 


49. \x — 4| < 1 +> — 1 < x — 4 < 1 +> 3 < x < 5, so x G (3, 5). 

51. I* + 5| > 2 +> * + 5>2orx + 5<— 2 +> x> — 3 or * < —7, so a; € (—oo, —7] U [—3, oo). 

53. |2x-3| < 0.4 +> —0.4 < 2* — 3 < 0.4 +> 2.6 < 2x < 3.4 +> 1.3 < x < 1.7, so x e [1.3,1.7], 

55. 1 < |x| < 4. So either l<*<4orl< —x <4 +> — 1 > x > —4. Thus, x € [—4, —1] U [1,4]. 

„ _ . . . be , . be , 6c + ac ^ be + ac 

57. a(bx — c) > be +> bx — c > — +> 6 * >-f c =- +> * > - ; — 

a a a ab 


59. ax + 6 < c +> ax < c—b +> * > 


c — b 


[since a < 0 ] 


61. \{x + y)-b\ = |(*-2) + (y-3)| < |x - 2| + \y - 3| <0.01 + 0.04 = 0.05 

63. If a < b then a + a < a + b and a + 6 < 6 + 6. So 2a < a + b < 26. Dividing by 2, we get a < | (a + 6) < 6. 

65. |a6| = y/(aS)2 = V^V 2 = Vtf = |a| |6| 

67. If 0 < a < b, then a ■ a < a ■ 6 and a ■ b < b ■ b [using Rule 3 of Inequalities], So a 2 < ab < b 2 and hence a 2 < b 2 . 

69. Observe that the sum, difference and product of two integers is always an integer. Let the rational numbers be represented 

TYl p TTiq pTl 

by r — m/n and s = p/q (where m, n, p and q are integers with n ± 0, q ± 0). Now r s = -1— = -, 

n q nq 

iriq H - pTi 

but mq + pn and nq are both integers, so- = r + s is a rational number by definition. Similarly, 

nq 

m p mq — pn . . , _ „ m p mp, , , , . 

r — s =-= -is a rational number, finally, r ■ s = — ■ - = -but mp and nq are both integers, so 

n q nq n q nq 

= r ■ s is a rational number by definition. 
nq 


B Coordinate Geometry and Lines 


1. Use the distance formula with Pi (* 1 , 3 / 1 ) = (1,1) and + 2 ( 3 : 2 , 3 / 2 ) = (4, 5) to get 

|PiP 2 | = 7(4 - l ) 2 + (5 - l ) 2 = V3 2 + 4 2 = ^25 = 5 

3. The distance from ( 6 , -2) to (-1, 3) is ^-1 - 6) 2 + [3 - (-2 )] 2 = ^(-7 ) 2 + 5 2 = ^74. 

5. The distance from (2, 5) to (4, -7) is ^(4 - 2 ) 2 + (-7 - 5 ) 2 = ^2 2 + (-12 ) 2 = y/148 = 2 y/Tf. 

7. The slope m of the line through P( 1,5) and Q(4,11) is m = ^ = 2. 

_6 _ 3 9 

9. The slope m of the line through P{— 3,3) and Q(— 1, — 6 ) is m = — -—— = — 

— 1 — (—3) 2 

11. Using A(0, 2 ), B(- 3, -1), and C(-4, 3), we have | AC\ = i/(-4 - 0 ) 2 + (3 - 2) 2 = ^/{-4) 2 + l 2 = vTf and 

SC| = yj[— 4 — (—3 )] 2 + [3 — (— l )] 2 = i/(—l ) 2 + 4 2 = \Zl7, so the triangle has two sides of equal length, and is 


isosceles. 
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13. Using A(— 2,9), B( 4,6), C{ 1,0), and D(— 5,3), we have 

\ AB \ = 7(4 -(- 2)] 2 + (6-9) 2 = 76 2 + (-3) 2 = 745 = 7975 = 3 75, 
|BC| = 7(1-4) 2 + (0-6) 2 = 7(-3)2 + (-6)2 = 745 = 7975 = 3 75, 
\ CD \ = 7(-5- l) 2 + (3-0)2 = 7(_6)2 +32 = 745 = 79 75 = 3 75, and 


|-EM) = 7[-2 — (—5)] 2 + (9 — 3)2 = 732 + 6 2 = 745 = 79 75 = 3 75. So all sides are of equal length and we have ; 

, , A;r 6 - 9 1 0- 6 0 3- 0 1 

rhombus. Moreover, ttiab = ^ ^^ — m B c = 1 _ ^ = 2, mcD = _ 5 _ ^ = —-, and 

9 — 3 

mo a = — -—rv = 2, so the sides are perpendicular. Thus, A, B, C, and D are vertices of a square. 

—2 — (—5) 


4—1 1 

15. For the vertices .4(1,1), B{7, 4), C(5,10), and D(— 1, 7), the slope of the line segment AB is — —- = -, the slope of CD 

7-10 1 10-4 1-7 

is-= the slope of BC is-= —3, and the slope of DA is- ; -- = —3. So AB is parallel to CD and 

-1-5 2 F 5-7 l-(-l) 


BC is parallel to DA. Hence ABCD is a parallelogram. 


17. The graph of the equation x = 3 is a vertical line with 
^-intercept 3. The line does not have a slope. 



cn 

II 

* 


0 


3 X 


19. xy = 0 44 x = 0 or y = 0. The graph consists 
of the coordinate axes. 


y> 

H 

0 

0 

X 


21 . By the point-slope form of the equation of a line, an equation of the line through (2, —3) with slope 6 is 
y — (—3) = 6(x — 2) or y = 6a; — 15. 

23. y - 7 = |(a: — 1) ory = |x + ^ 

25. The slope of the line through (2,1) and (1,6) is m = j —^ = —5, so an equation of the line is 
y — 1 = —5(x — 2) or y = — 5x + 11. 

27. By the slope-intercept form of the equation of a line, an equation of the line is y = 3a; — 2. 


29. Since the line passes through (1,0) and (0, —3), its slope is m = 


X 'Ll 

Another method: From Exercise 61, — H-- = 1 


-3-0 
0-1 

3x + y = — 3 


= 3, so an equation is y = 3x — 3. 
=4 y = 3x — 3. 


31 . The line is parallel to the tc-axis, so it is horizontal and must have the form y = k. Since it goes through the point 


(*, y) = (4, 5), the equation is y = 5. 
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33. Putting the line x + 2y = 6 into its slope-intercept form gives us y = — + 3, so we see that this line has slope Thus, 

we want the line of slope —| that passes through the point (1, — 6 ): y — (— 6 ) = —|(x — 1) 44 y = — \x — ^. 

35. 2a; + 5y + 8 = 0 44 y = — | x — |. Since this line has slope — |, a line perpendicular to it would have slope §, so the 

required line is y — (—2) = §[a; — (—1)] 44 y = fa; + f. 

37. a: + 3?/ = 0 44 ?/ = — f a;, so the slope is — | and the 39. 3 / = —2 is a horizontal line with slope 0 and 

^-intercept is 0 . y-intercept - 2 . 



41. 3x — Ay = 12 44 j/ = |* — 3, so the slope is § and 

the ^-intercept is —3. 



y* 


0 

X 

-2 



43. {{x,y) | a; < 0} 


y\ 

1 

- 

0 

► 

X 


45. {{x, y) | xy < 0} = {(x, y) \ x < 0 and y > 0} 

U {(*, y) | x > 0 and y < 0} 

y\ 

i 

i 

i 


i 



i 

■ 

i 


i 


47. {(x, 2 /)||x| <2} = {(x,y) | -2 < a: < 2} 



y - 



-2 

0 


2 * 
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49. {{x,y) | 0 < y < 4,® < 2} 


y> 

II 




x = 2 

0 

X 


51. {(a;, y) | l + a;<y<l — 2a;} 



53. Let P (0, y) be a point on the t/-axis. The distance from P to (5, —5) is ^/(5 — 0 ) 2 + (—5 — y) 2 = 5 2 + (y + 5) 2 . The 

distance from P to (1,1) is ^/(l — 0 ) 2 + (1 — y) 2 = + (y — l) 2 . We want these distances to be 

equal: ^/5 2 + (y + 5 ) 2 = ^/l 2 + {y — l ) 2 -*=> 5 2 + (y + 5 ) 2 = 1 2 + {y — l ) 2 - 1 => 

25 + (y 2 + lOy + 25) = 1 + (y 2 — 2y + 1) -*=> 12y = — 48 -*=> y = —4. So the desired point is (0,-4). 

55. (a) Using the midpoint formula from Exercise 54 with (1, 3) and (7,15), we get 3 t, 15 ) = (4, 9). 

(b) Using the midpoint formula from Exercise 54 with (—1, 6 ) and ( 8 ,—12), we get ^ -1 2 +8 , 6 + 2 ~ 12 ^ = (|,— 3). 

57. 2* — j/ = 4 •<=> y = 2a; — 4 => mi = 2 and 6x — 2y = 10 •<=> 2y = 6 x — 10 -*=> y = 3x — 5 => m 2 = 3. 

Since mi 7 ^ m 2 , the two lines are not parallel. To find the point of intersection: 2a; — 4 = 3a; — 5 4=> a; = 1 => 

y = —2. Thus, the point of intersection is (1, —2). 

59. With .4(1,4) and B( 7, —2), the slope of segment AB is = — 1, so its perpendicular bisector has slope 1. The midpoint 

of AB is 4 + 2 ~ 2 ' > ) = (4,1), so an equation of the perpendicular bisector is y — 1 = l(a; — 4) or y = x — 3. 

61. (a) Since the a;-intercept is a, the point (a, 0) is on the line, and similarly since the y-intercept is b, (0, b) is on the line. Hence, 

the slope of the line is m = ^—— = —. Substituting into y = mx + b gives y = ——a: + b -*=> —x + y = b -o- 

0 — a a a a 

x y 

- + f = !■ 

a b 

(b) Letting a = 6 and b = — 8 gives — + — = 1 •<=> — 8x + 6 y = —48 [multiply by —48] •<=> 6y = 8x — 48 •<=>• 

6 —8 

3y = 4x — 24 •<=> y = |a; — 8 . 


C Graphs of Second-Degree Equations 

1. An equation of the circle with center (3,-1) and radius 5 is (a; — 3 ) 2 + (y + l ) 2 = 5 2 = 25. 

3. The equation has the form x 2 + y 2 = r 2 . Since (4, 7) lies on the circle, we have 4 2 + 7 2 = r 2 =>■ r 2 = 65. So the 
required equation is x 2 + y 2 = 65. 

5. x 2 + y 2 — 4a; + 10 y + 13 = 0 •<=> a ; 2 — 4 x + y 2 + 10 y = —13 •<=> 

(x 2 — 4a; + 4) + ( y 2 + 10 y + 25) = —13 + 4 + 25 = 16 •<=> (x — 2 ) 2 + (y + 5 ) 2 = 4 2 . Thus, we have a circle with 
center (2, —5) and radius 4. 
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7. x 2 + y 2 + x = 0 •<=> (x 2 + x + j) + y 2 = j -o- (x + §)“ + y 2 = (|) 2 . Thus, we have a circle with center (— 1, 0) 

and radius |. 

9. 2a ; 2 + 2j / 2 — x + y = 1 -*=>■ 2(a ; 2 — \x + jg) + 2 (?/ 2 + |t/ + jg) =!+§+§ <=> 


2(a; — |) 2 + 2(y + |) 2 = | •<=> (a: — |) 2 + (j/ + i) 2 = f • Thus, we have a circle with center (|, — |) and 

radius $ = 42 . 

2 2 

11. y = —re 2 . Parabola 13. re 2 + 4y 2 = 16 <^> = 1. Ellipse 

lo 4 





554 □ APPENDIX C GRAPHS OF SECOND-DEGREE EQUATIONS 

27. y = x 2 — Qx + 13 = (x 2 — 6x + 9) + 4 = (x — 3) 2 + 4. 29. x = 4 — y 2 = —y 2 + 4. Parabola with vertex at (4,0) 




35. The parabola must have an equation of the form y = a(x — l ) 2 — 1. Substituting x = 3 and y = 3 into the equation gives 
3 = a(3 — l ) 2 — 1, so a = 1, and the equation is y = (x — l ) 2 — 1 = x 2 — 2x. Note that using the other point (—1,3) would 
have given the same value for a, and hence the same equation. 

37. {(x,y) | x 2 +y 2 < 1} 39. {(*, y) \ y > 


D Trigonometry 

1. 210° = 210° (-jgjp) = if rad 

5. 900° = 900° (-jggo) = 5 tt rad 

9 - if rad =ff(^) =75° 

13. Using Formula 3, a = rd = 36 • = 3n cm 


3. 9°=9°( I ^) = ^ rad 
7. 4?r rad = 47 r^iS 2 l^) = 720° 

11.rad = = -67.5° 
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15. Using Formula 3, 9 = a/r = ^ = § rad = § = (122)° « 38.2°. 





From the diagram we see that a point on the terminal side is P(— 1,1). 
Therefore, taking x = — 1 , y = 1 , r = \/2 in the definitions of the 
trigonometric ratios, we have sin = -L i CO s = —-U, 

tan = — 1, esc ^ = v/ 2 , sec ^ = — \/ 2 , and cot = —1. 

From the diagram we see that a point on the tenninal side is P( 0,1). 
Therefore taking x = 0, ?/ = l,r = lin the definitions of the 
trigonometric ratios, we have sin = 1 , cos ^ = 0 , tan Hp = y/x is 
undefined since x = 0 , esc ^ = 1 , sec = r/x is undefined since 
x = 0 , and cot ^ = 0 . 

Using Figure 8 we see that a point on the tenninal side is P{— v/3, l) . 
Therefore taking x = — \/3, ?/ = 1, r = 2 in the definitions of the 
trigonometric ratios, we have sin cos 

tan ^ = — ^=, esc = 2, sec and cot = — \/3. 


5, and x = -^/r 2 — j / 2 = 4 (since 0 < 9 < 1^). Therefore taking x = 4, y = 3, r = 5 i 



the definitions of the trigonometric ratios, we have cos 9 — |, tan 9 = |, esc 9 = |, sec 9 = |, and cot 0 = 


31. f < 0 < 7 r =>■ 0 is in the second quadrant, where x is negative and y is positive. Therefore 

sec 4> = r/x = — 1.5 = — § =>• r = 3, x = — 2, and j/ = \/r 2 — x 2 = \/5. Taking x = —2,y = \/5, and r = 3 in the 

definitions of the trigonometric ratios, we have sin <f> = , cos (/> = — |, tan </> = — , esc 0 = -^=, and cot 9 = 

33. 7 r < /3 < 2 - 7 T means that /3 is in the third or fourth quadrant where y is negative. Also since cot /3 = x/y = 3 which is 

positive, x must also be negative. Therefore cot j3 = x/y = | =>• x = —3, y = — 1, and r = -^/x 2 + t / 2 = vTo. Taking 

x = — 3, y = — 1 and r = \/l0 in the definitions of the trigonometric ratios, we have sin (3 = — , cos d = — -^ 7 =, 

tan /3 = |, esc /? = — \/l0, and sec (3 = — . 
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35. sin 35° = ^ x = 10 sin 35° « 5.73576 cm 

37. tan ^4 = — =>■ x = 8 tan « 24.62147 cm 

5 8 5 



V 

(a) From the diagram we see that sin 9 = — = 

r 

(b) Again from the diagram we see that cos 9 


-,andsin(— 0) = —- 

c c 

x b 

■-— = -= COS ( — CM. 

r c 


a 

c 


41 . (a) Using (12a) and (13a), we have 

| [sin(x + y) + sin(x — y)] = \ [sin x cos y + cos x sin y + sin x cos y — cos x sin y] = \ (2 sin x cos y) 

(b) This time, using (12b) and (13b), we have 

\ [cos(x + y) + cos(x — y)] = | [cos x cos y — sin x sin y + cos x cos y + sin x sin y] = i (2 cos x cos y) 

(c) Again using (12b) and (13b), we have 

\ [cos(x — y) — cos(x + j/)] = i [cos x cos y + sin x sin y — cos x cos y + sin x sin y\ 
= |(2 sin x sin y) = sin x sin y 

43. Using (12a), we have sin (-| -f x) = sin ^ cosx + cos ^ sinx = 1 • cosx + 0 • sinx = cosx. 


cos 0 

45. Using ( 6 ), we have sin 6 cot 9 = sin 9 ■ -- = cos 9. 

sin 9 

47. sect/ — cost/ = —--cost/ [by( 6 )] = -- ^ — [by(7)] = sint/ = tany sint/ [by(6)] 

cos y cos y cos y cos y 


2 /i 2/1 cos 2 6 1 rl cos 2 9 cos 2 6 » + sin 2 9 

49. cot 2 e + sec 2 9 = — -y- + - — by ( 6 ) = --—- 

sir 9 cos 2 9 sir 9 cos 2 9 

_ (1 - sin 2 6>)(1 - sin 2 9) + sin 2 9 ^ _ 1 - sin 2 9 + sin 4 9 


sin 2 9 cos 2 9 
cos 2 9 + sin 4 9 


sin 2 9 cos 2 9 


. 2 a 2 0 [ by ( 7 )1 = ^2-5 + = csc2 6 + tan2 6 [by ( 6 )] 

sin 9 cos 2 9 sm 9 cos 2 9 


51. Using (14a), we have tan 29 = tan(# + 9) = 


tan 9 + tan 9 2 tan 9 


1 — tan 9 tan 9 1 — tan 2 9 


53. Using (15a) and (16a), 

sin x sin 2 x + cos x cos 2 x = sin x (2 sin x cos x) + cos x (2 cos 2 x — 1 ) =2 sin 2 x cos x + 2 cos 3 x — 
= 2(1 — cos 2 x) cos x + 2 cos 3 x — cos x [by (7)] 

= 2 cos x — 2 cos 3 x + 2 cos 3 x — cos x = cos x 


= — sin 9. 


sinx cos y. 


cosx cost/. 


cosx 


Or: sin x sin 2x + cos x cos 2x = cos (2x — x) [by 13(b)] = cos x 
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55. 



siruj) 

1 — cos <f> 

1 + cos (f) 
siruj) 


1 + cos <j> sin 0 (1 + cos 0 ) 

1 + cos <j> 1 — cos 2 <j> 

1 cos d> . , 

=-1-= CSC 4> + cot <p 

sin q> sin <p 


siruj) (1 + cos <j >) 
sin 2 <f> 

[by ( 6 )] 


[by (7)] 


57. Using (12a), 

sin 3 9 + sin 9 = sin(20 + 9) + sin 9 = sin 26 cos 9 + cos 29 sin 9 + sin 9 
= sin 29 cos 9 + (2cos 2 9—1) sin# + sin# [by (16a)] 

= sin 29 cos 9 + 2 cos 2 9 sin 9 — sin 9 + sin 9 = sin 29 cos 6 + sin 29 cos 9 [by (15a)] 
= 2 sin 29 cos 9 


59. Since sin x = | we can label the opposite side as having length 1, 
the hypotenuse as having length 3, and use the Pythagorean Theorem 
to get that the adjacent side has length v 8 . Then, from the diagram, 



cos* = Similarly we have that sin y = |. Now use (12a): 
sin(* + y) = sin x cos y + cos *sinj/=|-| + ^- | = ^ + = 4 + L < jP /2 . 

61 . Using (13b) and the values for cos x and sin y obtained in Exercise 59, we have 



cos(x — y) = cos x cos y + sin * sin y = • | + | • | = 8v ^ 5 +3 

63. Using (15a) and the values for sin y and cos y obtained in Exercise 59, we have sin 2y = 2 sin y cos y = 2 • | • | = ||. 

65. 2 cos *—1 = 0 44 cos * = \ => * = f, Tf for * € [0, 27r]. 

67. 2sin 2 * = l 44 sin 2 * = \ 44 sin* = ±-^= =4- * = f, if> T"> "T* 

69. Using (15a), we have sin2* = cos* 44 2sin* cos* — cos* = 0 44 cos*(2sin* — 1) = 0 44 cos* = 0 or 

2sinx —1 = 0 =4 * = f, if or sin* = \ =4 * = | or Therefore, the solutions are * = f, f, if, if- 


sin x ( 1 \ 

71. sin* = tan* 44 sin* — tan* = 0 44 sin*-=0 44 sin* ( 1-1=0 44 sin* = 0 or 

cos * \ cos *) 

1--— =0 =4 * = 0, 7 r, 2 - 7 T or 1 = —-— =4 cos * = 1 =4 * = 0, 27r. Therefore the solutions 

cos * cos * 

are * = 0 , 7 r, 27 t. 

73. We know that sin* = | when * = ^ or and from Figure 13(a), we see that sin* < | =4 0<*<-for 

if < * < 27 t for * 6 [0, 27t]. 

75. tan* = —1 when * = ^2, and tan* = 1 when * = | or ^2. From Figure 14(a) we see that —1 < tan* <1 =4 

0 < x < j, ^ L <*<^ L , and ^ < * < 27r. 
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77. y = cos(x — f )■ We start with the graph of y = cosx 79. y = | tan(x — f )■ We start with the graph of 

and shift it ^ units to the right. y = tan x, shift it ^ units to the right and compress it to 

| of its original vertical size. 


81. y = |sinx|. We start with the graph of y = sin x and reflect the parts below the a>axis about the x-axis. 



c 2 = ( b cos # — a ) 2 + (b sin #) 2 = b 2 cos 2 9 — 2ab cos 9 + a 2 + b 2 sin 2 9 
= a 2 + b 2 (cos 2 9 + sin 2 9) — 2ab cos 9 = a 2 +b 2 — 2ab cos 6 [by (7)] 


85. Using the Law of Cosines, we have c 2 = l 2 + l 2 — 2(1)(1) cos (a — /3) = 2 [1 — cos(a — /?)]. Now, using the distance 
formula, c 2 = | AB | 2 = (cos a — cos /3 ) 2 + (sin a — sin /3) 2 . Equating these two expressions for c 2 , we get 
2[1 — cos(a — /3)] = cos 2 a + sin 2 a + cos 2 /3 + sin 2 /3 — 2 cos a cos /3 — 2 sin a sin /3 =>■ 

1 — cos(a — /3) = 1 — cos a cos / 3 — sin a sin /3 =>■ cos(a — /3) = cos a cos /3 + sin a sin /3. 

87. In Exercise 86 we used the subtraction fonnula for cosine to prove the addition formula for cosine. Using that fonnula with 
x = f — a, y = /3, we get cos[(§ — a) + /3] = cos(^ — a) cos/3 — sin(^ — a) sin/3 =4> 
cos[f - {a- (3)\ = cos(^ — a) cos/3 — sin(^ — a) sin/3. Now we use the identities given in the problem, 
cos (f — #) = sin# and sin(-| — #) = cos#, to get sin(a — /3) = sin a cos/3 — cos a sin/3. 

89. Using the formula from Exercise 88 , the area of the triangle is |(10)(3) sin 107° « 14.34457 cm 2 . 

E Sigma Notation 




1 . ^ y/i — vT 4- \/2 + x/3 + \/4 + \/E 

i= 1 


3. J2 3 ,; = 3 4 + 3 s + 3 6 

i=4 


5 . — = 

k =0 2fc + 1 


13 5 7 

3 + 5 + 7 + 9 


n 

7. jr i 10 = l 10 + 2 10 + 3 10 H-1- n 10 


n—1 

9- e(- i y = i- i + i- i+.-.+(-ir _1 

3=0 


10 

11. 1 + 2 + 3 + 44 - b 10 = 

i =1 
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1 2 3 4 19 is i 

13 ' 2 + 3 + 4 + 5 + '" + 20^StTT 


15. 2 + 4 + 6 + 84-h 2 n= £ 2 * 


17. 1 + 2 + 4 + 8 + 16 + 32 = £ T 

i= 0 


19. x + x 2 + x 3 4-h x n = £ aT 

i=i 


21. £ (3 i - 2) = [3(4) - 2] + [3(5) - 2] + [3(6) - 2] + [3(7) - 2] + [3(8) - 2] = 10 + 13 + 16 + 19 + 22 = 80 


23. £ 3 J+1 = 3 2 + 3 3 + 3 4 + 3 5 + 3 6 + 3 7 = 9 + 27 + 81 + 243 + 729 + 2187 = 3276 

3 =1 


(For a more general method, see Exercise 47.) 


20 


25 . £ (- 1 )" = - 14 - 1-1 + 1-1 + 1-1 + 1-1 + 1-1 + 1-1 + 1-1 + 1-1 + 1-1 + 1 = 0 


71 = 1 

4 


27. £ (2* + i 2 ) = (1 + o) + (2 + 1) + (4 + 4) + (8 + 9) + (16 + 16) = 61 

i=0 


29. = 2 i — 2 • ^ [by Theorem 3(c)] = n(n + 1) 


i=i i=i 


71 71 


31. £ (* + 3z + 4) — £ * + 3£*+£4 — 

i=1 i=l i=l i=l 


n(n + l)(2n+ 1) + 3n(n + 1) + ^ 


= 1 [(2n 3 + 3n 2 + n) + (9 n 2 + 9n) + 24n] = g (2n 3 + 12n 2 + 34n) = \n(n 2 + 6 n+ 17) 


71 71 


33. £ (* + 1)(* + 2) = £ (f + 3i + 2) = £ r 2 + 3 £ i + £ 2 = 

i=1 i=l i=l i=l i=l 


n(n + l)(2n + l) 3n(n + l) 


6 


+ ■ 


+ 2 n 


= n(n^l) [(2n + i) + 9 ] + 2n = n(n^l) (n + 5) + 2n 

= — [(tt + 1 )(n + 5) + 6 ] = ^ ( n 2 + 6 n + 11) 


35. £ (j 3 - i - 2) = £ i 3 - £ i - £ 2 = 

i=l i=l i=l i=l 


n(n + 1) 


i(n + 1 ) 


2 n 


= \n(n + l)[n(n + 1 ) — 2 ] — 2 n = \n{n + 1 )(n + 2 )(n — 1 ) — 2 n 
= |n[(n + l)(n — l)(n + 2 ) — 8 ] = |n[(n 2 — l)(n + 2 ) — 8 ] = ln(n 3 + 2 n 2 — n — 10 ) 


37. By Theorem 2(a) and Example 3, £ c = c £ 1 = cn. 

i=1 i=l 


39. 5] [(* + l ) 4 - i 4 ] = (2 4 - l 4 ) + (3 4 - 2 4 ) + (4 4 - 3 4 ) + • • • + [(n + l ) 4 - n 4 ] 

i=l 


= (n + 1) — l 4 = n 4 + 4 rr + 6 n + 4n 


On the other hand, 


71 71 


£ [(* + l ) 4 - r] = £ (4i 3 + 6* 2 + 4i + 1) = 4 £ i 3 + 6 £ i 2 + 4 £ i + £ 1 

i=l i=l i=l i=l i=l i=1 


= 45 + n(n + l)(2n + 1) + 2?r(?x + 1) + n 
= 45 + 2n 3 + 3n 2 + n + 2n 2 + 2n + n = 45 + 2 n 3 + 5n 2 + 4n 


where 5 = £ i" 

i= i 


[continued] 
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Thus, nr + 4 rf + 6n 2 + An = 45 + 2 n 3 + 5 n 2 + An, from which it follows that 

___ , , 1 2 

45' = n 4 + 2n 3 + n 2 = n 2 (n 2 + 2 n + 1) = n 2 (n + l ) 2 and 5 = 


n(n + 1 ) 


n 

41. (a) E [ i 4 - (i - l) 4 ] = (l 4 - 0 4 ) + (2 4 - l 4 ) + (3 4 - 2 4 ) + • • • + [n 4 - (n - l) 4 ] = n 4 - 0 = n 4 

i=l 

100 

(b) E (5* - 5 4 - 1 ) = (5 1 - 5°) + (5 2 - 5 1 ) + (5 3 - 5 2 ) + • • • + (5 100 - 5") = 5 100 - 5° = 5 100 - 1 

i=1 

99/1 1 \ _ (A 1\ /I 1\ (l 1\ /I 1\_1 1 _ 97 

(c) E) V i i +1 y V3 4 y ) + l v 4 5j + V5 6 y ) + "' + V99 lOo) ^ 3 100 ~ 300 

n 

(d) E (m — Oi_i) = (oi — ao) + (ai — ai) + (03 — 02 ) H- 1 - (a„ — a„_ 1 ) = a„ — ao 

i= 1 


43. lim f — ) = lim i 2 = lim 


1 n(n + l)( 2 n + 1 ) 


45. lim 22 ~ 

n—>o o i=1 n 


— ) +5( — 
n / \ n , 


= lim E 

n >00 i= 1 


n 3 

6 


r i6, 3 

20 

= lim 

—ri 3 + 


n 4 

n 2 

n—>oo 


lim j 

n —>00 D 


7E* 3 +*E ! 

Tl i=l Tl i = i 


= lim 

n —>00 


= lim 

n —*00 


16n 2 (n+l) 2 20 n(n + l) 


= lim 

n —>00 


4(n + l ) 2 10 n(n+l) 


4 (i + i)% i o ( 1 + i) 


= 4 • 1 + 10 • 1 = 14 


47. Let 5 = 22 ar ' 1 = a + ar + ar 2 + ■ ■ ■ + ar n 1 . Multiplying both sides by r gives us 

i= 1 

rS = ar + ar 2 + ■ ■ ■ + ar n ~ 1 + ar". Subtracting the first equation from the second, we find 

n (r n _ 1t 

(r — 1)5 = ar" — a = a(r" — 1), so 5 = —- 2 [since r y 1 ], 

49. E ( 2 i + 2 ') = 2 E i + E 2 • 2 i_1 = 24 . 2( ^ -1) = 2" +1 + n 2 + n - 2 . 

i=l i=l i= 1 * Z — I 

For the first sum we have used Theorems 2(a) and 3(c), and for the second, Exercise 47 with a = r = 2. 
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G Graphing Calculators and Computers 


1 . /(*) = V * 3 — 5a : 2 

(a) [-5,5] by [-5,5] 

(There is no graph shown.) 
5 


-- 5 


-5 


(b) [ 0 , 10 ] by [ 0 , 2 ] 



The most appropriate graph is produced in viewing rectangle (c). 


(c) [ 0 , 10 ] by [ 0 , 10 ] 


to 



3. Since the graph of /(*) = x 2 — 36* + 32 is a parabola opening upward, 
an appropriate viewing rectangle should include the minimum point. 
Completing the square, we get /(*) = [x — 18) 2 — 292, and so the 
minimum point is (18, —292). 



-300 


5. 50 — 0.2* >0 => 50 > 0.2* =>■ * < 250, so the domain of the 
root function /(*) = V50 — 0.2* is (—oo, 250]. 


7. The graph of /(*) = * 3 — 225* is symmetric with respect to the origin. 
Since /(*) = * 3 — 225* = *(x 2 — 225) = *(* + 15)(* — 15), there 
are *-intercepts at 0, —15, and 15. /(20) = 3500. 


8 



9. The period of g{x) = sin(lOOOx) is « 0.0063 and its range is 
[—1,1], Since /(*) = sin 2 (1000*) is the square of g, its range is 
[ 0 , 1 ] and a viewing rectangle of [— 0 . 01 , 0 . 01 ] by [ 0 , 1 . 1 ] seems 
appropriate. 


1.1 



0 
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11 . The domain of y = y/x is x > 0, so the domain of f(x) = sin y 7 ® is [0, oo) 
and the range is [—1,1]. With a little trial-and-error experimentation, we find 
that an Xmax of 100 illustrates the general shape of /, so an appropriate 
viewing rectangle is [0,100] by [—1.5,1.5]. 



13. The first tenn, 10 sin x, has period 2n and range [—10,10], It will be the dominant tenn in any “large” graph of 

y = 10 sin x + sin 100®, as shown in the first figure. The second term, sin 100®, has period = gg and range [—1,1], 
It causes the bumps in the first figure and will be the dominant tenn in any “small” graph, as shown in the view near the 
origin in the second figure. 

11 2 

JT_ 

25 

-11 -2 



15. (a) The first figure shows the "big 

picture" for f(x) = (® — 10 ) 3 2~ x . 
The second figure shows a maximum 
near x = 10. 



(b) You need more than one window because no single window can show what the function looks like globally and the detail 
of the function near ® = 10. 



19. From the graph of y = 3x 2 — 6® + 1 and y = 0.23® — 2.25 in the viewing rectangle [—1, 3] by [—2.5,1.5], it is difficult to 
see if the graphs intersect. If we zoom in on the fourth quadrant, we see the graphs do not intersect. 
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21. We see that the graphs of f{x) = x 4 — x and g(x) = 1 intersect twice. 

The ^-coordinates of these points (which are the solutions of the equations) 
are approximately —0.72 and 1.22. Alternatively, we could find these 
values by finding the zeros of h(x ) = x 4 — x — 1. 


23. We see that the graphs of f(x) = tan x and g(x) = \Jl — x 2 intersect 
once. Using an intersect feature or zooming in, we find this value to be 
approximately 0.65. Alternatively, we could find this value by finding the 
positive zero of h(x) = tan x — \/l — x 2 . 


Note : After producing the graph on a TI-84 Plus, we can find the approximate value 0.65 by using the following keystrokes: 

.6 ENTER) . The “.6” is just a guess for 0.65. 

25. g(x) = re 3 /10 is larger than f(x) = 10x 2 whenever x > 100. 


2ncfUALQfi5NENTER| (ENTER 


-l 



-2 


2 



300,000 g f 



27. We see from the graphs of y = |tan x — x\ and y = 0.01 that there are two 
solutions to the equation y = |tana: — x\ = 0.01 for — ir/2 < x < 7r/2: 
x ~ —0.31 and x ~ 0.31. The condition |tan* — *| < 0.01 holds for any 
x lying between these two values, that is, —0.31 < x < 0.31. 


29. (a) The root functions y = yfx, 
y=tyx and y = ^fx 



(b) The root functions y = x, 
y = <y x and y = tyx 


2 




(c) The root functions y = sjx, y = ^fx , 
y = \/x and y = \/x 


2 



-—- 

/ 

_ 



1 


-2 
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(d) • For any n, the nth root of 0 is 0 and the nth root of 1 is 1; that is, all nth root functions pass through the points (0, 0) 
and (1,1). 

• For odd ?*, the domain of the nth root function is R, while for even n, it is {* £ R | * > 0}. 

• Graphs of even root functions look similar to that of sjx, while those of odd root functions resemble that of (/*. 

• As n increases, the graph of Vfx becomes steeper near 0 and flatter for * > 1. 


31. /(*) = x 4 + cx 2 + x. If c < —1.5, there are three humps: two minimum points 
and a maximum point. These humps get flatter as c increases, until at c = —1.5 
two of the humps disappear and there is only one minimum point. This single 
hump then moves to the right and approaches the origin as c increases. 



33. y = x n 2 x . As n increases, the maximum of the 
function moves further from the origin, and gets 
larger. Note, however, that regardless of n, the 
function approaches 0 as * —> oo. 



35. y 2 = cx 3 + x 2 . If c < 0, the loop is to the right of the origin, and if c is positive, 
it is to the left. In both cases, the closer c is to 0, the larger the loop is. (In the 
limiting case, c = 0, the loop is “infinite,” that is, it doesn’t close.) Also, the 
larger |c| is, the steeper the slope is on the loopless side of the origin. 



37. The graphing window is 95 pixels wide and we want to start with x = 0 and end with x = 2tv. Since there are 94 “gaps” 
between pixels, the distance between pixels is 2 g/° . Thus, the *-values that the calculator actually plots are * = 0 + • n, 

where n = 0, 1, 2, ..., 93, 94. For y = sin 2x, the actual points plotted by the calculator are (• n, sin (2 • • n)) for 

n = 0, 1,..., 94. For y = sin 96*, the points plotted are (|f- • n, sin(96 • |j • n)) for n = 0, 1,..., 94. But 

sin(96 • |f • n) = sin(94 • || • n + 2 • || • n) = sin(27rn + 2 • |f • n) 

= sin(2 • || ■ n) [by periodicity of sine], n = 0, 1, ..., 94 

So the y- values, and hence the points, plotted for y = sin 96* are identical to those plotted for y = sin 2x. 

Note: Try graphing y = sin 94*. Can you see why all the y -values are zero? 


H Complex Numbers 


1. (5 - 6*) + (3 + 2 i) = (5 + 3) + (-6 + 2)i = 8 + (-4 )i = 8-4 i 

3. (2 + 5*)(4 - i) = 2(4) + 2 (-i) + (5i)(4) + (5 i)(-i) = 8 - 2i + 20i - 5i 2 = 8 + 18* - 5(-l) 


= 8 + 18* + 5 = 13 + 18* 
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5. 12 + 7* = 12 - 7 i 

1 + 4* _ 1 + 4* 3-2* _ 3-2* + 12*-8(-l) _ 11 + 10* _ 11 10 . 

'' 3 + 2* _ 3 + 2* ’ 3-2* _ 3 2 + 2 2 “ 13 “ 13 + 13* 

1 _ 1 1 - i _ I - i _ 1 - * _ 1 1, 

9 ' T+7 " 1 + i ' ~ 1- (-1) “ ~T~ ~ 2 “ 2* 

11 . * 3 = * 2 • * = (- 1 )* = -* 

13. 7=25 = ^25* = 5* 

15. 12-5* = 12 + 15* and 112 - 15*| = 7l2 2 + (~5) 2 = 7144 + 25 = 7l69 = 13 


17. -4* = 0 - 4* = 0 + 4* = 4* and |-4*| = 70 2 + (-4 ) 2 = 7l6 = 4 


19. 4x +9 = 0 <S> 4a ; 2 =-9 <S> x 2 =-f <S> x = ±J -f = ± 7 f* = ±§*. 


21 . By the quadratic formula, x 2 + 2x + 5 = 0 - 1 => x = 


-2 ± 72 2 -4(1) (5) -2 ± 7=16 _ -2 + 4* 


2 ( 1 ) 


= -1 + 2 *. 


23. By the quadratic formula, 7+ 2 + 2 = 0 2 = 


-l±7l 2 -4(l)(2) _ -1 + 7=7 _ 1,77. 


2 ( 1 ) 


= ^ 2 ± ~*' 


25. For 2 = — 3 + 3*, r = 7(—3 ) 2 + 3 2 = 3 72 and tan 0 = /= = — 1 =>■ 6 = (since 2 lies in the second quadrant). 
Therefore, —3 + 3* = 3 72 (cos + * sin . 

27. For 2 = 3 + 4*, r = 73 2 + 4 2 = 5 and tan (9 = | =>■ 9 = tan -1 (|) (since 2 lies in the first quadrant). Therefore, 

3 + 4* = 5 [cos(tan _1 |) + * sin(tan _1 |)]. 

29. For 2 = 73 + *, r = \J (73 ) 2 + l 2 = 2 and tan 6 = i =4> 9 = j => 2 = 2(cos f + * sin ). 

For w = 1 + 73*, r = 2 and tan0 = 73 =+• $ = f =+• w = 2(cos ^ + * sin . 

Therefore, zw = 2 • 2[cos(-| + j) + *sin(| + |)] = 4(cos | + *sin |), 

2 /w = | [cos(-| — f) + *sin(-| — j)] = cos(—+ *sin(—-|), and 1 = 1 + 0 * = l(cos 0 + *sin 0 ) =>■ 

1 / 2 =| [cos(0 — -|) + *sin(0 — -|)] = | [cos(—+ * sin(—f)] ■ For I/ 2 , we could also use the fonnula that precedes 
Example 5 to obtain I /2 = | (cos f — * sin ^). 


31. For 2 = 2 73 — 2*, r = (2 73) 2 + (—2) 2 = 4 and tan 9 — = — == 9 = — =>■ 

2 = 4[cos(—^) + *sin(—|)]. For w = —1 + *, r = 72, tan0 = Tf = ~1 => 9 = =4> 

w = 72 (cos ^ + *sin ^). Therefore, 2 W = 4 72 [cos(-| + + *sin(--| + ^)] = 4 72 (cos + *sin =t), 

*/ w = ^[ cos (-f - x) +*sin(-f - ^)] = ^[cos(-^) +*sin(-^f)] = 2 72 (cos + * sin %■), and 
1 / 2 = 4 [cos(-f) -*sin(-f)] = i(cosf +*sinf). 
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33. For z = 1 + i, r = y/2 and tan # = y = 1 =>■ # = -| =>■ z = 72 (cos f + i sin j ). So by Dc Moivre’s Theorem, 

(1 + i) 20 = [y/2 (cos f + i sin f)] 20 = (2 1/2 ) 20 (cos ^ + i sin ^zl) = 2 10 (cos 5 tt + i sin 5 tt) 

= 2 10 [—1 + i(0)] = —2 10 = —1024 

35. For 2 = 2 73 + 2i, r = y (2 73) 2 + 2 2 = 7l6 = 4 and tan 9 = # = f =+ z = 4(cos | + i sin . 

So by De Moivre’s Theorem, 

(275 + 2 if = [4(cosf + isinf)] 5 = 4 5 (cos ^ + isin = 1024 [-^ + §i] = -512 73 + 512*. 

37. 1 = 1 + 0* = 1 (cos 0 + * sin 0). Using Equation 3 with r = 1, n = 8, and (9 = 0, we have 



39. * = 0 + * = l(cos f + * sin Using Equation 3 with r = 1, n = 3, and 9 = we have 



7T 7T 7T 1 73 

43. Using Euler’s fonnula (6) with y = —, we have e I7r,/3 = cos-F * sin — = — H-i. 


45. Using Equation 7 with x = 2 and y = n, we have e 2+I?r = e 2 e I,r = e 2 (cos7r + i sin7r) = e 2 (— 1 + 0) = —e 2 . 


47. Take r = 1 and n = 3 in De Moivre’s Theorem to get 

[l(cos 9 + * sin#)] 3 = l 3 (cos 3# + * sin 39) 

(cos 9 + i sin #) 3 = cos 3# + * sin 3# 
cos 3 9 + 3(cos 2 #)(isin#) + 3(cos#)(isin 9) 2 + (isin#) 3 = cos3# + isin3# 
cos 3 # + (3 cos 2 # sin #)i — 3 cos # sin 2 # — (sin 3 #)i = cos 3# + i sin 3# 

(cos 3 # — 3 sin 2 9 cos #) + (3 sin # cos 2 # — sin 3 #)i = cos 3# + i sin 3# 

Equating real and imaginary parts gives cos 3# = cos 3 9 — 3 sin 2 # cos # and sin 3# = 3 sin 9 cos 2 9 — sin 3 9. 
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49. F(x) = e rx = e (a+bi)x = e ax+bxi = e ax (cos bx + i sin bx) = e ax cos bx + i{e ax sin bx) => 

F'(x) = (e ax cosbx)' + i(e ax smbx) 1 

= ( ae ax cos bx — be ax sin bx) + i(ae ax sin bx + be ax cos bx) 

= a[e“ x (cos bx + isinfea:)] + b[e ax {— sinftx + i cos bx)] 

= ae rx + b[e ax (i 2 sin bx + i costa)] 

= ae rx + bi[e ax (cosbx + isin6*)] = ae rx + bie rx = (a + bi)e rx = re 



